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Preface 


The area of differential equations has played a central role in the development of 
mathematics and its applications for nearly four centuries, yet it still displays an 
unabated vitality. 'The field involves vigorous cross-disciplinary interactions, and 
research papers appear in a variety of mathematics and science journals. Such 
breadth and fertility create difficulties for those who wish to keep abreast of 
recent developments. Consequently, it is beneficial to have occasions which bring 
together experts in this field in a forum that encourages the exchange of ideas 
and leads to timely publication of new results. Such an occasion occurred during 
January 13 to 16, 1990 when some two hundred research workers participated 
in the International Conference on Differential Equations and Applications to 
Biology and Population Dynamics which was held in Claremont. The occasion 
was particularly noteworthy because it provided a venue for the celebration of 
the 65th birthday of Kenneth Cooke, a seminal worker who has made numerous 
pioneering contributions in delay differential equations and population dynamics. 

This volume contains a selection of papers on delay differential equations and 
dynamical systems which were presented at the conference and accepted after 
peer review. À companion volume in the Biomathematics Lecture Notes series 
of Springer contains papers devoted to applications in biology and population 
dynamics. The areas of these volumes have close and fruitful interactions, and 
Kenneth Cooke has been one of the most artful and original practitioners in this 
interdisciplinary research work. 

The contributions in this volume are collected in two groups, the first con- 
sisting of survey articles and the second of research papers. The three survey ar- 
ticles are by Kenneth Cooke and Joseph Wiener who review the recently opened 
area of differential equations with piecewise continuous arguments; by Jack Hale 
who discusses a fascinating array of results in the stability of delay differential 
equations viewed as dynamical systems; and by Paul Waltman who presents an 
overview of useful new results on persistence in dynamical systems. The research 
contributions part of the volume consists of nineteen papers which present new 
results in delay differential equations and dynamical systems. The papers are 
united by the common thread of the underlying topic but, as is characteristic 
of this field, employ a wide array of deep mathematical theories and techniques. 
These include methods from linear and nonlinear functional analysis, a num- 
ber of topological and topological degree techniques, as well as asymptotic and 
other classical analysis methods. Many of these mathematical techniques were 
originally created in order to address problems arising in the field of differential 
equations and are still being stimulated by challenges from this field. 

'The research conference which lead to this volume was supported by the Na- 
tional Science Foundation through grant number MCS-8912391 and by Harvey 
Mudd College which hosted the meeting. A large number of individuals gave 
invaluable help during all phases of the conference. Our special gratitude goes 
to those who helped prepare the manuscripts for publication: Sue Cook, Jeffrey 
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McClelland, Beth Nyerges, Barbara Schade and David Williamson. The edito- 
rial staff of Springer gave us constant support and was always ready to respond 
to our requests for help and information. Finally, the many researchers who 
contributed time and expertise in refereeing the papers provided an invaluable 
service to the members of the mathematical community who will use this vol- 
ume. Our sincere gratitude goes to all, both named and unnamed, who have 
helped in this mathematical endeavor. 


Stavros Busenberg and Mario Martelli 


Claremont, California 
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1 Introduction 


The general theory and basic results for functional differential equations have 
by now been thoroughly explored and are available in the famous book of Hale 
[19] and subsequent articles by many authors. Nevertheless, there is still need 
for investigation of special equations, which may have interesting properties and 
provide insight into the more abstract theory. In this review article, we shall 
describe some of the work that has been done by us and others over the last 
few years on the differential equations that we call equations with piecewise con- 
tinuous arguments, or EPCA. Our attention was directed to these equations by 
an article of A.D. Myshkis [23], who observed that a substantial theory did not 
exist for differential equations with lagging arguments that are piecewise con- 
stant or piecewise continuous. Since that time several authors have investigated 
equations of this type. The purpose of this article is to give a brief survey of 
the present status of this research and to point out some directions for further 
study. 
A typical EPCA is of the form 


z'(t) = f(t, z(t), 2(A(4))) , (1) 


where the argument h(t) has intervals of constancy. For example, in [9] equations 
with A(t) = [t], [t — n], t — n[t] were investigated, where n is a positive integer 
and [] denotes the greatest integer function. Note that h(t) is discontinuous 
in these cases, and although the equation fits within the general paradigm of 
delay differential or functional differential equation, the delays are discontinuous 
functions. Also note that the equation is non-autonomous, since the delays vary 
with t. Moreover, as we show below, the solutions are determined by a finite 
set of initial data, rather than by an initial function as in the case of general 
functional differential equations. 

Before delving into a general theoretical discussion, we mention an example, 
the equation 


z'(t) = ax(t)(1 — z([0)) . (2) 
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This equation is analogous to the famous logistic differential equation, but t in 
one argument has been replaced by [t]. As we shall explain in further context 
in Sect. 6, the equation has solutions that display complicated dynamics. It 1s a 
first order equation, and is one of the simplest examples of a differential equation 
with chaotic dynamics. It seems likely that other simple nonlinear EPCA's may 
display other interesting behavior. 

This paper is organized in the following way. In Sect. 2, we attempt to intro- 
duce most of the kinds of EPCA that have been considered, including linear and 
nonlinear, retarded, advanced, neutral, and mixed. Basic definitions of solution 
will be given, connections with difference equations will be shown, and theorems 
on existence, uniqueness, representation, and stability will in some typical cases 
be given. In Sect. 3, we derive specific conditions for stability as it depends on 
the “delay” for a class of scalar equations. In Sect. 4, we survey some of the work 
that has been done on oscillation and existence of periodic solutions. 

The numerical approximation of differential equations can give rise to EPCA 
in a natural way, although it is unusual to take this point of view. For example, 
the simple Euler scheme for an ordinary differential system z'(t) = f(z(t)) has 
the form z&41 — £n = hf(z,), where zn = z(nh) and h is the step size. This is 
equivalent to the EPCA 


a'(t) = f(z(t/h]h)) . (3) 


In Sect. 5, we take this point of view and present some theorems on the approx- 
imation of differential delay equations by EPCA. 

Another potential application of EPCAs is in the stabilization of hybrid 
control systems with feedback delay. By a hybrid system we mean one with a 
continuous plant and with a discrete (sampled) controller. Some of these systems 
may be described by EPCA. This problem is presently being investigated by Mr. 
Gregg Turner at the Claremont Graduate School. 

Section 6 contains additional comments, including a description of equations 
of alternating type, and more information concerning the above chaotic equation. 


2 Existence, uniqueness, representation, stability 


An equation in which z'(t) is given by a function of x evaluated at t and at 
arguments [t],...,[t — k] where k is a non-negative integer may be called of 
retarded or delay type. If the arguments are t and [t+ 1], . .. , [t +k], the equation 
is of advanced type. If both these types of argument appear in the equation, it 
may be called of mixed type. If the derivative of highest order appears at t 
and at another point, the equation is generally said to be of neutral type. The 
equations may, of course, be linear or nonlinear. Equations of retarded type have 
been studied by Cooke and Wiener [9], [12], Aftabizedeh, et. al. [6] and Gyori and 
Ladas [16]. Equations of advanced, neutral, and mixed types were investigated 
by Shah and Wiener [25], Cooke and Wiener [10], and others. Equations of 
alternating type have also been investigated and these will be described later in 
Sect. 6. 
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We now describe how an initial value problem may be posed and solved for 
the following linear equation of mixed type, since it provides a simple framework 
for understanding more complicated problems. 


N 
z'(t) - Az(t) *- ^ Ajeet al] , (4) 
j=-N 


z()-c, -N<j<N-1, (5) 


where [-} designates the greatest-integer function, A and A; are constant r x r 
- matrices, and z and c; are r-vectors. Following [10], we say that a solution 
of (4)-(5) on (—0o, 00) is a vector z(t) that satisfies the conditions: (i) z(t) is 
continuous on (—oo, oo); (ii) the derivative z'(t) exists everywhere, with the pos- 
sible exception of the points [t], where one-sided derivatives exist; (iii) Equations 
(4)-(5) are satisfied on each interval [n,n + 1), with integer n. 

In contrast to the situation with general functional differential equations, 
the fact that (4)-(5) contains both retarded and advanced arguments does not 
pose particular difficulties. We shall now prove Theorem 1, which generalizes 
Theorem 2.4 in [10]. First, we define some notation. Let 


Mo(t) = e^! + [e^t — IJA! Ao , (6) 
Mj;(t) = [e4* - IA"! Aj; j= 4£1,42,...,4.N (7) 
B,=M,(1)-1, By =M;(1), j #1 (8) 


Theorem 1. If the matrices A and Bay defined in (8) are nonsingular, then 
problem (4)-(5) has a unique solution on (0,00). This solution cannot grow to 
infinity faster than erponentially. 


Proof. Let z,(t) be a solution of (4)-(5) on the interval [n,n + 1). If we let 
Cyn = x(n), for integer n, then we have the equation 


N 
zi,(t)=Aza(t)+ Ý Ajenss (9) 
jz-N 


with the solution 


which can be written, by virtue of (6)-(7), as 


N 
tn(t)= J, Mj(t—n)en4j - (10) 
j--N 
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From (10) we see that it suffices to know the constants c, in order to determine 
z(t). Taking into account that z, (n + 1) = za41(n +1) = engi, we obtain 


N 
cny = >, Mil); n20. (11) 
j=-N 


This equation takes the form 


N 
SS Bjen = 0 (12) 
j=-N 


Its particular solution is sought as z, = A"k, where k is a nonzero vector, then 


2N 


det |X B_nyj¥ | =0. (13) 
j=0 


Equation (13) has 2Nr nontrivial solutions if detB_y # 0 and detBy # 0. 
Assuming that these roots are simple we write the general solution of (12) 


2Nr 
cn =X ATE. (14) 
j=1 


with constant vectors k; each of which depends on the corresponding value Aj 
and contains one arbitrary scalar factor. These factors can be found from the 
initial conditions in (5). Letting n = —N,...,N — 1 and c, = z(n) in (4)-(5), 
we get a system of equations with Vandermonde's determinant det [i] which is 
different from zero. Hence, the unknown vectors k; are uniquely determined by 
initial conditions (5). If some roots of (13) are multiple, then 


n 
Cn = 3o Nipi(), m € 2Nr 
j=l 


where the components of the vectors pi (n) are polynomials of degree not exceed- 
ing m — 1. Substituting the vectors c, in (10) yields the solution of problem (4) 
on n € t < n + 1. This concludes the proof. 


Remark. Another way to interpret Theorem 2.1 is as follows. We see that the 
values c, — z(n) satisfy an autonomous difference equation, and so there is an 
underlying discrete dynamical system that determines the solution z(t) for real 
t. 


Remark. The requirement that B_y be nonsingular is nonessential. If B-y is 
singular, solution (10) on (0, co) depends on, at most 2N — 1 initial conditions 
z(j)-c,-(N-1)SjEN-1. 
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If B-n is nonsingular, the solution of problem (4)-(5) has a unique backward 
continuation on (—0o, 0). From (10) and (14) it follows that the solution z = 0 
of (4) is globally asymptotically stable as t — +00 if and only if the roots of 
(13) satisfy the inequalities 


lA; <1 j=1,...,2Nr . (15) 
Theorem 2. The problem 
N 
z'(t) = Az(t) - $^ Aje([t- 3] f(0, N22 (16) 
j--N 
z(j 65. j=0,1,...,2N—1 (17) 


has a unique solution on [2N — 1,00) if the matrices A and By are nonsingular 
and the vector f(t) is locally integrable on [0, oo). 


The proof has been given in [10] and employs the formula 


C N t 
z(t)2 Y. Mj- n); «f c7 f(s)ds (18) 
j2-N n 
for the general solution of (16) on the interval n € t < n + 1, where the M;(t) 
are defined in (6)-(7). 
The following results have also been established in [10]. 


Theorem 3. All solutions of (16) are bounded on [2N — 1,00) if f(t) is bounded 
on [0, oo) and inequalities (15) hold true. 


Theorem 4. All solutions of (16) tend to zero as t + +00 if the roots of (13) 
satisfy (15) and lim f(t) = 0 as t — +00. The solutions of (16) cannot grow 
faster than ezponentially if f(t) has the same property. 


If the coefficients of (4) are variable matrices of t € [0, oo), its solution 2,(t) 
on n €t < n + 1 satisfying the condition z4(n) = cn is given by the expression 


j--N 


t N 
z,(t) = U(t) coms f U- (s) ye Aj(s)en4jds| , (19) 


where U(t) is the solution of the matrix equation 
Ut) = AUG), U(0)-1. (20) 


In [10], this representation was derived and used to obtain sufficient conditions 
in order that solutions tend to zero as t approaches oo. 

In concluding this section, we point out that existence-uniqueness theorems 
for nonlinear EPCA have been proved in [9,10,28]. Logistic equations with piece- 
wise constants arguments have been explored in [7,13]. The study of differential 
inequalities with piecewise constant argument and their application to EPCA 
was initiated in [1,3]. Continued fractions appeared useful in the theoretical and 
numerical analysis of EPCA [29]. 
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In this section, we consider stability of the null solution of equations of the form 


z'(t) = az(t) + Ys (l5 gres jar) (21) 


where a and a; are real constants, r > 0, and a is a positive parameter. Special 
cases of (21) may arise in hybrid systems where there is a time delay r in applying 
feedback control. For the case r — o — 1, this equation was studied in [9]. We 
now direct attention to the way in which stability depends on ar, as well as on 
the coefficients. 

Let z, (t) denote a solution on the interval [nar, (n + 1)or). On this interval, 
we have 


N 
z(t) = az (t) + > ajzs((n — jar) (22) 


j=0 


which has the solution 
N 
tn(t) = z,(nor)e* 7597) 4 (ea(t7no7) _ 1)a7! X ajz&((n— j)or) (23) 
j=0 
Let z(nor) = cy. Then for continuity at (n + 1)or we obtain 
N 
€n41 = Cnet" + (e° — 1)a7! M ayen-s (24) 
4:0 


Stability for this difference equation is governed by the characteristic equation 
f, ar, A) = AN*! — Bo(a)AN — ...— By(a) x0 (25) 


where 
B;(a) = (e?'^ — 1)a^!aj (j=1,..., N). 


Bo(a) = e?"* + (e?"* — 1)a7lag. 


We now prove the following theorem 


Theorem 5. Let r » 0 and assume 
N 
(Hi) at ya; « 0. 
j=0 


Then there exists a mazimal interval (0, œo), with 0 < œo < oo, such that all 
roots of f(A, ar, A) lie in |A| < 1 for æ € (0, œc), and therefore the zero solution 
of (21) is asymptotically stable. 
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Proof. Since B;(0) = 0, Bo(0) = 1, (25) has, at a = 0, an N-fold root at A = 0 
and a simple root at A = 1. Consider the root A(o) such that A(0) = 1. This 
root depends continuously on a and is a differentiable function of a for small a. 
We have 


dA dX 
NAM. n-1 L^ pl N 
(N +1)A da NÀ Bola) B$(a)A 
N ON dà 
- $ BAN — SON = 34 971 Bj (a) — = 0. 
j=l j=1 
Now 
B; (a) = raje™*, Bola) = r(a + ao)e?'*, 
B; (0) = raj, Bg(0) = r(a + ao). 
Setting a = 0, à = 1, we obtain 
dA x 
dalezo 7" a+, aj|. 
j=0 


By hypothesis (Hj), this is negative. Consequently, A(@) < 1 and A(a) is real for 
all sufficiently small positive a. Thus all roots of f(A, ar, A) = 0 lie in ||| < 1 
for sufficiently small positive a. Since Bg and B; depend continuously on æ, so 
do the roots, and the existence of the maximal o follows. 


Corollary 6. Assume that (H1) holds and also 
(H2) f(A,ar,A) #9, for||-1, 0«oa«oo. 
Then (21) is asymptotically stable for every positive a. 


Indeed, since (H1) holds, there exists œo such that all roots of f(A, ar, A) = 0 
lie inside the unit circle for 0 < a < oo. By (H5), no root reaches or crosses the 
unit circle as o increases, and hence there is asymptotic stability for 0 < o < oo. 


Corollary 7. Assume that (Hi) holds and also 
(H3)  f(AMarA)zZ0, for||-z1. 0<a<l. 


Then (21) is asymptotically stable for 0 < o < 1, and, in particular, for (21) 
with a — 1. 


In [12], the “first-order” equation with N = 0 was examined and the stability 
region in the (a, ao) parameter space was precisely described and was compared 
with the stability region for the first order differential-difference equation with 
constant lag r. The “second-order” equation with N = 1 was also investigated 
and a set of (a, ao,a1) found for which there is asymptotic stability for every 
positive r. 
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4 Oscillatory and periodic solutions 


The oscillatory and asymptotic behavior of solutions of differential equations 
with deviating argument has been the subject of many recent investigations. 
Of particular importance, however, has been the study of oscillations which are 
caused by the argument deviations and which do not appear in the corresponding 
ordinary differential equation. Although some oscillatory properties of EPCA 
were mentioned in [9,10,25,27], the first consistent attempt in this direction was 
made in [5]. For scalar equations with constant coefficients, examination of the 
related difference equation can yield results. The following theorem was proved 


in [25]. 


Theorem 8. In each interval (n,n + 1) with integral endpoints the solution of 
the equation 
z'(t) = az(t) + aoz ([t]) + a2 (ft + 1]) 


with the condition z(0) = co £ 0 has precisely one zero 








ena lg bae 
a  adcaodca 
if 
ae? a 
[ao + zu [a - H] >0. (26) 


If (26) is not satisfied and ag # —ae*/(e*—1), the solution has no zero in [0, 00). 


The paper [5] deals with the oscillatory properties of solutions of the scalar 


first order EPCA 
z'(t) + a(t)x(t) + p(t)z ([t]) = 0 , (27) 

and 

z' (t) + a(t)z(t) + a(t)z (t1) =0 , (28) 
where a(t), p(t), and q(t) are continuous on [0, co). Sufficient conditions under 
which equations (27) and (28) have oscillatory solutions are given. These con- 
ditions are the “best possible" in the sense that when a, p, and q are constants, 
these conditions reduce to 


— ie 

— an DN NM 

Pe greci eed 

which are necessary and sufficient conditions. The proof of these conditions de- 
pends on establishing the following results on differential inequalities. 


Theorem 9. Consider the delay differential inequality 


z' (t)  a(t)z(t) + p(t)z (I0) <0 , (29) 
where a(t) and p(t) are continuous on [0,00). Assume that 
n+i t 
Jim. sup f p(t) exp p o(s)ds| dt>1. (30) 


Then (29) has no eventually positive solution. 
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Theorem 10. If (30) is satisfied, the delay differential inequality 


z'(t) + a(t)z(t)  p(t)z (f) > 0 
has no eventually negative solution. 
From these theorems it follows that subject to (30), (27) has oscillatory 
solutions only. Note that when a(t) and p(t) are constants (30) reduces to 
ERE MER 
"^ (=i) 


which is sharp. In the same fashion, the condition 


nal n+l 
lim int f q(t) exp - / a(s)ds| dt < -1 . (31) 
n—co n i 


is sufficient to show that (28) has oscillatory solutions only. If a(t) and q(t) are 
constants, (31) becomes 
—ae? 
1< (6-1) 
which is sharp, according to (26). 
Oscillatory and periodic solutions of the equation 


z'(t) + a(t)z(t) + b(t)z (t 21) 20 , (32) 


where a(t) and b(t) are continuous on [0, 00), have been studied in [6]. In par- 
ticular, suppose that b(t) > 0, and for t > 0 


lim sup n 

n—oo n 

then (32) has oscillatory solutions only. Another condition of this kind is obtained 
in the following: 


n 


P yes | f g a(s)ds| dt»1, 


Theorem 11. Assume that 


n4l mi t 1 
lim inf [exp |/ a(s)as | - lim inf [/ b(t) exp U/ a(s)as as > dir d 
n—00 n n= ü "n 4 
(33) 
Then (32) has oscillatory solutions only. 


Similar results for higher order equations have not yet been found. 
If a(t) and b(t) are constants, i.e. 


z'(t) -- az(t) --bz([—1]) 20 , (34) 


then the solution of (34) with the initial conditions z(—1) = c_1, z(0) = co can 
be written as 


z(t) = ene 970 4. (emetin) — 1)cn-1 , 
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for t € [n,n +1),n = 0,1,2,..., and 


o, = DIT (eo = Aze-1) = (co = àe1)5*] 
La Ay —A2 d 


where Àj, Àz are the roots of 
2 -a b —a 
A ^—e?A--(1—e77)z0. 
a 


If these roots are real, assume 41 > A5. Equation (34) has no oscillatory solution 
if either of the following hypotheses holds true: 


1. b< 0 and eg — Age_; £0, or 

2.0«b« ED ; 
Observe that any one of these conditions implies à; and Az are real. Furthermore, 
if b < 0 and cp = A3c. 1, then (34) has oscillatory solutions. Hence, we conclude 


that a necessary and sufficient condition for the solutions of (34) to be oscillatory 


is either 
ae ? 


pet 4(e* — 1) 


(35) 


Or 
b < 0 and co = à2¢-1 . (36) 


This proves that (33) is the “best possible” in the sense that when a and b are 
constants, it reduces to (35)-(36) which is sharp. If either 
ae~* ope ae? 
4(e* — 1) e? —] 
or 
—a < b < 0 and eg = A3c-1 


takes place, then every oscillatory solution of (34) tends to zero as t — +00. 
Equation (34) exhibits unusually interesting properties concerning the exis- 
tence of periodic solutions. Some results in this direction may be found in [6]. 


Theorem 12. Assume b > 0, and let k be a positive inieger. Then every oscil- 
latory solution of (34) is periodic of period k if and only if 





ae? 21m 
dana and a = — In [2cos i |. (37) 
where m and k are relatively prime and m 2 1,2,..., [£1]. 


Theorem 13. Let b < 0 and co = Asc.i1. Then every oscillatory solution is 
periodic of period 2 if and only if 


, a(e* +1) 
ee—-]l ` 


b= 
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Theorem 14. For given co and c1, the set of all equations of type (34) having 
periodic solutions is countable. 


The above results were obtained with the implicit assumption a £ 0. Ifa = 0, 
then (37) becomes 
b= lim —— = 1. 
a—-0e9—1 





In this case (34) with a = 0 and b = 1 has periodic solutions of period 6. 
In conclusion, we list a few properties of (4)-(5) with constant scalar coeffi- 
cients concerning the existence of oscillatory solutions. 


Theorem 15. Suppose that x(t) is a solution of (4) such that z(n) # 0 and 
z(n+1) #0. Then x(t) has a zero in (n,n+1) if and only if z(n) and z(n 4 1) 
have different signs, and this zero is unique. 


Proof. If z(n+1)/z(n) < 0, it is clear that x(t) has a zero in (n, n-- 1). Assuming 
the existence of several zeros implies that between any two consecutive zeros 
there is a point € such that z'(£) = 0. On the given interval (4) becomes 


N 
z'(t) =ax(t)+ Y^ ajenas , 
jz-N 


and differentiating this relation successively yields 
c®(ée)=0, k22. 


Since x(t) is analytic in (n, n4-1), it is constant which is impossible. On the other 
hand, if z(n--1)/z(n) > 0 and we assume that z(t,) = 0 for some t, € (n, n 1), 
then we must conclude that either z'(t4) = 0 or that z(t) has another zero in 
(n, n + 1). In both cases, x(t) is constant. 


Theorem 16. If all roots of (13) are positive, equation (4) has no nontrivial 
oscillatory solution. 
Proof. We have 
2N 
z(n 4-1) inmi 20324 ky 
z(n) Cn er kj? 


and since not all of the coefficients k; equal zero, then 


, 


lim (en41/en) = Àm > 0 


where Àm is a root of (13). Hence, ¢n4i1/en > 0 for large n, and the proof follows 
from Theorem 15. 


Theorem 17. If all roots of (12) are negative, every solution of (4) is oscillatory 
and has a unique zero in each interval [n,n +1), for large n. 
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Oscillatory properties of n-dimensional systems (4) have been studied in [18] 
and [21], where it is shown that every solution of (4) oscillates (componentwise) 
if and only if its characteristic equation has no positive roots. Oscillatory prop- 
erties of some classes of nonlinear EPCA may be found in [16], where it is shown 
that under appropriate hypotheses a nonlinear EPCA oscillates if and only if an 
associated linear equation oscillates. Stability and oscillation of neutral EPCA 
with both constant and piecewise constant delays have been investigated in [24]. 
These properties for a second order EPCA alternately of retarded and advanced 
type were also explored in [22]. The characteristic equation for linear EPCA with 
both constant and piecewise constant delays was discussed in [14]. The forth- 
coming book [17] contains a chapter devoted to EPCA. The study of oscillations 
in systems of EPCA was originated for the first time in [30]. 


5 Approximation of equations with discrete delay 


Equations with piecewise constant delay can be used to approximate delay dif- 
ferential equations that contain discrete delays. For example, consider the scalar 
equation, with one constant delay r, 


z'(t) = —p(t)g(t— 7), t20 (38) 
with the intial condition 
z(t) = (t), -r<t<0 (39) 


where ¢ is a given function in C = C ([-7,0], IR). Let k be any positive integer 
and let h = r/k. We may approximate this problem by the EPCA 


y) = -0y (f - Gi] ^) (40) 
with initial condition 


y(nh) 2ó(nh),  n-2-k...,0. (41) 


Moreover, by using the methods already described we find that y(nh) = cn 
satisfies the difference equation 


(n+1)h 
Cni — Cn = -f p(u)ducy_~ (42) 
nh 


Cn = ó(nh), n=—k,...,0. (43) 


It was proved in [15] that the solution of (40), (41) provides a uniformly good 
approximation to the solution of problem (38), (39) on any compact interval 
[0, T], T > 0. This result was extended in [8] to convergence on t € (0,00), in 
case the zero solution of (38) is exponentially stable. Specifically, the following 
theorem was proved. Let z(to, ¢) denote the solution of (38) with initial condition 
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set on [to — 7, to]. Assume that there exist constants L and a such that for every 
to > 0 and continuous ¢ 


|z(to, &)(0] < Elbe", t> to (44) 
where [|ó]| denotes the supremum norm of 4. 


Theorem 18. (a) For every h = r/k (k > 1) and every ¢ in C, there ezist 
constants k,M,(¢,h) > 0, and M2(¢) > 0 such that Mi(¢,h) tends to zero as 
h — 0, and such that the solutions x(¢)(t) of (38), (39) and y(t) of (40), (41) 
satisfy 
ICONE) — ONOI < (Mi(6,h) + htMa(9))e- (07 F9 (45) 

fort 4r. 

(b) Assume the additional hypothesis that $ is differentiable on [—7,0] and 
salisfies the consistency condition ¢'(0—) = —p(0)ó(—T). Then there exists a 
constant M3(¢) > 0 such that for t > 0 


|z()(t) — v(6)(0)] € (Ma(4) + tM»(6))he- FP . (46) 


Thus, if h is small enough, y(t) provides a uniform approximation on [0, oo) 
and has an exponential decay rate very close to that of z(t). 

This result generalizes easily to the case of any finite number of discrete 
delays 71,...,Tm, and to systems of equations. 


6 Concluding remarks 


Differential equations of the form 


20 7 1 (20.20 5D) (47) 


have stimulated considerable interest and have been studied in [2,11,20,28]. In 
these equations, the argument deviation T(t) = t — [t t i] changes its sign in 
each interval n — $ « t « n+ 1 (n integer). Indeed, T(t) < 0 for n — i«t«n 
and T(t) > 0 forn<t<n+ ł, which means that the equation is alternately 
of advanced and retarded type. This complicates the asymptotic behavior of the 
solutions, generates two essentially different conditions for oscillations in each 
interval [n - i, n+ 4], and leads to interesting properties of periodic solutions. 
In Sect. 1, we mentioned the equation 


z'() = ax(t)(1— 2([d))), 2(0) = co , (48) 


where a > 0, co > 0. This equation may be regarded as a semi-discretization of 
the ordinary logistic equation, but its solutions display a much greater variety 
of dynamics. In fact, if we let c, = x(n) for integer n, the continuity of z(t) at 
each integer implies the discrete difference equation 


(use qe c RU wu qe uis (49) 
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Since the function f(x) = ze*(177) is a C! unimodal map on [0, oo), it is not 
difficult to establish that there are period-doubling bifurcations, and the whole 
Sarkovskii sequence of periodic solutions and chaotic behavior [7]. It is intriguing 
to note that, in contrast, the semi-discretization 


e(t) = az(i)(1 — (l+ 5) (50) 


has the property that the equilibrium z(t) = 1 is asymptotically stable for all 
a » 0. 

EPCA have only been studied for a few years, and it is not yet clear how 
important they may become in theory or application. At the least, they provide 
us with a new class of hereditary and anticipatory differential equations and 
with the challenge of working out the properties of these equations. The problems 
studied so far are closely related to ordinary difference equations and indeed have 
stimulated new work on these. In each of the areas touched on above - existence, 
asymptotic behavior, periodic and oscillating solutions, and approximation — 
there appears to be ample opportunity for extending the known results. 
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1 Introduction 


Delay differential equations or more generally functional differential equations 
have been studied rather extensively in the past thirty years and are used as 
models to describe many physical and biological systems. In spite of this fact, 
there are few examples for which one can describe how the flow defined by the 
equation changes with the delays. One of these is the class of equations with 
one delay in which the vector field has negative feedback. In this case, Mallet- 
Paret (1988) has shown that there is a Morse decomposition of the attractor 
with the basic sets being given by the number of zeroes of solutions on a delay 
interval. Further development of these ideas has led to many interesting results 
on the existence of periodic solutions for large delays. See, for example, Chow 
and Mallet-Paret (1983), Mallet-Paret and Nussbaum (1986), Chow, Lin and 
Mallet-Paret (1989), Cao (1989) and the references therein. 

When there is more than one delay in the equation, there is very little infor- 
mation about the behavior of solutions. Even the local theory is not complete. 
The purpose of this paper is to point out some of the recent results dealing with 
several delays in order to illustrate present and future directions of research. 


2 Dynamics on center manifolds 


For a given r > 0, we let C = C([—-r,0], IR”). If x : [-r, a) — IR" is a given 
continuous function, we denote by z; € C,t € [0, a) the function z;(0) = z(t--0) 
for 0 € [-r,0]. For a given neighborhood U C C of the origin and a given 
function f € C*(U,IR") and a given continous linear map L : C — IR", we 
consider the functional differential equation 


è = La, + f(z). (1) 


The eigenvalues of the linear equation 
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z= Le, (2) 

are defined to be the solutions of the characteristic equation 
det(AT — Le* I) = 0. (3) 


We suppose that there are exactly p eigenvalues 41,...,Ap of (2) on the 
imaginary axis. If we suppose also that ||fllc«(ug^) < ô with ô sufficiently 
small, then there is a center manifold M(L, f) of (1). The flow on the center 
manifold is given by an ordinary differential equation (ODE). In case n — 1, the 
flow on the center manifold is given by p**-order scalar ODE. 


Theorem 2.1 (scalar FDE). The flow on the center manifold M(L,f) is given 
by a p**-order ODE 


yP + ary? D +.. + apy = gr r(y, y, ..., (79), (4) 


where gro = 0 and the eigenvalues of the left hand side of (4) are M,..., Ag. 


The next result states that all polynomial vector fields on center manifolds 
can be realized by delay differential equations with p — 1 delays. 


Theorem 2.2 (Scalar delay equation). For any polynomial G(zi,...,25) of 
degree q, there are a neighborhood U C C of zero, a positive constant 6, real num- 
bers a4,...,ap, postive constants r1,...,ry.1, and a function f € C**! (U, IR) 
with |fllcsexuo») < 5 such that the flow on the center manifold of the delay 
differential equation 


z(t) = a1z(t)--a2z(t— r1) -- c apz(t— 5-1) - f(z(t), £(t—71),... o 
5 
in U is given by the ODE 


yP) + ay?) +--+ apy = Gly, y™, ..., y (79). (6) 


The proofs of these results as well as those in Remarks 2.3 and 2.4 below may 
be found in Hale (1985), (1986). Theorem 2.1 is a consequence of elementary 
properties of control systems treating the function f as the control parameter. 
The proof of Theorem 2.2 makes use of the Implicit Function Theorem and the 
linear independence of the eigenfunctions. In Hale (1985), (1986), it is asserted 
that the function G in Theorem 2.2 may be an arbitrary C?-function. A careful 
examination of those papers (as pointed out to the author by P. Polátik) shows 
that the proof there holds only for a G polynomial. The general case remains 
open. s 

From Theorem 2.2, we see that each flow in the ODE (6) with a polynomial 
G can be realized by delay differential equations with p — 1 delays. Thus, compli- 
cated dynamics can be expected with several delays and complicated behavior 
of solutions can be observed in a local neighborhood of an equilibrium point. 
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Theorem 2.2 asserts that there exist p — 1 delays. We remark that the de- 
lays can be chosen almost arbitrarily; that is, there are few restrictions on the 
delays and the restrictions that are imposed depend upon the nature of the 
eigenfunctions associated to the eigenvalues. In the examples, this will be made 
precise. 


Remark 2.3. Is is not known if the number of delays in Theorem 2.2 is optimal. 
The optimal number must depend upon the eigenvalues on the imaginary axis. 
For example, if all of the eigenvalues are equal to zero, then we must have p— 1 
delays in order to have the linear part of the delay differential equation to have 
p zero eigenvalues. If the eigenvalues are distinct and equal to 0,iw;,—iw;,j = 
1,...,m, then we need only m delays to have a linear part with these eigenvalues. 
On the other hand, it is not known if this number is sufficient to take care of 
the nonlinear terms in the flow on the center manifold. 


Remark 2.4. For n > 1, that is, systems of equations, using ideas from control 
theory with the function f as the control parameter, we can show that Theorems 
2.1 and 2.2 remain valid for some special L and f. For general L and f, it is not 
known how to relate in a systematic way the flow on center manifolds for FDE 
to that of delay differential equations. 


Remark 2.5. Theorems 2.1 and 2.2 remain valid for the neutral FDE 
d 
iP" = Ln f(z) 


where D is a stable linear operator. 
Let us illustrate these results with a few examples. 


Example 2.6. Suppose that (2) has a double eigenvalue 0 and no other eigen- 
values on the imaginary axis. We can realize this situation with a linear delay 
differential equation with one delay: 


&(t) = z(t) - z(t- 1) 


Since Theorem 2.2 states that we need only one delay to reproduce all polynomial 
flows 


y" = Gly, y), 


we may rescale time to permit the choice of the delay as 1. If we choose 
G(21, 22) = Arzi + Aga + az] + z122, 


then there is a function f such that the flow on the center manifold of the 
equation 


a(t) = z(t) - x(t — 1) + f(z(t), z(t — 1) 
is given by the ODE 
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. P 2 
ž1= 22, | 23 M21 + Anza + ai + P2122. 


This is the Bogdanov-Takens bifurcation for A; = A9 = 0. 


Example 2.7. We now consider an equation with two delays, one of which can 
be taken to be 1 without loss of generality: 


i(t) = —aoz(t) — boz(t — 1) — coz (t — r) + f(z(t), z(t—1),z(t—7r)), (7) 


where ao, bo, co, r are chosen so that the only eigenvalues on the imaginary axis 
are 0,iw,—-iw with w > 0. For a given w > 0, it is easy to verify that the 
coefficients ao, bo, co are uniquely determined provided that sin(r — 1)» Æ 0. 

Let Ø = (p1, 2, 3) be a real basis for the eigenfunctions corresponding to 
the eigenvalues on the imaginary axis. As shown in Hale (1985), if the vectors 
(0), 9(—1), (—r) are linearly independent, then it is possible to reproduce any 
polynomial flow 


y" + wy! = G(y, y, y") (8) 
on the center manifold. It is easily verified that the condition of linear indepen- 
dence is equivalent to 

sin(r — 1)w + sinw — sin rw £ 0 


which is satisfied except for a discrete set of values r. 
In appropriate coordinates, the normal form for (8) up through terms of order 
three is given by 


ĝ=1 
$ = àp + apy + dp? 
y = By + by? + cp, 


which is a famous singularity for 1 = 9 = 0 (see, for example, Chow and Hale 
1982). 


3 Hopf bifurcation with respect to delays 


In this section, we consider the problem of the creation of periodic orbits from an 
equilibrium point by varying the delays following the approach in Hale (1979). 
We obtain a bifurcation function which is C*-! in the delays if the vector field 
is C*. The stability properties of the periodic orbits are determined from this 
bifucation function. 

Suppose a ENC RŽ isa parameter and consider the equation 


z= L(o)z, + fla, 21) (9) 


in C, where L(a)¢ is continuous and linear in y and the function f(o, v) is C? 
in e, f(o,0), D(a, 0) = 0. We need the following hypothesis: 
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(Hi) The characteristic matriz of the linear part of (9) 
A(a,À) = AI — L(a)e* I 


is a C! function of a and there are simple eigenvalues Ag = ivo, Xo = —ivg, vo > 
0, of A{ao,A) and all other eigenvalues A; satisfy A; Z Mào for any integer m. 

The next result is almost an immediate consequence of the Implicit Function 
Theorem. 


Lemma 3.1 Under hypothesis (H1), there is a 6 > 0 such that, for |a — ao| < 6, 
there is a simple eigenvalue \(a) of A(o, A) which is a C!-function, ImA(a) > 0, 
and A(ag) = ivo. 


From this lemma and the classical theory of FDE, we can decompose the 
space C as the sum C = Pa (D Qa, where Py, Qa are subspaces, invariant under 
the flow defined by the linear equation 


z(t) = L(a)zi, (10) 


and P, = sp[®q],a = (v1,v2), where 91,2 are real solutions of the linear 
equation (10) corresponding to the eigenvalues A(a), A(o). The function ®a has 
an explicit representation as 


Palb) = 6,(0)eP(?*.0 € [—r, 0], 
B(a) = vo Bo + Bi(a) 


0 1 
uc ao) 


a) a ( (7 40) -C(a)  (e— oo) x(a) 
Bi( )= GG a ea 


The functions Ç and y are continuously differentiable. 

Even though the parameter a may contain the delays in the equation, the 
smoothness in œ in hypothesis (Hi) will be satisfied. On the other hand, not 
all solutions of (9) are differentiable with respect to a. Therefore, it is not rea- 
sonable to assume that the functions L(a) and f(a,-) are differentiable in a. 
As a consequence, we must be careful in the statement of the Hopf bifurcation 
theorem. We do know that we will have differentiability in œ along periodic so- 
lutions of (9), which are the solutions of interest. This is the motivation behind 
the hypotheses in the next result. 


Theorem 3.3 (Hopf bifurcation) In addition to (Hi), suppose that 
(H3) For any K » 0,9 € C with e € C,||e|| € K, the functions L(a)y, f(a, v) 
are C! in a. 
(Ha) ¢(a0) # 0. 
Then there is an € > 0 such that, for any a € IR,|a| < c, there is a C!- 
manifold T, C IR* of codimension one, T, is C! in a, 


Ty = {a € RË : ReA(o) = 0, ja — ag] < €) 
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and, for each a € Ta, there are Cl-functions w(a, a), z*(a, a) with z* (o, a) be- 
ing an w(a,a)-periodic solution of equation (9). Furthermore, w(ao,0) = wo = 
3t z* (ao, 0) =0. 


Theorem 3.3 states that there is a Hopf bifurcation across the manifold I. 
The proof of this theorem is in Hale (1979). As remarked earlier, a scalar bi- 
furcation function G(o,a) is constructed with the property that the periodic 
orbits of (9) near the origin are in one-to-one correspondance with the zeros of 
G. Furthermore, if there are only two eigenvalues of (10) for ao on the imagi- 
nary axis, then the stability properties of the periodic orbit are determined from 
the stability properties of the corresponding zero ao of the scalar differential 
equation 


à =G(a,a). (11) 
See, for example, de Oliveira and Hale (1980). 


Remark 3.3. If we strenghten the differentiable requirements in hypotheses 
(Hı) and (H;), then it is possible to show that the function G(a,a) as well as 
the functions w(a,a),z*(a,a) have additional differentiability properties with 
respect to a,a. 


Remark 3.4. Hypothesis (H2) may appear to be difficult to satisfy. However, 
this in not the case. In fact, if we suppose that œ = (r1,..., r5) with each r; > 0 
and 


f(a, p) = F(e(n1), trey ~(Tp)) 


and the function F : IR? — IR" is C!, then (H2) is satisfied. 
If F is C*, then each periodic orbit of (9) has initial data which is C*. We 
then can show that the bifurcation function is C*. 


4 Discrete versus distributed delays 


In the modeling of physical phenomena where the past history is important, we 
often assume that the influence of the past occurs at discrete points. If the model 
is an FDE, this implies that the function f in (1) is given by 


f(y) = s(e(7r1), 9(—72),---, 9(—Tp)). (12) 


On the other hand, this is probably only an approximation to the true sit- 
uation. The influence of the past should be destributed over an interval [—r, 0] 
where r > max{rj,..., Tp}. One possible way in which to incorporate this more 
general situation into the model is to assume that f is given by the relation 


i) =s ( J : in (099)... f : in, (0ye(0)) (13) 
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where the functions m,...,7p are functions of bounded variation continuous 
from the right. If each of the functions 5; is a step function with jump one at 
rj, then the functions f in (12) and (13) are the same. 

One important problem is to determine when a property that has been ob- 
served in an equation with discrete delays persists when the delays are dis- 
tributed and each distribution function 5; is close to the above mentioned step 
function. Of course, we must be precise about the concept of closeness. In this 
situation, we say 5^) converges to as k — oo if, for each v € C, 


0 
d(n™ — ge — 0 as k — oo. 


-r 


This is equivalent to saying that the total variation of n?) — q approaches zero 
as k — oo. 

In this general setting, the Hopf bifurcation theorem of the previous section 
applies with the parameter a lying in the dual space of C. For a parital discussion, 
see Hale (1979). 

Due to the complications that arise in the study of distributed delays, we 
encounter very often the following situtation in the literature. It is first assumed 
that the past history in infinite. The next step is to assume that some or all 
of the distribution functions are simple exponential functions or at least of the 
type that the derivatives are very simple. When appropriate assumptions are 
made, it is possible to reduce the number of delays by increasing the order of 
the differential equation. In some cases, this approach leads to a much simpler 
problem, but it remains to discuss the sensitivity of the obtained results to 
small perturbations of the distribution function. Very little attention has been 
devoted to this latter problem although it is obviously important. For the Hopf 
bifurcation, see Hale (1979). For a stability problem, see Lenhart and Travis 
(1985). See also Busenberg and Travis (1982), Busenberg and Hill (1988). 


5 Hopf bifurcation surface 


In Section 3, we have seen that it is possible to consider the Hopf bifurcation 
with the delays chosen as the bifurcation parameters. Therefore, it is important 
to know the structure of the curves in the delay space that correspond to the 
situation where there are eigenvalues on the imaginary axis of the linear vari- 
ation equation about an equilibrium point. In this section, we reproduce some 
recent results of Huang (1990) and Bélair and Mackey (1989) for the first Hopf 
bifurcation curve; that is, the curve for which all eigenvalues have nonpositive 
real parts. The verification of the results requires many nontrivial computations 
and we therefore present only the diagrams with a few remarks. 
Huang (1990) has considered the characteristic equation 


d+ ae 1 + bero = 0, (14) 


which corresponds to the linear equation 
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z(t) = —az(t — r1) — bx(t — rə). (15) 


For fixed values of a, b, the first Hopf bifurcation curve takes one of the types 
shown in Figures 5.1-5.6. In each of these situations except when b — 0, there 
are r? < r} such that, for fixed rı € (r2, rl), there is a possibility of a Hopf 
bifurcation as rz is varied. For any case and fixed rı € (r2, r]), there can be only 
a finite number of Hopf bifurcations with respect to the parameter r2. For the 
situation that —b > a > 0 > b, the origin is unstable for all delays r; > 0, r2 > 0. 
In each case, except when a = b > 0 or b — 0, the first Hopf bifurcation curve is 
not a smooth curve. At the points of discontinuity in the tangent vector to this 
curve, there are two points of eigenvalues on the imaginary axis. For most values 
of the constants a,b, these are distinct pairs. Therefore, a complete analysis of 
the dynamics near the equilibrium of a nonlinear perturbation of (15) cannot be 
accomplished using only the Hopf bifurcation theorem. In general, we expect very 
complicated behavior near these points. As b — a, the points of discontinuity of 
the tangent vector approaches infinity and one arrives at Figure 5.1. 

We remark that the dotted curves in these figures also are Hopf bifurcation 
curves. However, they are not the first Hopf bifurcation curves. There are purely 
imaginary eigenvalues on these dotted curves, but also there are eigenvalues with 
positive real parts. 

Bélair and Mackey (1989) (see also an der Heiden (1979)) consider the char- 
acteristic equation 

Q 


1+ Rr 


which corresponds to the characteristic equation of the second order equation 
with one delay 


A+ 4e =0, (16) 





Rz(t) + z(t) + Rz(t — r) + Qz(t) + z(t — r) = 0. (17) 


Equation (16) also is the characteristic equation for the linear equation with one 
distributed delay and one discrete delay: 


z(t) 4 3 T e*/F z(t +0)d0 + z(t — r) = 0. (18) 


This is a situation where the special form of the distributed delay leads to an 
equation of higher order with one delay (see Section 4). 

The parameter Q can be used as a measure of the strength of the distributed 
delay. For this reason, the plots of the first Hopf bifurcation curve are made in 
the (Q,r)-plane with R fixed. The different situations are depicted in Figures 
5.6-5.8. As in the situation for equation (14) with two discrete delays, for a fixed 
value of Q, there are never more than a finite number of Hopf bifurcations. The 
points of discontinuity in the tangent vectors again correspond to two pairs of 
eigenvalues on the imaginary axis. 
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6 Delay differential equations and maps 


In recent years, there has been some discussion about the relationship between 
the dynamics defined by maps and the dynamics defined by delay differential 
equations with a singular perturbation term (see, for example, Chow and Mallet- 
Paret 1983, Chow, Diekmann and Mallet-Paret 1985, Mallet-Paret and Nuss- 
baum 1986, Ivanov and Sharkovsky 1990). More specifically, suppose that € > 0 
is a small parameter and consider the equation 


ez(t) + x(t) = f(z(t — 7)). (19) 


For € = 0, we have the map y = f(z) on IR. Is the dynamics of this map related 
to equation (19)? For example, if the map has a periodic point of period two, 
does there exist, for € small, a periodic solution of (19) of period approximately 
two and is it close to a square wave? Under some conditions on the nonlinear 
function f, this is known to be true. On the other hand, it is not known to be 
true in the general case. If we ask the same question for periodic points of f of 
higher period, then it is known that equation (19) does not behave as the map. 

From the above remarks, it seems as if it is not reasonable to expect delay 
differential equations to behave as maps. However, it is possible that the question 
is not posed in the proper way. The left hand side of (19) may be considered as 
an “approximation” to the function z(t + €): 


z(t +e) 2 z(t) + e£(t) 4----. (20) 


If it is a good approximation, then the appropriate map for comparison should 
be 
z(t + €) = f(z(t — 7)). (21) 


Since € is a parameter which we want to vary, the equation (21) no longer can 
be considered as a map on IR, but must be considered in a function space. If we 
want to compare this map to a delay differential equation, we could consider the 
function space to be C = C([—r,0], IR) with r chosen to be greater than 7 + €o 
and 0 < € < eo. Of course, to have the solutions of (21) remain in C, we must 
impose restrictions on the initial data. Even if a solution remains in C, its limit 
as t — oo may not be in C. For example, suppose that f has three fixed points 
a < b < c with a,c asymptotically unstable and b unstable and every orbit of 
f has its limit set as one of these points. If ó € C has values which lie in both 
of the intervals (a,b) and (b, c), then the limit of the solution z, through ¢ will 
be a step function. The same remark holds for the orbit of functions o € C that 
approach a period two orbit of the map f. As a consequence, we must exercise 
care in the selection of the space in which (21) and (22) will be compared. In our 
discussion to follow, we attempt to make these remarks somewhat more precise. 

Let us proceed first by taking a better approximation to z(t + €). More 
precisely, for a given integer N, we consider the equation 


N 
(3 T 1) z(t) = f(z(t — 7)). (22) 
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For N sufficiently large, the operator 
d -N 
ALI gE de 
#= ($541) (23) 


should be a good approximation to the translation semigroup e~*4\ evaluated 
at —« acting on uniformly continuous functions on IR and taking z(t) to z(t 4 c). 

From this remark, it is therefore reasonable to expect that we should be 
able to compare the solutions of (22) which are defined and bounded on IR with 
the solutions of (21) which are defined and bounded on IR. If we suppose that 
the corresponding semigroups are dissipative (that is, orbits of bounded sets are 
bounded and each orbit evetually enters and remains in a fixed bounded set), 
then these globally defined and bounded solutions are precisely the ones that 
belong to the global attractors. We recall that the global attractor is a compact 
invariant set with the property that the w-limit set of any bounded set belongs 
to it. 

Let LP = L?((—r,0), IR") for some 1 < p < 00. We choose the space of initial 
data for (21) to be L? and the space of initial data for (22) to be L? x IR”. Let 
Pr» be the projection of LP x IR" onto LP. For a fixed €,0 < € < eo, and a fixed 
integer N, let Aey be the global attractor for (22) in L? x IR. Let us suppose 
that (21) has a maximal bounded invariant set A, in LP. An important problem 
is to compare the flow of (21) on A. with the flow of (22) on Aen. The first 
interesting thing to do would be to show that 


distrp»(PreAcn,Ac) —0 as N — oo. (24) 


At first sight, it appears that it would be impossible to consider relation (24) 
because the space of initial data for (22) is LP x IR. However, this is not the 
case. Let us suppose that the function f is analytic. Then the elements of Ae, N 
are analytic functions (see Nussbaum (1973)). Therefore, the elements of Ae, N 
are determined uniquely by their projections onto L?, and to attempt to verify 
(24) is meaningful. Relation (24) is a first step in the comparison of the size of 
attractors of (22) with the maximal bounded invariant set of (21). If we show 
that ||.Ac,w||z, is uniformly bounded in N, then we should be able to use the 
stability properties of the attractor A, and the appropriate variation of constants 
formula to prove that (24) is true. We remark that this in not the usual type 
of problem that is encountered when semigroups are compared on infinite time 
intervals since the semigroup for (22) is compact for t > 1 and the semigroup 
for the limit equation (21) is not compact. 

Of course, the next step is to discuss the corresponding flows in more detail. 
For example, if we suppose that A. contains a periodic orbit of period 2(r + €) 
which is stable, is there a periodic solution of (22) for N large which is periodic 
with a period close to 2(7 + €)? Other more complicated compact invariant sets 
in A, also should be considered. 

We remark that, with the emphasis being placed upon the parameter N (the 
order of the differential delay equation), the parameter ¢ will play a minor role 
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in much of the analysis. Of course, many interesting problems will arise when 
N — oo and e — 0. 

We also should attempt the same analysis for equations with several delays: 
for example, for a nonlinear function 


F(p) = f(e(7r1), e(7r2)). 


We are in the process of making these remarks more rigorous. 

In recent papers of Vallée, Dubois, Cóte and Delisle (1987) and Vallée and 
Marriott (1989), equation (22) has been used as models of hybrid bistable op- 
tical devices when N components contribute to the total reponse time. The 
parameter c^! is a measure of the response time. The models are tested against 
experimental results and there is particular interest in the comparison in the 
chaotic regions. Also, are these models reasonable for explaining the onset of 
chaos? In the chaotic region, the ratio of the delay to the response time does 
not seem to be large and this had led to discrepencies between the model (19) 
(N = 1) and the experimental observations. In the several component model, the 
above authors have investigated (22) numerically and found better agreement 
with the experiments when N » 1. 

They also analyzed precisely the linear variational equation near the equi- 
librium and have shown that the curve for the first Hopf bifurcation becomes 
insensitive to the delay for large values of N. We reproduce these results since 
they are relatively simple and serve as a good motivation for the comparison of 
(21) and (22) as outlined above. In the physical problem, the function f depends 
upon a parameter jp which can vary. The characteristic equation for the linear 
variational equation has the form 


eA n -Ar 
1+ W + Bye" =0, (25) 
where B, is the derivative of f evaluated at the equilibrium. For N large this 
equation is almost the same as the equation 


etA 4 B, =0. (26) 


From this equation, for N large, we see that the threshold for the existence 
of a Hopf bifurcation (that is, purely imaginary solutions of equation (25)) is 
essentially independent of N since it requires that the parameter p be chosen so 
that B, is approximately —1. Equation (26) is the linear variational equation 
for (21) and thus the expected correspondance of dynamics. 

We remark that other authors also have considered approximating the trans- 
lation semigroup e*?V* to higher order in an attempt to obtain better corespon- 
dence between the delay differential equation and the map (see Zhao, Wang and 
Huo 1988, Longtin 1988). 
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A Brief Survey of Persistence in Dynamical 
Systems 


Paul Waltman 


Department of Mathematics and Computer Science, Emory University, Atlanta, Geor- 
gia 30322 


1 Introduction 


The equations governing interacting populations in a closed environment often 
take the form 
z; = zifi(zi,72,..., t4) (1.1) 
z;(0) = rio 20, i= 1,2,..,n 


To avoid technical conditions assume that f is such that solutions of initial value 
problems are unique and extend to all of R. The form of the equations makes the 
positive cone invariant and the coordinate axes and the bounding faces invariant 
(and represent lower order dynamical systems). 

The notion of persistence attempts to capture the idea that if the above dif- 
ferential equation represents a model ecosystem, all components of the ecosystem 
survive. In this survey we attempt to show how the idea has led to an interest- 
ing class of abstract mathematical problems which have applications in biology. 
While the emphasis is on the mathematical problems, the references give an 
introduction to the applications. 

The system (1.1) is said to be persistent if 


lim inf z,(t) >0, i=1,2,...,n 


for every trajectory with positive initial conditions. 
The system (1.1) is said to be uniformly persistent if there exists a positive 
number a such that 


lim inf z;(t) >a, i-1,2,..,n 


for every trajectory with positive initial conditions. The term persistent was 
first (?) used in this context by Freedman and Waltman [12], with lim sup 
instead of lim inf. Other definitions are relevant, see Freedman and Moson [8] 
for a discussion. Earlier use of the term persistence corresponded to a stability 
condition. See Harrison [22] and the references cited therein. The work of [12] 
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was continued in [13] and [14] where three level food chains and competition 
problems were investigated. Other work in this spirit includes Hallam and Ma 
[23], Hutson and Law [31], Freedman and So [10] [11], Freedman and Rai [9], 
Li and Hallam [38], and So [42]. A similar notion appears in Hofbauer [25], and 
Schuster, Sigmund, and Wolf [40], where the term cooperative is used. (This 
later became permanence.) 

One can distinguish two approaches: 

i) Analysis of the flow on the boundary 

ii) Use of a Liapunov-like function 
Each approach has lead to interesting mathematical problems. This survey will 
try to point out examples of theorems in each approach. The interest has been 
focused on three-population models since this is the simplest case of interest but 
Kirlinger [36] [37] and So [42] have higher dimensional examples. The survey 
article of Hutson and Schmitt [33] and the book of Hofbauer and Sigmund [28] 
contain more complete references. 

A key tool in some of the applications using the first method was the following 
lemma: 


Lemma Butler-McGehee Let P be an isolated hyperbolic rest point in the 
omega limit set, w(x), of a point z. Then either w(x)={ P) or there exists points 
qi and qo in w(x) with qq and qo different from P but with qq € M*(P) and 
q2 € M- (P) where M+ and M- are the stable and unstable manifolds of P. 


The central difficulty in extending to the general situation is to develop the 
counterpart of this lemma in the setting of dynamical systems. Those using the 
Liapunov-like technique have to construct the appropriate function. The key to 
extending this idea to more general situations was to develop a theory with as 
few hypotheses as possible on the Liapunov function. Each of these techniques 
is explored in an abstract setting in the following sections. 


2 An abstract persistence theorem 


The general setting is that of topological dynamics in a metric space. We review 
the basic definitions and set up the dynamical system appropriate for systems 
of the form (1.1). Let X be a locally compact metric space with metric d and 
let E be a closed subset of X with boundary OE and interior E?. Let c be a 
dynamical system defined on E which leaves its boundary invariant. (A set B in 
X is said to be invariant if 7(B,t)— B.) Denote the flow on the boundary by 79. 
The flow is said to be dissipative if for each z € E,w(z) is not empty and there 
exists a bounded set G such that the invariant set 2 = Usegw(z) lies in G. A 
nonempty invariant subset M of X is called an isolated invariant set if it is the 
maximal invariant set of a neighborhood of itself. Such a neighborhood is called 
an isolating neighborhood. 

The stable (or attracting) set of a compact invariant set A is denoted by Wt 
and is defined as 


A Brief Survey of Persistence in Dynamical Systems 33 
W*(A) = (z|z € X, w(z) £ 4, w(z) C A). 

The unstable set, W- is defined by 
W^ (A) = (zlz € X, a(z) # $, a(x) C A} 


where o(z) is the alpha limit set. 
The weakly stable and unstable sets are defined as 


WH (A) = (zlz € X, w(z) £ 6, w(x) nA F 4) 
and 


Wz (A) = (zlz € X, a(z) #4, a(z)n A: 6). 


Lemma. (Butler and Waltman [4], Dunbar, Rybakowski, and Schmitt [6]) Let 
M be a compact isolated invariant set for x defined on a locally compact metric 
space. Then for any z € WE (M)NW* (M) it follows that w(z)NWt(M)\M £ ó 
and w(z) àW-(M)M £z ¢. A similar statement holds for a(x). 


The following set of definitions are motivated by the technique used in the 
proof in [FW2],[FW3]. Unfortuately some of the terms are the same as those in 
the work of Conley [5] in dynamical systems where they have a different meaning. 
This overlap is regrettable but the definitions are now well established in both 
places. Let M,N be isolated invariant sets (not necessarily distinct). M is said 
to be chained to N, written M — N, if there exists an element z, z MUN 
such that z € W- (M) N W+t(N). A finite sequence Mi, M», ..., My of isolated 
invariant sets will be called a chain if Mı —^ Mz — ...—^ My (Mi — Mi, if 
k=1.) The chain will be called a cycle if M; = Mi. 

T will be said to be persistent if for all z € E°, liminf;... d(n(z,t), 9E) > 0 
and 7 will be said to be uniformly persistent if there exists an eg such that for all 
z € E’ liminf;_,.. d(z(z, t), OE) > «o > 0. ra is said to be isolated if there exists 
a covering M—U£ ., Mi of Q(5) by pairwise disjoint, compact, isolated invariant 
sets Mı, M»,..., My for Tta such that each Mj is also an isolated invariant set for 
x. (This is a sort of “hyperbolicity” assumption; for example, it prevents interior 
rest points, or other invariant sets, from accumulating on the boundary.) M is 
called an isolated covering. ta will be called acyclic if there exists some isolated 
covering M-UE., Mi of ma such that no subset of the M;'s forms a cycle. An 
isolated covering satisfying this condition will be called acyclic. 

The following theorem provides a criterion for uniform persistence in terms 
of the flow on the boundary. 


Theorem. [/][3] Let 7 be a continuous dynamical system on a locally compact 
metric space E with invariant boundary. Assume that m is dissipative and the 
boundary flow ma is isolated and is acyclic with acyclic covering M. Then m is 
uniformly persistent if and only if 


(H) foreach M; € M, W*(M;)N E? = 4. 
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The acyclic condition in the abstract persistence theorem is suggestive of a 
Morse decomposition. This idea appears in the work of Freedman and So [FS2], 
who were interested in persistence for maps and in the work of Hofbauer [Ho2] 
and Garay [15]. We sketch a portion of Garay's paper. 

Let S denote the maximal compact invariant set in E and consider r restricted 
to SNOE, denoted by tsnaz. The collection M={M;, M;,..., Mn} is a Morse 
decomposition if the M;’s are pairwise disjoint, compact, isolated invariant sets 
for 7Tsnag with the property that for each z € S OE there are integers i(z) 
and j(z) with i < j and w(x) C M; and a(z) C M; and if i=j, the z € M; = 
Mj. Note that the above definition makes a requirement on all x while the 
chained definition makes a requirement for some x. Garay generalized the above 
persistence theorem in the spirit of Conley. We state the following result (which 
is equivalent to the above theorem) to show the nature of the setting. It is a 
corollary of Garay's main theorem. 


Theorem. Let X be a locally compact metric space and let E be a closed subset 
of X. Suppose we are given a dissipative dynamical system v on E for which OE 
is invariant. Let M={M,, M2,..., Mn} be a Morse decomposition for "snap. 
Further assume that for each i 

i) There exists a y > 0 such that the set {x € int(E)|d(z, M) < y) contains 
no entire trajectory 

i)Int(E) NW+(M;) = ó 
Then m is uniformly persistent. 


To show that this is equivalent to the above theorem, Garay shows that “Any 
acyclic covering of f2(Tag) is a Morse decomposition for "snap and conversely.” 
The first condition is a type of “hyperbolicity” requirement. Garay’s main result 
requires the above two conditions only on a more restricted set. 


3 An example 


Consider three logistic-like competing populations 
z; = Z; fi(£1, £2, 23) i= 1,2,3. 


By competitive, one means that Of;/dz; < 0 for i Z j. By logistic-like, one 
intends that there exist numbers K;, i=1,2,3, such that whenever z; = K; for 
some i and all of the zj's, j # i, are zero, then f; is zero and Of;/Oz; < 0. Thus 
there are three rest points, called arial rest points, denoted by Ej, ie. Ej = 
(K,,0, 0) and the origin, denoted by Eg. Suppose that the boundary has only one 
additional rest point (z1, 23) which we will label E* and that f3(zj, 25,0) > 0. 
We are supposing that zı outcompetes z3 and that z3 outcompetes z3. (Other 
rest points could be allowed. We are making the example as simple as possible.) 
We suppose also that all rest points are hyperbolic. 

One must check the acyclic condition and (H). Because of the invariance 
of the dynamical systems on the boundary, the stable and unstable manifolds 
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of the axial rest points all lie in the boundary. Moreover, planar competitive 
systems do not have limit cycles, so E* is a global attractor in the zı — z3 plane. 
In particular, the stable manifold of E* connects to the origin and to infinity. 
Moreover, the origin is unstable. Hence if the covering is taken to be the five 
rest points, there are no cycles. 

The linearization of E* takes the form 


zh 1 zh i 20h 17 


e r2 zs 

Ía Ofa ofa 

T2 Or, T2 TI} T2 ih 
0 0 fa 


where everything is evaluated at the rest point. The matrix decomposes and the 
positive eigenvalue given by f3 > 0 has an eigenvector pointing into the posi- 
tive cone — hence (H) is satisfied. The example is pivotal — if one removes the 
requirement for the existence of E*, an acyclic covering may not exist (for exam- 
ple, if z; outcompetes z1). The system may or may not be uniformly persistent. 
The following example was given by May and Leonard [39]. (See also Schuster, 
Sigmund, and Wolf [41].) 


z] = zi(l— 21 — azz — fza) 
25 = z»(1 = Bry — 15 — O23) (3.1) 
25 = z3(1 — Qz — Bz» = z3). 


If 0 < 8 « 1 « a and a+ > 2, then (H) is satisfied but there is no 
acyclic covering. The abstract persistence theorem does not apply and, indeed, 
lim sup;_,,. z;(f) = 1 and liminft—oo z;(t) = 0. The Liapunov approach, how- 
ever, can yield information. 


4 The Liapunov approach 


The Liapunov approach has appeared in various forms, for example as “persis- 
tence functions", “average Liapunov functions”, etc. The principal contributors 
include Gard and Hallam [18], Gard, Hallam, Svoboda [19], Gard [16][17], Hut- 
son and Vickers [34], Hutson[30], Jansen [35], Hofbauer, Hutson, and Jansen [27], 
Kirlinger [36][37], Hofbauer and So [29], and Schuster, Sigmund, and Wolf [41]. 

The nicest statement may be one due to Fonda, [7], who stated his result 
in terms of repellers. (See also [29].) Let X and r be as above. A subset S of 
X is said to be a uniform repeller if there exists an 7 > 0 such that for all 
z € XXS,liminf, ioo d(z(z,t), S) > n. In terms of the original definition for the 
ordinary differential equations, the system is uniformly persistent if the boundary 
is a uniform repeller. 


Theorem. Let 5 be a compact subset of X such that X\S is positively invariant. 

A necessary and sufficient condition for S to be a uniform repeller is that there 

ezists a neighborhood U of S and a continuous function P:X — R+ satisfying: 
i) P(z)—0 if and only if z is in S 
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it) For all z € U\S there is a T, > 0 such that P(n(z,Tz)) > P(z). 


Although nicely stated the condition appears difficult to verify. The following 
corollary is easier (and is essentially the work of Hutson and Hofbauer). 


Corollary. Let S be as above and P € C(X, Rt) n C! (XXS, R) be such that 
P(z)=0 if and only if z is in S and let there exist a lower semicontinuous function 
V : X — R, bounded below, and an a € [0, 1], such that 
i) P'(z) 2 [P(z)]? ¥(z), z € XVS 
T 


ii) For all z € Z,supp, o f V(n(z,s)ds > 0 
0 


where & denotes S or, whenever S is positively invariant, O(S). Then S is a 
uniform repeller. 


3 
If one takes P(x)22127223 and V(z) = Y; fi(z), then a short computation 


i—-1 
shows that if a+ 8 < 2, then the system of May and Leonard is uniformly 
persistent. 


5 Persistence for dynamical systems on non-locally 
compact space 


The preceding result would apply to dynamical systems generated by au- 
tonomous ordinary differential equations models. However, the models of popu- 
lation ecology encompass much broader systems, so it is of interest to have an 
even more general theory. Results in this direction may be found in Dunbar, Ry- 
bakowski, and Schmitt [6], Hutson and Moran [32], and Burton and Hutson [2], 
who consider persistence either for delay equations or reaction-diffusion equa- 
tions. The previously cited paper [33] gives an account of work in this direction. 

Hale and Waltman [24] attempt to recover the abstract persistence theorem in 
a setting appropriate for delay and reaction-diffusion equations. The general idea 
is easy; replace the dynamical system by a semi-dynamical system and remove 
the local compactness hypothesis. However, certain technical difficulties arise, in 
particular, the lack of backward orbits or the nonuniqueness of backward orbits. 
'The general tool is the theory of dissipative systems, as found, for example, in 
the book of Hale [21]. The key idea is to work on the *global attractor". Several 
of the definitions need to be modified to take advantage of this setting. 

As before, a complete metric space, denoted by X, (with metric d) is the 
basic setting. The dynamical system is replaced by a C°-semigroup on X. Let 
T(t):X — X, t > 0, satisfy 

i) T(0)=I, 

ii) T(t+s)=T(t)T(s) for t,s> 0, 

iii) T(t)x is continuous in t,x. 

The semigroup T(t) is said to be asymptotically smooth if for any bounded subset 
B of X, for which T(t)BC B for t> 0, there exists a compact set K such that 
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d(T(t)B, K) — 0 as t — oo. The semigroup T(t) is said to be point dissipative 
in X if there is a bounded nonempty set B in X such that, for any z € X, there 
is a to = to(z, B) such that T(t)x€B for t> to. 

A basic result on the existence of global attractors is contained in the follow- 
ing statement, [21]. 


Theorem. If 

i) T(t) is asymptotically smooth, 

ii) T(t) is point dissipative in X, 

iti) Y* (U) is bounded in X if U is bounded in X, 
then there is a nonempty global attractor A in X. 


Assume that the metric space X is the closure of an open set X; that is, 
X = X? U 0X*, where OX? (assumed to be nonempty) is the boundary of X°. 
Suppose that the C?-semigroup T(t) on X satisfies 


T(t): X° 5 x? 
T(t) : 0X° + ox? 


and let To(t) = T(t)|xo, Ta = T(t)loxo. The set OX? is a complete metric space 
(with metric d). If T(t) satisfies the above conditions then Tọ will satisfy the 
same conditions in OX? and there will be a global attractor Aa in OX?. 

The difficulty with backward orbits requires some modification of the original 
definitions. A set B in X is said to be invariant if T(t)B—B for t> 0; that is, the 
mapping T(t) takes B onto B for each t> 0. This implies that there is a negative 
orbit through each point of an invariant set. To denote the alpha limit set of a 
specific orbit through the point z, we use a,(z). 

The stable set of a compact invariant set À is as defined before 


W*(A) = (zlz € X, w(x) £ 6, w(z) C A). 
The unstable set, WT, requires modification and is defined by 


W-^(A) = (z|z € X, there exists a backward orbit y7 (z) such that 
a(z) £ $, as(z) C A}. 


The other definitions including weakly stable and unstable sets require no modi- 
fication. Let Aa denote the set of omega limit points of the flow of the boundary. 


Theorem. Suppose T(t) satisfies the basic assumptions and 

i) T(t) is asymptotically smooth, 

it) T(t) is point dissipative in X, 

iii) y+ (U) is bounded in X if U is bounded in X, 

iv) Ag is isolated and has an acyclic covering M = (Mi, Mo,..., My). 
Then T(t) is uniformly persistent if and only if for each Mi € M 


Wt(M)NX° = 9. 
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The above theorem may be applied to a system of delay equations which 
model competing populations. Consider the system 


2'(t) = nz(D[L - 2( — 1) - ns] 


y (t) = rav(t)[1 — y(t — 1) — uaz(t)] 


where rj, i=1,2, are sufficiently small. If, in addition, 4; and po are less than 
one, the system is persistent. The appropriate space X is the positive cone of 
C[-1,0] x C[—1, 0]. For any pair of initial functions (6, V) € X, let z(t, ¢, V) be 
a solution and define T(t)(¢,¥) € X, t > 0, by 


TENH, YO) = (z(t 0,6, v), y(t - 6,6,v), -1«0«0. 


Straightforward computations [24] show that the conditions of the theorem are 
satisfied. 

A more significant example may be found in Thieme and Castillo-Chavez [43] 
who used the result to show that the infectives persist in a model of HIV/AIDS. 
The model is that of a structured population and invloves both ordinary and 
partial differential equations. The idea of persistence although not as a direct 
application of the theorems presented here, appears in Busenberg, Cooke, and 
Thieme [1] who also were considering an AIDS model. 
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1 Introduction 


Consider the Liénard equation 
£-Fp(z)$ 4 2 — 0, 


where p is a real polynomial of degree n, and the equivalent planar vector field 
(y, —z — yp(z)), i.e. the first-order system on IR? 


2-y 
ý = —z — yp(z). 


An isolated nontrivial periodic orbit of this vector field is called a limit cycle. 
In [2] Lins, de Melo and Pugh proposed the following conjecture: the number of 
limit cycles of the Liénard vector field defined by p does not exceed [5] (here 
[8] denotes the integer part of 8). In the same paper it is shown that this bound 
is the best possible and that the conjecture is true for n < 2. 

The more general question about the existence of a bound (depending only 
on n) for the number of limit cycles of planar polynomial vector fields of degree 
< n was stated as part of Hilbert’s 16th problem (see e.g. [3] for a history of the 
problem and an extensive bibliography). 

The main result in this paper is the following. 


Theorem 1. For every polynomial p of degree n there exists an co > 0 such that 
for alle satisfying |e| € «o the vector field (y, —2 — eyp(z)) has at most [5] limit 
cycles. 


42 Felix Albrecht and Gabriele Villari 
2 Background 


This section recalls certam known facts from perturbation theory applied to 

Liénard systems and establishes the notation. Throughout the paper p will de- 

note a polynomial of degree < n and P will be defined by P(z) = fọ p(£)d£. 
Consider the Liénard equation 


Ë + ep(z)z +z = 0, (1) 
where € is a real parameter, and the equivalent first- order systems 
z—y 
ý -—-—z-—eyp(z) 


(2) 


and i P 
vint (3) 
yo r. 


Observe that the vector field defined by (2) is transversal to the positive 
y-axis and denote by S C IR x IR the open set of pairs (s,¢), s > 0, with the 
property that the positive semi-orbit of (2) through the point (0, s) intersects 
the positive y-axis again at a first point (0,A(s,¢)). Thus s ++ A(s,€) is the 
Poincaré mapping defined by (2) and the function A is analytic. 

Set V(z, y) = 1(z? + y?) and, for (s,c) € S, 


E(s,¢€) = V(0, A(s, €)) — V(0, s). 
By a standard argument (see e.g. [1], Section 12.10) 


E(s,€) = Jd ypdz + (s, c), (4) 


s 


where C, = ((z,y)|z? +y? = s?), (s, 0) = 0 and limc.o We) = 0 for all s > 0. 
The function G : (0,00) — IR defined by the above line integral, 


G(s) = $ ypdz, 


s 


is analytic, hence so is the function v. It is immediate that 





Ow _ oy x 
3^ 0) = à = 0 
for all o > 0 and all i > 0. Therefore, by a simple induction argument, 
2 qe riy 
he OS — ned. m (x 18e Je à 


df, 107 
= Js (tim = € üsi-1 =) (v6) 





hence 
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ot (o,€)=0 (5) 


for all o > 0 and all i > 0. 
In order to compute G(s) let p(x) = 5, arz". Then 


27 n 2* 
G(s) = =s? J sin?^t p(scost)dt = — 5 a, sF*? » sin? t cos” tdt. (6) 
0 rur 0 


Recall the recursion formula for the indefinite integral 


sin^*t!tcos"!1  u—1 
Ja,» = | sin" tcos" tdt = ———— ———— + — — J,,v-2; 0. 
"up [so cos AER Du nv-2 ptuF 
It follows that in (6) the coefficients of the odd powers of s are zero and thus G 
is an even polynomial in s of the form 


[21 
G(s) = 3? Y Azis”. (7) 


i=0 


Remark 1. Since the zeros of s +> E(s, e) yield all the nontrivial periodic orbits 
of (2) it follows by analyticity that either each or else none of these orbits is 
a limit cycle. Notice also that the function G is completely determined by the 
even part of the polynomial p; it is independent of the odd part. If p is an odd 
polynomial it is known that E is identically zero on S, i.e. (2) has no limit cycles 
(see also Section 4 below). Otherwise the periodic orbits of (2) for e Z 0 lie ina 
bounded region of IR? and are hence finite in number. 


Another known result which will be needed later is the following. 


Lemma 1. (see, for instance, [4]) Let P be a non-even polynomial and 
Po be its odd part. If Py does not change sign at any x + 0 then (3) has no 
nontrivial periodic orbits (and hence Theorem 1 is trivially true). Otherwise 
every nontrivial periodic orbit of (2) intersects the z-axis outside the segment 
((z,0)|r| € a}, where a > 0 is the smallest positive zero of Py at which Po 
changes sign. 


3 Main Result 


Equality (4) and the preceding considerations imply that a nontrivial periodic 
orbit of (2) intersects the positive y-axis at a point (0, s) with the property that 
s lies near a zero of G, provided |e| is sufficiently small. In order to obtain a 
bound for |e| which is valid for every such orbit it will be necessary to establish 
that there exists a compact set in IR? containing all the periodic orbits of (2), 
or of the equivalent system (3), for every sufficiently small |e], € Z 0. This result 
is stated below; its proof will be given in Section 4. 
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Theorem 2. Let P be a non-even polynomial of degree > 1, with P(0) = 
0. There exist yo and Ky, 0 < Yo < Ko, depending on P, such that the set 
((z,y)à € z? + y? < Kĉ} contains all the nontrivial periodic orbitis of (3) for 
jel x 1, € £0. 


It is now possible to prove the main result. 


Proof of Theorem 1. In view of Remark 1 assume that the polynomial P is not 
even. Theorem 2 implies that the zeros of the function s +> E,(s) = E(s,€) 
defined in Section 2 lie in the segment [yo, Ko] for all [e| € 1, € # 0. Equality (4) 
shows that for every ó > 0 one can choose an eo > 0 so that for |e] € €o, € #0 
and for each zero o, of E, there is a (unique) positive zero F of G such that 
Jos — F| < 6. Assume that @ is a zero of order £ of G, £ > 1, i.e. GO (F) = 0 for 
0 < j < £—1, G'(v) £ 0. Then for 6 > 0 sufficiently small and the corresponding 
€o the function Ee, |e| € €o, € Æ 0, has at most £ zeros in the -neighborhood of 
7. Indeed, otherwise repeated use of Rolle’s theorem would imply that B E. has 
a zero in this neighborhood which is impossible since by (4) and (5) 


10'E, 
€ Ost 


for |e — F| < ô. It is now clear that for an appropriate eo > 0 and all [e| € eo, 
€ £ 0, the number of distinct zeros of E, in the compact interval [yo, Ko] does 
not exceed the number of positive zeros of G, i.e. of the even part of p, counting 
their multiplicities. 

Finally, the even polynomial G is of the form 





(2) = Go) «SS (e. #0 


Gls) = èls) [TG? - 72)", 
h=1 


where each Fa > 0, D cf dj < [2] and the function q is nowhere zero. In 
particular 7, is a zero of G of order dj and hence E, has at most [2] zeros. By 


Remark 1 the proof of Theorem 1 is complete. H 


4 Proof of Theorem 2 


This section is devoted to the proof of Theorem 2. Under the additional assump- 
tion that the polynomial P has odd degree this theorem is proved in [2]. For 
completeness a slightly modified proof of this result is given below. 


Lemma 2. If P is a polynomial of odd degree and P(0) = 0 then the conclusion 
of Theorem 2 holds. 


Proof . Let c > 0 be such that the segment [—c,c] contains all the zeros of 
P and p in its interior. Choose sọ > 0 so that for (s,c) € S, with s > so, 
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le| € 1, the positive semi- orbit of (3) through the point (0, s) intersects the lines 
z = c and z = —c for the first time at (c, A1(s, €)), (e, à2(s, €)), (—e, Aa(s, €)) 
and (—c, A4(s, e)), with Ai1(s,e) > eP(c), A2(s,€) < €P(c), Aa(s,c) < eP(—c), 
A4(s, €) > €P(—c) and Ai(s, €) — A»(s, €) > 1, Aa(s,€) — Aa(s,€) > 1. 

Fix s > so and « £ 0, |e| € 1 and denote by t — (z(t), y(t)) the integral 
curve of (3) with initial condition (0,s). The derivative of the function t —— 
4(27(t) + y?(t)) = V (x(t), y(t)) is —ez(t) P(z(t)), therefore 


A2(s,€) 
V(c, da(s,€)) — Vle (5,9) = € f MECOT 
ise (8) 
Aa(s,€) 
V(-e, (5,9) - V(—e,Aa(2,€)) ^ € f o Pd 


where y — z(y) and y ——9 z2(y) are the parametrizations by y of the ap- 
propriate arcs of the orbits of (3) through (0,5) lying in ((z,y)|r > c) and 
{(z,y)|z € —c} respectively. Since P has odd degree and is strictly monotone 
for |z| > c the right-hand sides in the above equalities have the same sign and 


IV (e, Aas, €)) — V (c, ài (s, €))| > [eP(o)]. 
Now 
zP(z) d 
y(z) — eP(z) 
where z +> y,(z) is the parametrization by x of the appropriate arc of the 


orbit of (3) through (0, s). The integrand can be made arbitrarily small for so 
sufficiently large and |e| € 1; in particular, for s > so and |e| € 1, € #0, 


|V(—e, Aa(s, €)) — V (c, A2(s, €))| € le 








IV(-c Jas, 9) = Vle, Xs, 9) < SIPC) 


It is obvious that one can obtain the same bound for V(0, Ms, e)) V (—c, Aa(s, €)) 
and V(c, M(s,€)) — V(0,s) and hence V(0, A(s,€)) # V(0, s). Thus it has been 
shown that the periodic orbits of (3) lie in some closed disc about the origin. In 
order to complete the proof of Lemma 2 observe that by Lemma 1 this disc can 
be replaced by an annulus. a 


The proof for Lemma 2 fails if the polynomial P in (3) has even degree since 
in this case the right-hand sides in (8) have opposite signs. The analysis of this 
situation requires a preliminary investigation. 

Let P, be an even polynomial of degree > 2, with P.(0) = 0. Consider the 
system 


z=y-—eP.(z), €e»0 
yu. 


(9) 


Recall the phase portrait of (9) (see e.g. [2]). Every orbit of (9) is symmetric 
with respect to the y-axis and there is a nonperiodic orbit I", separating IR? into 
two unbounded components, one of which is the union of all the periodic orbits 
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of (9). Furthermore I, intersects the y-axis in a unique point lying below the 
z-axis if lim, ,,4 P(x) = +00 and above the z-axis if lim, ,,4 P.(z) = —oo. 

Denote by D, the union of all the nontrivial periodic orbits of (9). Clearly 
D, is open in IR? and contains the positive, respectively the negative, y-axis. 
It is easy to see that 0 < c9 < «1 implies De, C De. Define a first integral 
W,:D, — IR of (9) by 


lp?(z) iflim, Ae P.(x) = +00 


ics | ie) if limy soo P.(2) = —00 ’ 


where (0, p(z)), respectively (0,c(z)), is the (unique) intersection point of the 
orbit of (9) through z = (x, y) € D, with the positive, respectively the negative, 
y-axis. Set W(z,y,c) = W.(z,y) and observe that W : D — IR is analytic, 
where D = ((z, y, e)|(z, y) € De} is open in IR?. Notice that for € — 0 one has 
Wele, y) > V(z,) = 32? + y)). 


Lemma 3. There ezists a nowhere vanishing analytic function k : D — IR such 
that 


oW oW 

A. 59 = k(z, y, €)z, ay 09 = k(z,y, e) (y y €P, (z)), 

Ok Ok : un 
aye y e)z = a" v9 us eP.(z)) T, ek(z,y, €)po(z), 

where the odd polynomial pg = P! is the derivative of Pe. 


e 


Proof . The third equality (10) follows from the other two and from the analyt- 
icity of W. Since W, is constant along the orbits of (9) in De one has, for every 
(a, y, €) € D, 


Fe (rs) - Pale) = eno, (11) 


with ow and T not vanishing simultaneously. Therefore z and ow are si- 
multaneously zero on D and so are y — €P,(z) and w, Define k : D — IR 
by 

12M (s, yc) ifz £0 


k(z,y,€ = ] 
US Es if z-0. 


The principle of analytic continuation and (11) imply that k is analytic and 
also the first two equalities (10). ü 


Lemma 4. The function k has the following properties: 

(i) k(0, y, c) = 1 for all y > 0, € > 0 iflimz o; P(x) = +00, or for all y < 0, 
€ > 0 if lim; s, P(x) = —oo. 

(ii) If po(z) # 0 for z £ 0 then k(z,y,c) > 1 on D. Otherwise for every 
0 « a « 1 there ezists an Ro > 0 such that k(z,y,¢€) > a for all (z,y,c) € D for 
which £? + y? > R2 and0 « e € 1. 
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Proof . For (r,s, c) € D: denote by t += (z.(t,r, s, €), ye (tr, s, €)) the (periodic) 
integral curve of (9) with initial condition (r, s). Let 


T(r, s) = max(t € 0|z.(t,r, s, €) = 0). 
The mappings ze, Ye and r are analytic and 
"ne q 1 1 
J — (V (ze(t,r, s, €), ye (t, r, 5, €)))dt = =y2(r-(r, s), r, s, €) — = (r? + 8°). 
p dt 2 2 
Thus 
Té(r,s) 1 
Wír,s,c)) = -e f Zelt, r, s, €)Pe(£e(t, r,s, €))dt + z0 +8"). (12) 
0 
Now assume that r > 0 if lim P,(z) = +00, orr € 0 if lim P,(z) = —oo. Then 


f / 2W (r,s,€) 


s 


W(r,s,€) =€ P.(E(y, r, 8,€))dy + jc 4 s?), 


where y +> €(y,r,s,c) is the parametrization by y of the appropriate arc of 
the integral curve. Since £(/2W(r,s,«),r, s, €) = 0 and P.(0) = po(0) = 0 one 


obtains 


ow a 


nso f polelon 2 ins ody+r (13) 


and 
ow V/2W (r,s,€) à 
gar (5) =ef Ae nns dy +1, (14) 
where p(y, r, s, «) denotes the integrand in (13). Since W (0, s, €) = 1s? for every 
s» Ü0if lim P,(z) = +00 or for every s < 0 if lim P,(z) = —oo it follows from 
T= r—oco 


(10) and (14) that 
ow 
Ox? 
for s > 0, respectively for s > 0, and hence property (i) has been proved. 
Observe now that the symmetry of the phase portrait of (9) implies that 
W(z,y,c) = W(-z,y,€) for all (z,y,€) € D. Therefore k(x, y, €) = k(—z, y,€) 
and thus it suffices to prove property (ii) for (z,y,¢) € D with z > 0 (or z € 0). 
Let again (r, s,€) € D. Compute the variation of k along the arc of the integral 
curve t — (xz. (tr, s, €), ye(t,r, s, €)) of (9) between (0, ye(r.(r, s), r,s, €)) and 
(r,s). The third equality (10) yields 





k(0,5,c) = (0,5,.) 21 


Žile., T, $, €), ye(t, r,s, €), €) = ek(z.(t, r,s, €), ye(t, r,s, €), €)po(ze(t, 7,8, e) 


hence 
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0 


k(r, s, €) = k(0, Ye(Te(r, s), r, s, €), e) exp (J po(ze(t,r, 5, ow) 


or, by (i), 
0 
k(r, 5, €) = exp (J po(ze(t,r, s, ow.) (15) 
te(r,3) 


The first statement in (ii) is now obvious. For the second statement it will be 
assumed below that Jim P(x) = +00. The other case is treated in the same 
way by considering the set of points (xz, y,€) € D, x < 0. 

Let b > 0 be such that P,(b) > 0 and po(z) > 0 for z > b. If s > €P,(b), the 
orbit of (9) through the point (b,s) is periodic, intersects the line z = b again 
at (b,u), with u < €P,(b), and its two arcs contained in the band {(z,y)|0 < 
xz < b) and lying respectively above and below the curve y = cP,(z) admit 
parametrizations by z: 


zr m(z,b,s,€) > m(b,b,s,€) = s 


zr o(2,b,u,€) < no(b, 6, u,€) = u. 


Notice that these functions are strictly monotone. Let L > 0, M > 0 be such 
that |po(z)| < L, |Pe(x)| < M on [0,0], and let 


Lb 
log œ’ 





so> M—2 


where œ is the constant in the statement of (i), 0 < œ < 1. Consider the 
compact set ((z,y)|W(z,y,ce) = W(b,so,€),0 € € € 1}, where W(z,y,0) = 
V(z,y) = 3 (2? +y*), and denote by Ro > 0 the radius of a disc containing this 
set. Henceforth it will be assumed that 0 < € < 1. 

Let (z1,y1) € D, be such that z? + y? > R2 and zı > 0. The closed curve 
{(z,y)|W(z,y,6) = Wí(zi,yi,€)) intersects the line z = b at (b,s1(c)) and 
(5,ui(e)), with si(e) > so > 0, wile) < —so < 0 (obviously si(e) and ui(c) 
depend also on z; and y1). In order to compute k(x, y1,€) by means of (15) one 
distinguishes the following three cases. 

(I) zı € b, yı > 0. One has, for 0 < z € zi, 


m(2,5,s,(e),c) — ceP.(z) > m (21,6, 5:(€),.) - M2 91— M > si(e) - M. 


Since sı(€) - M > so — M > —2-£% one has 








logo 
= po(z)dz Ezi 1 1 1 
UL wekeOOCag < we a 009 


It follows that k(z1,y1,€) > exp(—4 log +) = fa >a. 
(II) zı > b. In this case 
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0 b 
po(z)da 
€ z,(t,21,91,€ ace ACE E des €) 

[uu ( we » 0 m(z, 6, s1(€),€) — ePe(z) ( ae ) 
where I(z1,y1,€) > 0 since po(z) > 0 for z > b. Also, 


ý po(z)dz 1, 1 
€ f ae AGRIC s 3556 un 








by the same reasoning as that used for proving (16). Thus, by (15), k(zi,y1,€) > 
exp(-ilog +) >a. 
(III) zı € b, yı < 0. Proceeding as in case (I) one gets, for 0 < z € z1, 


cP,(z) — m(z,b,ui(e),c) > —M — no(z1,b, ui(e),e) = -M — yı > -M- uic). 


Since ui(€) < —so one concludes that —M — ui(c) > at hence 
b 
po(z)dx 1 1 
e|] ——— | < = log - 
I mæ, b ule) e) - P(e) ^ 2 Pa 








and 


0 b 
ef polee(ts21,y1,6))dt =< J oc GL. A 


«(z1,91) 0 "i (a,b, s1(€), €) = eP.(x) 
b 
po(z)dz 1 
tJ ap OS e» cel 
‘Ja Pz) - meu) Ea 
Thus, again, k(z;, y1,€) > o. This completes the proof of (ii). o 


Remark 2. Lemmas 3 and 4 hold, with obvious modifications, for system (9) with 
e < 0. Indeed, it suffices to replace the polynomial P, by —P, and to define the 
first integral W, accordingly. Notice also that the second assertion of property 
(ii) in Lemma 4 admits the following generalization: for every 0 < a < 1 and 
every €o > 0 there exists an Ro > 0 such that k(z,y,c) > a for all (z,y,€) c D 
for which x? + y? > Ro and |e| € «o, € Z 0. 


It is now possible to prove Theorem 2. 


Proof of Theorem 2. If the polynomial P has odd degree the theorem is true by 
Lemma 2. Assume that P has even degree > 2 and write P = P, + Po, where P, 
and Po are respectively the even and the odd parts of P. Consider system (9) with 
this P, (respectively with —P, if e < 0 in system (3)) and the corresponding first 
integral W; : D, — IR. For definiteness, let lim, ,;; eP.(z) = +00, and c > 0 be 
such that the segment [—c, c] contains all the zeros of P) and of its derivative in 
its interior. It will be shown that there exists a qo > e| P(—c)| with the following 
property: if q > qo and € Æ 0, |e| € 1, are such that the positive semi-orbit of 
(3) through the point (—c, q) intersects the ray z = —c, y > e|P(—c)| again at 
a first point (—c, h(q, €)) then W.(—c, q) # W.(—c, h(q, €)). The assertion of the 
theorem is then immediate by Lemma 1. 
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Consider q > 0 and e Æ 0 such that q > e|P(—c)| and if A(q,«) exists then 
the positive semi-orbit of (3) through (—c,q) intersects the lines x = c and 
z = —c for the first time at (c, hi1(q,e)), (c, ha(q,€)) and (—c, ha(q,«)), with 
hi(q,€) > €P(c), ha(q,€) < €P(c), ha(q,c) < eP(—c), hi(q,€) — ha(q,e) > 1, 
h(q, €) — ha(q,€) > 1. Notice that there exists a qo > 0 such that this holds for 
all q > qo and all e Æ 0, |e| < 1. 

Let (q, €) be such a pair and t+ > (z(t, —c, q, €), y(t, —c, q, «)) be the integral 
curve of (3) with initial condition (—c, q). The derivative of W, along this curve, 
written for simplicity t —> (x(t), y(t)), is 


WLED) = FCO), (0 - PM) - FW, (0)2(. 








By (11) and (10) 


Weale), O) = -Poe (2), (0) T 


= ~ca(t) Po(2(t))k(2(t), y(t), €). 





It follows from (3) that 


ho(q,e) 
Wele, ha(g, )) — Wele, hi(g,€)) = € 1 , POKE) y od 


1(9,€ 
A(q,€) 
W.(—c, h(q, €)) — We(c, ha(g, €)) = a8 Pesto Era), v d, 
siq,e 
where y — z,(y) and y —» 22(y) are the parametrizations by y of the appropri- 
ate arcs of the orbit through (—c,4) lying in ((z, y)|z > c) and ((z,y)|z € —c} 
respectively. Since the odd function Po is nonzero and strictly monotone for 


z| > c one gets by Lemma 4 for a = 1 and a suitable choice of qo: 
2 


Wele, hala, €)) = Wees ha(g, €)) < =$ Pole) (ase) — hala, ©), 


€ (19) 
W.(—c, h(q,€)) — We(—c,ha(q,€)) < — 9 Pole)(ACg, e) — ha(q, €)), 


if ePo(c) > 0 and the reverse inequalities if «Py(c) < 0. In order to obtain the 
desired inequality W,(—c, h(q,€)) — W.(—c, q) £ 0 it remains to be shown that 


IW.(e, ha(g, €)) = Wele, 9)] < SlePo(e)I(h (ase) — hala, 9). 


20) 
1 
|We(—c, ha(g, €)) — Wee, hala, €))] < IEPA, 9) — hala, e). 
These inequalities cannot be proved in the same way as (19) since even for fixed 
€ £ 0 the function k is not bounded on ((z,y) € D.||z| € c). It is therefore 
necessary to use a different approach. 
Recall that W,(z, y) = W.(—z,y) and that W: is defined by (12). With the 


notation introduced earlier 
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W.(e, hi(q, €)) a W.(-c, q) = W.(e, hi(a, €)) = W.(c, q) 


Te(¢,q) 1 
xe J zet, 6, q, P. (ree, 0, ))dt — 5(c? +4”) 
0 


Te{e hi(gq,e)) 
— ‘| ze(t, c, hi(q, e), €)Pe(xe(t, c, hi(g, e), €))dt 
0 
T- jc + hi(, €)). 


Reparametrize by z the portions of the two integral curves of (9) with initial 
conditions (c, q) and (c,hi(q,€)) determined by the limits of the corresponding 
integrals above: 


z — m(2z,c,q,€), z —> m (z,c, hi(g, €), e), 0 Ez &c. 
One obtains 
W.(e, hi(q, €) — W.(-c, q) 


=el op (ej on) masse... 
=f P rre eee rj cR QD 


1 
+ (hia, €) a q?). 


In order to estimate h1(q, €) — q and h?(q, €) — q? notice that 


zdz 
h(ug-so-[ May 


c 


where z +— yi(z, —c,q,€) is the parametrization by z of the appropriate por- 
tion of the integral curve of (3) with initial condition (—c, q). Differentiation of 
(x,y) — 3(x? + y?) along this arc and subsequent integration yield 


: P(z)dz 
h?(q, €) -g = -e f pe eee Sa) 
K ) 1 -c gi(z, —c, q, €) — eP(z) 


It is now obvious that for qo sufficiently large |hi(q,c) — q| and Pigs] are 
arbitrarily small for q > qo and |e| € 1, € #0. 

Next set p(x) = m(z,c,q,€) — m(z, c, hi(q, e), €) and observe that for 0 < 
z<c 


PEE ETETE e ner eR ne pur En I s 
dign qu +f en EET T a] 


Differentiation yields 


T sei) 
MERI iG eI ET XUSYCNOSCES PERS =e) 


and hence 
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= d 
e) nE | cr oye cR 
It follows that |y(x)| € |hi(g,«) — g| for 0 € z < c and therefore (21) implies 
that go > 0 can be chosen so that 
IW«(e, hı (g, €) - W«(—o q)l 
lel 
for |e|] < 1, € # 0. The other inequality (20) is proved in a similar manner 


observing that |h3(q,¢) — ha(q,c)| is bounded for q > qo. This completes the 
proof of Theorem 2. ü 


< 5I) 


Remark 3. If Po does not change sign at any z # 0 then the right-hand side 
of (18) has constant sign along every nontrivial orbit of (3). Lemma 1 is a 
straightforward consequence of this observation. 


Notice that Theorem 2 can be replaced by a more general statement: for 
every eo > 0 the constants yọ and Ko can be chosen so that the conclusion of 
the theorem holds for all |e| € eo, € # 0 (see also Remark 2). Notice also that 
the preceding proof requires only that P, # 0, Po # 0 and remains valid if the 
degree of P is odd. Finally, for every polynomial p and « = 1 system (2) (or the 
equivalent system (3)) has at most finitely many limit cycles. 
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Hopf Bifurcation in Quasilinear Reaction- 
Diffusion Systems 
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1 Introduction and main results 


During the last two decades, reaction-diffusion systems have been widely stud- 
ied, usually in the form 


O,u, — a, Au, = f(u) inf2x(0,00) r=1,...,N, (1) 


where §2 is a bounded domain in R” such that 2 is an n-dimensional smooth 
(i.e., C*?-) submanifold of R^, the ‘diffusion coefficients’, ap, are positive, and 
the ‘reaction terms’, fp, are smooth functions of u :— (u1,... , uw). Of course, a, 
and f. can also depend smoothly upon z € N and —a, Au, can be replaced by 
A,u, , where A, is a strongly uniformly elliptic second order differential operator. 


The system (1) has to be complemented by boundary conditions, which are 
usually Dirichlet boundary conditions: 


u,j02-0, l<r<N, (2) 
or Neumann, that is, ‘no flux’ conditions: 
Q,u.—0, 1€r€£N, (3) 


where v := (vl,...,v^) is the outer unit normal on 092 and 0, the normal 
derivative along 092, or a combination of (2) and (3). 


The basic existence, uniqueness, and continuity questions for problem (1)-(3) 
are by now well understood and a great deal is known concerning the qualitative 
behavior of the semiflow generated by (1)-(3) (cf. [9] for pioneering work in this 
field). 


If we introduce the ‘flux vectors’ 
j(u:2-a,Vu,, r—-lL...,N, (4) 
we can rewrite (1) as 


Oyu, + divj,(u) = f-(u) in 2x (0,00), r=1,...,N, (5) 
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and the no flux conditions (3) are equivalent to 
(jr(u) |v) =0 on ðN x (0,2%), r=1,...,N, (6) 


where (- | -) is the inner product in R^. This formulation of the reaction—diffusion 
system (1), (3) reveals the importance of the flux vectors j,(u), since (5) is noth- 
ing else but a basic conservation law which governs a great variety of physical, 
physico-chemical, biological etc. processes (e.g., [6, 8]). However, in a general 
N-component system the flux vector j,(u), belonging to the r-th quantity u,, 
will not be of the simple form (4), but will depend on the other quantities us, 
s # r, too. General physical principles (e.g., [6]) imply that in a great many 
cases j,-(u) is given by 


N 
jr (u) := — las (Vu, + a,s(u)us] , (7) 


where a,, and o,, depend smoothly on u and z € R. (For simplicity we suppress 
here the z-dependence in our notation.) Moreover, instead of ‘no flux’ boundary 
conditions one often finds ‘prescribed flux’ boundary conditions for some com- 
ponents of u, which may be nonlinear, and Dirichlet boundary conditions for 
the remaining components. This means that the boundary conditions are of the 
form 


6. (3e (u) | v) + (1 — ôr)ur = 6g, (u) on ðN x (0,00) , (8) 


where 6, € C(092, {0,1}), so that 6, is constant on each component of 092, and 
gr is a smooth function of u (and of z € 892). Observe that (8) reduces to the 
Dirichlet boundary condition (2) if 6, = 0, whereas it is a nonlinear Neumann 
condition 


(j; (u) | v) = 9 (v) 
if 6, = 1. 
By inserting (7) in (5) and (8) we obtain a strongly coupled system of quasilin- 
ear evolution equations subject to nonlinear boundary conditions. Using matrix 
notation, we can write this system in the form 


O,u — ð; (a(u)Ó; u) + aj(u)8;u + ao(u)u = f(u) in N x (0,00), (9) 
6(a(u)0,u + b(u)u) + (1 — ju = ég(u) on N x (0,00) , 
where a(u) := [ars(u)li<rs<n, aj(u), ao(u), and b(u) are suitable N x N- 
matrices depending smoothly on u, where 6 := diag[5, ,..., ôw], and where the 
summation convention is being used, j running from 1 to m. 


In fact, we assume that the system (9) depends smoothly upon a real param- 
eter A. To be more precise, we assume that G is a domain in R containing 0 
and being starshaped with respect to 0, and that 


a,aj,a9 € CC(Qx Gx R,L(RX)), joi,...n, (10) 
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where L(E, F) is the Banach space of all bounded linear operators mapping the 
Banach space E into the Banach space F, where L(E) := L(E, E), and where 
L(RP) is identified with the space of N x N-matrices. We also assume that 


bE C*(00 x Gx R, L(RY)) (11) 
and that 
fEC°e(QxGxR,RX), geCc"(00xGx R, RY). (12) 
Finally, we suppose that 
o(a(z,n,A)) C {z €C;Rez>0}, (z,mA)eQ92xGxR , (13) 
where o(-) denotes the spectrum, and — for simplicity — that 
65 = 2 =... = N . (14) 
We fix p >n + 1 arbitrarily and put 
Hj g := (v € H}(Q, RY); (1—6)yov = 0} , 
where yə is the trace operator on 092. Moreover, 
V := {v € H} p02) C G} , 


so that, thanks to Sobolev’s embedding theorem, V is an open subset of H}, B: 


where the latter is a closed subspace of the Sobolev space Hp (2, RN), whence 
a Banach space. Given (v, À) € V x R, we put 


A(v, Aju := —0;(a(-, v, 4)0;u) + aj (^, v, A)ðju + aol, v, À)u (15) 
and 
B(v, A)u := 6(a(*, v, 3), u + b(^, v, A)yau) + (1 — 6)you (16) 
for u € H2(2, RN). Then (9) can be rewritten as 
Qu + A(u, Aju =f (u, A) in 92 x(0,00) , 


Be Naso my on. X (0,00). (17A 


Finally, we assume that 


(£(50,),2(,0, )) = (0,0) . (18) 


Given (v, A) € V x R, it follows from (13) and (14), thanks to [3, Theorem 
4.4], that (A(v, à), B(v, )) is normally elliptic in the sense of [3, Section 1]. 
Hence we deduce from [3, Corollary 9.4], (10)-(12), and (18) that, given any 


uo € V , (19) 
there exists a unique maximal classical solution 


u(-, uo, A) € C((0, tt (uo, A)), V) C? (2 x (0,t* (us, A)), RY) (20) 
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of (17), satisfying u(0, uo, A) = uo (cf. also formulas (3) and (4) of [3]). Moreover, 
[3, Corollary 7.4 and Theorem 10.5] guarantee that 


(t, uo) + u(t, uo, A) (21) 


is a smooth local semiflow on V depending smoothly on A € R. Observe that 
(18) implies that 0 is a restpoint for this semiflow, independently of À € R. 

In this paper we address the question whether 0 € V is a bifurcation point 
for periodic orbits of this semiflow. This is known to be the case for semilinear 
reaction-diffusion systems of the form (1), where f depends on A € R, provided, 
for example, the linearized problem (at u — 0) possesses a pair of simple eigen- 
values +iwọ crossing the imaginary axis as A crosses 0, say, and there are no 
other eigenvalues at A = 0, which are integer multiples of iwo (e.g., [5,9]). It is 
clear from this eigenvalue condition that Hopf bifurcation, that is, bifurcation of 
periodic orbits from the rest point 0, is caused by the coupling in the reaction 
terms in the case of semilinear reaction-diffusion systems with symmetric diag- 
onal principal part, whose prototype is given by (1)-(3). In the case of strongly 
coupled quasilinear reaction-diffusion systems of the form (17), it is to be ex- 
pected that Hopf bifurcation can be caused by the coupling in the principal part, 
even if the reaction terms are decoupled. 


To see this, we consider a simple two component model problem, given by 
(5) and (8), where 6; = 69 = 1, and 


ji(u) := -ai(u, )Vui — ai2(u, 3) Vus , 


ja(u) := a3(u,A)Vui , (22) 
where we assume that a11,015,0?; € C? (R? x R, R) and 
aii(7, A) 2 0, a12(7, A)aai(n, A) > 0, (m A) € R? xR. (23) 
We also assume that 
f(u, A) := (y(u, A)u1,0) (24) 
and that 
gı(u, À) := — a11 (u, A)ui — ay2(u,A)ue , (25) 
g2(u, À) :=02 (u, A)uy , 
where o € C™(R x R, R) and a11, 012,021 € C? (E? x R, R). Letting 
— | 21(5,3)  a12(u, d) 
a(u,À) := Mu 0 
our system takes the form 
àiu — ð; (aflu, A)Oju) = f(u,A) in 2x (0,00) , (26) 


a(u,A)ü,u = g(u, 3) on 82 x (0,00) , 
and (23) guarantees that condition (13) is satisfied, where now G := R?. Setting 


«acm mem] 
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we assume — to simplify some computations below — that there exists a positive 
constant B so that 


a(0,A) = Ba(0,A), AER. (27) 


It is useful to interpret (22)-(27) as a two populations model. Then — 
assuming that a15(u, à) > 0 — the first quantity in (22) means that ‘the flux 
of the first population goes in the direction where the density of its own species 
decreases and also to the places where the density of the second population (‘the 
enemies’) is low’. Thus aj1(u)Vui can be interpreted as a ‘social friction’ term, 
which prevents ‘overcrowdedness’.The second quantity simply means that the 
second population ‘runs in the direction where there is a higher density of the 
first species’. Similarly, the boundary condition 


(j-(u,A) |v) =g (u, à) on 02, r=1,2, 


thanks to (25), means that ‘the first population tends to stay away from those 
parts of the boundary, where there is already a lot of its own species or a lot 
of enemies’, whereas the second population ‘wants to go to those places on the 
boundary, where there is a lot of the first species’. This is true for small popu- 
lations, thanks to (27). 


Thus the above model essentially says that the ‘second species chases the 
first one’, that the first one ‘runs away from the second species’ and that it 
‘diffuses’ too, that is, ‘runs away from places of high density of its own species’. 
Consequently, it seems reasonable to expect that there exists periodic behavior if 
no diffusive behavior of the first population occurs. Thus, if one wants to have a 
periodic behavior in the presence of diffusion, one will have to ‘produce’ the first 
species at an appropriate rate in order to compensate for the ‘loss’ caused by 
diffusion. It will be a simple consequence of our general results that this is indeed 
the case. This shows that periodic behavior is caused by the strong coupling of 
the highest order term — by ‘cross diffusion terms’ — and not by the reaction 
terms. It is now obvious how (22)-(27) can be interpreted if a,2(u, A) < 0. 


We associate with (17), the linear elliptic eigenvalue problem at u = 0: 


[—A(0, A) 4-82/(,0,A)]v 2u4(A)v in R, 


[-5(0, A) + 6059(-,0, A)] v —0 on ôN Vn 


Since the L,-realization of this problem has a compact resolvent, this eigenvalue 
problem is well posed. 


We can now formulate the main existence theorem for Hopf bifurcation. 
Theorem 1. Suppose that 


1. {iw} are simple eigenvalues of (28)o, where wo > 0 . 
2. (28)o has no eigenvalues of the form ikwy fork € Z \ {+1} . 


3. O, Reu(0) # 0, where p(A) is the unique eigenvalue of (28), for A in a 
neighborhood of 0 satisfying u(0) = iuo. 
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Then the system (17), has in a neighborhood of (0,0) € V x R a unique one- 
parameter family (y(s);0 < s < €} of noncritical periodic orbits. More precisely: 
there existe > 0 and 


(u(-), T(-), A(-)) € C™((-e,€), V x Rx R) 


satisfying 
(u(0),7(0), 0)) = (0, 27,0) 


such that 
y(s) := y(u(s)) 


is for 0 < s < |e| a noncritical periodic orbit of (17)a(s) of period T(s) pass- 
ing through u(s) € V. If 0 < s, < s2 < €, then y(s1) # 7(s2). The family 
{7(s);0 < s < €} contains every noncritical periodic orbit of (17) lying in a 
suitable neighborhood of (0, T(0),0) € V x R x R. 


It should be remarked that the existence of a unique smooth continuation 
H(A) of iwo for À near 0 is part of the Theorem. 


Observe that condition (3) is the standard ‘Hopf condition’ guaranteeing that 
a pair of simple eigenvalues crosses the imaginary axis at A = 0 with nonzero 
speed ([5, 9, 11]). 


In order to apply the Theorem to our example (22)-(27), we have to study 
the linear elliptic eigenvalue problem 


a(0, 3)Av 4-01 f(0,3)v Zu(A)v in R, 


a(0, A)O,v + a(0, A)u =0 on O22, (23) 
which, thanks to assumption (27), is equivalent to the system: 
a(0,A)Av -01f(0, )v =p(A)v in 2, (30) 
Q,v + Bv =0 on O2. 
Consider the scalar eigenvalue problem 
Ap —kp in 2, (31) 


ÜO,e--fBp-0 on ôN, 
where c : {2 — C, and denote by 


0» ky > Ki > K>... 
the sequence of eigenvalues of (31), each one counted according to its multiplic- 
ity. By using the fact that the orthonormalized sequence (t) of corresponding 
eigenfunctions forms an orthonormal basis in L3(f2, C) and that the spectrum 
and the eigenfunctions of (31) are independent of q € (1,00), if (31) is being 
considered as an eigenvalue problem in L,(42), it is not difficult to see that the 
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eigenvalues of (30) are given by {px,;(A); k € N, j = 1,2), where pz1(A) and 
IHix,2(A) are the eigenvalues of the matrices 


a(0,3)k, -01f(0,) E L(R?), KEN. 


Thanks to the special form of f in (24), we see that 


a(0, X) + 0. (0,3) = pue y uum] , BEN. 


Denoting by o(A) the spectrum of (29), that is, the set of eigenvalues of (29), we 
easily deduce from the above that 


ao(à) C [Rez « 0] if $9(0,3) « —ai1(0, A)Ko (32) 
and that 
ao(à) C [Rez € 0], e(A) iR = (ivo) , 
where Wo :— Ko y/a11(0, 4)a21(0), provided (0, A) = —a11(0,A)&o . 


We now assume that 
(0, A) < —ai(0,3)ko if A «0, 9(0,0) = —a11(0,0)«o . (33) 
Then it follows that 
ô, Regu(0) = 1/2(05a,1(0, 0)«o + 029(0,0)) . 
We deduce from (32), (33) and [7], for example, that zero is an asymptotically 


stable critical point of the semiflow induced by (22)-(27), provided A < 0, which 
loses its stability at A = 0. If 


05a11(0,0)&o + 059(0,0) £0 , (34) 


it follows from the Theorem that a ‘branch’ of periodic orbits of period close to 


27 


Ko V/212(0, 0)a51(0, 0) 


bifurcates off the restpoint as \ crosses 0. Observe that conditions (33) and (34) 
are satisfied, for example, if aj; is independent of A, that is, a11(u, à) = a11(u), 
and y(u, A) = A — a11(u)&o. This shows that our heuristic considerations based 
upon the population model interpretation were correct. 
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2 Proof of the Theorem 


Given q € (1, 00), we put 


H}, —-l+i<s<i (35) 


{ve Hj; (1-6yov-0), 2<s<14+2, 
4B = 
(Hog), -24i«s«-l41, 


Hy i= Hy (2, RN) being the Bessel potential spaces and the duality pairing 
being induced by (u,v) := f, (u(z), v(z)) dz, where (u(x), v(z)) is the standard 
duality pairing in C. It follows from [3, Proposition 5.4] that (except for equiv- 
alent norms) 


2B = [Hyg Hg B] sso. , (36) 
1750 


for sọ < s < s; and s,59,8, € (—2 + 1/q,1 + 1/4) V Z + 1/q, where [-,:]o, 
0 « 0 < 1, denotes the complex interpolation functor. 


Given u € C(92,G) and A € R, we put 
a(u, A)(v, w) := (d;v, a(-,u, A); w) + (v, aj (^, u, A)Ojw + ao(-, u, À)w) 
+(yav,0(-,u,A)yow)a, (vw) E€ Hyg x App , 
where (v, w)a := fag (v(z), w(z)) de. It follows from [3, Theorem 6.1] that 
[(u, A) = a(u, 3)] € C” (V x R, (Hz 5, Hj, p; R)) (37) 


for 1 < s < 1+1/p, where L?(E, F; R) denotes the Banach space of all continuous 
bilinear forms on E x F. 
We fix s € (1,1 + 1/p) and put 


Ei := Hig, Eo:= Hip. 
Then it follows from (37) that there exists 
A(,-) E C”(V x R, L(Ei, Eo)) 
satisfying 
(v, A(u,A)w) =a(u,A)(v,w), (u, A) EV xR, (v,w)e xE. 
We also put 
F(u, A) :2 f(u, A) + yag u, A), (uv, AJ)EVXR, 


where y is the dual of the trace operator ya € L(H7, p, gue) for 1— 1/p < 


c < 2—s, where pee = B» P (00, RN) are Besov spaces. Then it is easily 
verified that 
FcC"(VxR,E,), 


where Ey := Hy5 : 
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We associate with (17), the abstract Cauchy problem 
ü-Á(uA)u- F(u,A), 0<t<oo, w(0)-— uo (38), 


in Eg. Since (A(u, A), B(u, À)) is normally elliptic for (u, A) € V x R, it follows 

from [3, Theorem 5.6] that — A(u, A) is for each (u, A) € V x R the infinitesimal 
generator of a strongly continuous analytic semigroup on Eo. Now the results of 
[3] imply that (38), has for each ug € V a unique maximal solution 


u(-, uo, A) € C([0,t* (uo A)), V) N C((0,t* (uo, X), E1) 
N C! ((0, t+ (uo, A)), Eo) 


such that 
(t, uo) e> u(t, up, A) 


is a local semiflow on V, which depends smoothly upon (t, uo, A) for t > 0 (cf. 
also [2]). Moreover, the derivatives of u with respect to the various variables are 
the unique solutions of the various linear Cauchy problems which are obtained 
by linearizing (38), at u(-, uo, A) with respect to the corresponding variables (cf. 
[2, Section 11] and [3, Theorem 10.5]). Finally, it follows from the considerations 
in [3, Section 9] that u(-, uo, A) is the unique maximal classical solution of (17), 
satisfying (20) and u(0, uo, A) = uo. 

At this point there are two distinct possibilities to prove the Theorem. 
Namely, we can either apply the results of Da Prato and Lunardi [11], or we 
can modify the finite-dimensional approach given in [4]. 

In the first case, we put Vi := V N Ej, equipped with the E;-topology. We 
then define 

9 € C” (V; x R, E) 
by 
(u, à) := —A(u,A)ut F(u, à) . 
Since 
0,9(0,0) = —A(0,0) + 01 F (0,0) 


and 0, F(0,0) € L(Es, Eo), where Ey :— H1 g, a standard perturbation theo- 
rem for analytic semigroups (e.g., [10, Corollary 3.2.4]) implies that 0,6(0,0) € 
L(E, Eo) is the infinitesimal generator of a strongly continuous analytic semi- 
group on Eg. Since E, is compactly injected in Eg (e.g., [3, Proof of Lemma 8.1]), 
we see that 019(0,0) has a compact resolvent (considered as a linear operator 
in Eo). Finally, it is easily verified that the eigenvalue problem 


019(0, A)v = u(4)v 
in Eo is equivalent to (28),. Hence the Theorem follows from [11, Theorem 2.2]. 
As for the second approach, we replace the independent variable ¢ in (38), 
by foit, where To := 27/09 and r € R. Then (38), transforms into 
v= h(v, e) , T= (A, T) D h(v, e) ‘= zgt* [- A(v, A)v T F(v, AJ] . (39) 
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Let v(-,€,0) be the unique maximal solution of (39) satisfying 
v(0,f,0) = € € V. Since 0 € V is a critical point for the semiflow generated 
by (39), there exists a neighborhood W x X of 0 in V x R? such that 


[((£,0) + g(€,0) := £ -v(22,£,7) EC? (W x E, Ea) . 


It is easily verified that 
6g(0,0) = 1— e?7* 


in Eq, where (eí^;t > 0) is the semigroup generated (in Ea) by 
L := 22[-A(0,0) + 01F(0,0)]. By carrying out obvious modifications, one ver- 
ifies that the proofs of [4, Theorems (26.21) and (26.25)] remain true. For this 
it suffices to observe that g is a nonlinear Fredholm operator of index 2 and 
(ef! ;t > 0) restricts to a flow on ker(1 — e?*”). Thus the Theorem follows by 


this approach too. a 


3 Remarks 


e It is clear that our regularity conditions can be considerably weakened. 
Moreover, it is also clear that (15) and (16) can be replaced by more gen- 
eral systems. It is only necessary that (.A(v, A), B(v, À)) are normally elliptic 
for (v, 4) € V x R (cf. [3] for more details). 


e It is, of course, of considerable interest to study the stability of the bi- 
furcating periodic orbits. We refrain from doing this here, but we mention that 
again there are two possible approaches to this problem. Namely we can either 
use the techniques of Da Prato and Lunardi [12], or we can modify the proofs 
of [4, Theorems (27.11) and (27.14)]. 


e In concrete applications it is, of course, essential to determine to some 
extent the eigenvalues of the linear elliptic system (28), at least so far that 
conditions (i)-(iii) of the Theorem can be verified. Whereas a lot is known about 
the eigenvalue problem for a single elliptic equation, not very much seems to be 
known for elliptic systems. For example, we are not able to verify conditions 
(i)-(iii) of the Theorem for the ‘simple’ problem (29) if assumption (27) is not 
satisfied or if the coefficients of (22) depend upon z € 12 for u = 0. 

e The proof of [2, Proposition 6.1], which is the basis for the demonstration 
in [3] that (17), generates a local semiflow on V, contains a mistake. In fact, the 
assumption in [2, Q1] that E, be relatively complete with respect to Eg should 
be dropped. Moreover, hypothesis (Q2) in [2] can be simplified by dropping 
the ‘local regular boundedness’ assumption. Thus — using the notations of [2] 
— the results of the latter paper remain valid under the following simplified 
assumptions: 


(QI) FE B3, 0< y<B<a<1, f and a are well related, and (y, a) and 
(7, B) are stable. 
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(Q2) A is a metric space, 


A € C*1-* ([0, 7] x Va x A,H(E)) 


for some p € (0,1), c € [0,1) U (1—), and T > 0, and 


f € 0%? ((0,T] x Vg x A, Ey) . 


To see this, it suffices to observe that the proof of [1, Lemma 6.2] gives the desired 
result, since the ‘local regular boundedness’, which is needed, is a consequence 
of the continuity hypotheses in (Q2). 
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Abstract 


We present a fairly general study for a class of semi-flows defined on an ab- 
stract space, which are monotonically increasing and possess a first integral, 
also increasing. Examples of that are systems of delay differential equations 
generated by compartmental models. Under reasonable restrictions, a complete 
description of the asymptotic behavior can be obtained in situations including 
almost-periodic dependence. We will not go into these details here. Rather the 
paper intends to enlighten the main aspects of the theory. Finally, a comparison 
with related literature is made. 


Introduction 


My purpose here is to present some results on the asymptotic behavior of so- 
lutions of monotone semi-flows which have a monotone first integral. First, I 
will present the class of equations which motivated my interest in this partic- 
ular question. It goes back a little more than ten years to some work I did in 
collaboration with Pierre Séguier. I discussed this work with Ken Cooke during 
a Conference in Italy (Cortona, July, 1979). Ken encouraged me to improve the 
results. The paper which stemmed from this effort appeared in the Journal of 
Mathematical Analysis and Applications (1984); it was my first ever paper in 
such a journal. This, by the way, made my choice of a subject for this Confer- 
ence quite obvious. The work with P.Séguier was restricted to a scalar equation 
and the techniques we used there are not easily extendable to the vector case. 
In collaboration with E.Haourigui, I developed a more general approach. This 
allowed us to extend my previous results with P.Séguier to the case of a system 
of delay differential equations, which had been introduced by Istvan Györi ([7]) 
as a general compartmental model. 
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In Sect. 1, I will briefly illustrate on this class of equations the methods we 
used and the results we obtained. It should be clear, looking at this example, 
that it is only a particular example of a broader class; indeed, in collaboration 
with F.Bourad ([5]), I extend the results obtained previously with E.Haourigui 
to abstract dynamical systems. In Sect. 2, I will give a brief presentation of the 
appropriate setting, and derive the results in the autonomous case. The general 
situation will be considered elsewhere. As far as I know, monotonicity was not 
very popular at the time I started working on delay differential equations of 
monotone type, not counting, of course, specific areas such as parabolic equa- 
tions where it led to such concepts as upper, lower solutions. Things changed 
when M.Hirsch began to produce his fundamental results on monotone dynam- 
ical systems ([9]). A number of people have since pursued the idea of applying 
Hirsch's results to monotone systems generated by delay or functional differen- 
tial equations. Probably, the most significant contribution in that respect was 
done by H.Smith ([13]). In the last section of this paper, I will show how some 
of Hirsch's results can be used in the autonomous case to study the asymptotic 
behavior of solutions for systems with a first integral. A few remarks on related 
works will also be found there. 


1 A class of delay differential equations with a first 
integral 


The first equation I considered is 


dz 


qr o ft- Let) - f(20), (1) 


which can also be written in the integral form: 


secs n NO (2) 


here, f(t, x) is a function: R x R — R, continuous in (t, x), increasing in z, with, 
in addition, enough regularity to ensure uniqueness of solutions. It is convenient 
to assume that f(t,0) = 0, which means that 0 is a trivial solution of (1). This 
condition is motivated by biological considerations. Equation (1) may be viewed 
as the non-autonomous form of a model introduced by K.Cooke and J. Yorke ([6]). 
A major difference, however, is that these authors did not assume monotonicity 
in their model or at least did not make any use of it. 
Let us define the following nonlinear functional 


(5,4) = à(0)-- T (es d (9) (3) 


It is then a matter of straightforward computation to observe that Z(t,z:) = 
Constant, if z is a solution of (1). This is the property we refer to when we say 
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that (1) has a first integral. We will now state in a theorem the main properties 
and asymptotic results we obtained for (1). 


Theorem 1.1 ([4]) Let ¢, V be given in C([-1,0], R), to € R. Denote by x(t) 
(resp. y(t)) the solution of (1) such that £t = ¢ (resp. yw, = v). 

1) Suppose first that ¢ > 0 (resp. $ < 0). Then, 0 € z(t) € J(to, ¢), t > to, 
(resp. J (to, à) < z(t) < 0,t > to). 

2) Suppose now à < v. Then, J(to,¢) < I(to, Y), and z(t) < y(t), for 
t > to, and z(t) < y(t) for t > to + 1 (monotonicity of the first integral and the 
solution operator). 

3) J (to, —^|ó]) < x(t) < I (to, |ó]), fort > to, so, in particular, every solution 
of (1) is bounded. 

4) Suppose J (to, à) >= J (to, y). Then, lim; oo z(t) E y(t) = 0. 

5) Suppose f(t,z) is periodic in t, of period T. Let a € R. Then, (1) has 
ezacily one periodic solution p, of period T, such that J (to, pi) = a; any other 
periodic solution q of (1) such that J (to, qia) = a is just a translate of p. Finally, 
each solution of (1) is asymptotically periodic. 


The results obtained in ([4]) go far beyond the periodic case. However, for a 
better understanding of the present paper, we will restrict ourselves to this case. 
The main technique involved in the proof of these results is the comparison of 
solutions and, through that, an estimate of successive minima and maxima of a 
solution. 

The method seems to depend a lot on the fact that solutions are scalar. At 
the time these results appeared, I.Gyóri ([7]) introduced a general model which 
in fact looks very much like the vector formulation of equation (1); namely, 


dz; n n , 
=~ siste) + sylt- nzi(t-n) t= Lem (4) 
j=1 j=l 


If n=1, this reduces to (1). We may observe that (4) is slightly different from 
Gyóri's model in which g; ;(t,u) = gi,;(u), but a forcing term, a sort of source 
term, is allowed. The difference can be interpreted by saying that the system 
modelled by (4) is closed with no input or output while Gyori’s model assumes 
the system may be open, however asymptotically closed. 

The main feature of (4), shared with Gyóri's model, is that the functions 
gi,; (t, u) are increasing in u. This, together with some reasonable regularity as- 
sumption, yields the same monotonicity property of the solution operator as for 
(1). It is also easily verified that the function 


n 0 
Y stes onas (5) 


ij-1"-T74i 


Ily, $) = 2,9) + 


is a constant along the solutions of (4). 
The first three properties stated in Theorem 1.1 can be easily extended to (4) 
with appropriate care in defining the state space. For each j € [1, n], we denote 
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by 7j = maz{7;,j; :1 <7 € n). The optimal state space in the sense of a remark 
made by H.Smith ([13]) is then 


n 
[[ C7, 0], R) = x. (6) 
t=1 
Let us now recall the following definitions which are more or less standard in 
the literature of monotone flows. 
We first need to specify the orders we will consider. On R”, it is the “usual” 
order: 
rXy if 2;<y,, fo 1<i<n. (7) 
On X, 
$ < v iff 6; € vi [that is, $;(0) < v;(0), for all 0] fon 1 «& i € n. (8) 


We write x < y to mean that z < y and z Z y; this convention holds for any 
order. Both the orders we introduced are associated to a cone with a non-empty 
interior. This gives the possibility of considering a relation stronger than «. We 
write 

x < yiff y —z lies in the interior of the positive cone. (9) 
We denote by |.| the I? norm in ^, |z| = )7y_, |z;|; likewise, we denote by |.| 
the norm on X, |é] = Sj, maz(|6;(0)| : -1 € 0 < 0). 


Theorem 1.2 ([3]) Let ¢, V be given in X, t, in R. Denote by x(t) (resp. y(t)) 
the solution of (4) such that zi, = $ (resp. yt = V). 

1) J(to,—]ó]) € lz(t)| € J(to,10]), for t > to. So, in particular, every 
solution of (4) is bounded. 

2) Suppose ġ < v. Then, J(to,d) < J(to,v), and z(t) 
moreover, x(t) < y(t) for t > to +7, where 7 = maz(r; :1 < 

3) Suppose J (to, 9) = J(to, v). Then limyoo z(t) — y(t) 


y(t) for t > to; 
j <n}. 
0. 


es. I^ 


Finally, if the functions gi; are periodic in time, with the same period, then, 
as in 4) of Theorem 1.1, we can conclude that there is a periodic solution on each 
“level set”, [that is, for each first value of the first integral], and the solutions 
are asymptotically periodic. The main tool in the derivation of these results is a 
Lyapunov functional on pairs of solutions, which is defined as follows: 


V(t, $,v) 5 T(t, [ó = y]* + V) x J (tu). (10) 


Here, []* denotes the positive part of an element in X, [z]* = sup(z,0). 
Similarly, if we denote []~ the negative part of an element in X, that is, 
[z] = inf (z,0), we can define another Lyapunov functional 


W(t,ó,v) = J(,[6 - V]" +4) - J(t,v). (11) 


It is not difficult to see that all these results can be extended to a much more 
general situation, using the framework of dynamical systems. This has been done 
in detail in F.Bourad's thesis ([5]). I will now discuss a few aspects of this theory. 
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2 Monotone semi-dynamical systems with a monotone 
first integral 


We first consider the case of autonomous systems: the essential ingredients of 
the proof of asymptotic behavior are more apparent in this simplified situation. 
The extension to non-autonomous systems in the abstract setting seems to pose 
some specific problems, which require additional assumptions. We will briefly 
discuss these questions. 


The “abstract” setting 


Given a Banach lattice X ([11]); we use the notations €, <, and < in the sense 
defined in Sect. 1. The lattice structure allows us to define []* []^ and these 
applications are continuous. Moreover, we assume that the positive cone X * 
has a non-empty interior. On X, we suppose a semi-flow is defined, denoted 7 
or q(t, .) : X — X, for t > 0, monotone in the sense that 


x < y = n(t,x) < q(t, y), fort > 0. (MS) 


We will need in fact a stronger monotonicity, denoted (SMS), that is, if z < y, 
there exists tọ > 0, such that t > to > m(t,z) « m(t, y). Note that tọ may 
depend on z and y. 

Our next two assumptions do not involve the order: 


7(t,0) = 0, and each positive orbit is precompact. (12) 


We now assume the existence of a functional J, J : X — R, continuous, J (0) = 
0, and J is strictly monotone in the sense that 


z«y-J(z)«J(). (SMI) 
Finally, J is a first integral of 7, that is, for each z € X, 
J (1(t,2)) = Constant. 


Proposition 2.1 ([2]) Denote V(x) = J(z*) (resp. W(x) = J(z^)). Then, 
V > 0, V is non-increasing along the solutions of t (resp. W < 0, W is non- 
decreasing... . 


The proof of this is not difficult. We refer to ([2],[5]) for it. However, it is the 
essential ingredient when deriving the asymptotic behavior of the solutions. 


Theorem 2.2 ([2]) Let X be a Banach lattice, such that X * (the positive cone) 
has a non-empty interior. Let n be a semi-dynamical system on X, such that: 
i) x(t, 0) = 0. 
tt) The positive orbits of t are precompact. 


iii) m is both (MS) and (SMS). 
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iv) x has a first integral 7, J: X — R, J(0) = 0, J is continuous and 
(SMI). Then, for every x € X, such that J (x) — 0, the solution of n through z, 
n(t,z), t> 0, approaches zero at infinity. 


Proof. Let z be given in X, such that J (z) = 0. From assumption ii), we know 
that the omega limit set of any solution, [w(z) will denote as usual the omega 
limit set of the solution through z], is non-empty and compact. All we have to 
do is show that w(z) = {0}. 

Let z be an element of w(x). From the property of V (resp. W) stated in Prop. 
2.1, we have V(n(t, z)) =Constant, so J([x(t, z)]*) =Constant. More precisely, 
from the invariance of J along the solutions of 7, we can conclude that 


J ([r(4, z)]*) = I (n(t, 2*)), for all t > 0. (13) 


On the other hand, from z < z+, and the monotonicity of 7, we can deduce 
that (t,z+) > z(t,z), and, from z+ > 0, and the condition i), we also have 
r(t, z*) > 0. Therefore, it follows from the definition of []* as the least upper 
bound of (] and 0 that r(t, z*) > [(t, z)]*. In view of (13) and the condition 
(SMI) verified by 7, we conclude that 


z(t,z*) = [n(t, z)]* for all t » 0. (14) 


We are not yet done. We want to conclude that z = zt. Suppose this has 
been done. By the same argument, we will also conclude that z = z^, which in 
particular implies that z is both > 0 and < 0. Therefore z = 0, which is the 
desired result. In fact, the proof does not work exactly this way. We proceed by 
contradiction. Suppose z* is neither = Z, nor = 0. From (SMS), we conclude 
that (t,t) > w(t, z), and z(t, Z+) > 0, for t > to, for some tg. This in turn 
implies that x(t, z+) >> [n(t, z)]* , in contradiction with the equality in (14). So, 
we have either z* — z or z* — 0. But, we also have J(z) — 0, because by 
continuity of J and invariance along the solutions, the omega limit set of any 
element lies in the same level set as the element. So, from the first part of the 
alternative, we conclude that (z*) = 0, which in view of (SMI) implies that 
zt = 0. The proof is complete. Qo 


Corollary 2.3 We assume the same as in Theorem 2.2. Suppose that for some 
a € R, there exists an element a € X, such that x(t,a) = a, for all t, and 
J(a) = a. Then, for every x € X, such that J(x) = o, the solution x(t, x) 
approaches a at infinity. 


The proof consists of just changing the variable z into z — a, for x € X, 
and changing X, 7, and J accordingly so that we can apply Theorem 2.2. This 
observation motivated the search for a more general result about the asymptotic 
behavior, valid even in the non-autonomous setting, which ideally would be that 
“the omega limit set of a solution is the same for all solutions lying in the 
same level set”, or even more precisely, “if x(t) and y(t) are solutions of 7, with 
J(x(t)) = J(y(t)), then limi (z(t) — y(t)) = 0", whatever the asymptotic 
behavior of z(t) may be. 
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The idea is to make a change of variable which in fact is nothing other than 
a change of the origin of state space using an arbitrary solution z(t) as the 
new origin. One difficulty is that this leads automatically to a non-autonomous 
system; another problem is that this system is not necessarily a semi-flow. We 
will now briefly explain how these difficulties can be overcome. 

Regarding the non-autonomous character, we considered in fact the exten- 
sion of monotone semi-flows from the autonomous to a non-autonomous setting. 
Using the analog of skew-products ([12]), we can interpret such systems as au- 
tonomous semi-systems on a larger space. In addition to the space X, enjoying 
the same properties as stated in Theorem 2.2, we introduce a space Y , the space 
of equations defined on X. Y is a metric space, with a group of translations 
defined on it: for each y € Y, t € R, we denote y; the t-translate of y. There are 
some properties, describing the asymptotic behavior of the equations. We will 
not elaborate on them here. 

Denote Z — X x Y. By a non-autonomous semi-flow on X, we mean a 
mapping 7 : Rt x Z — Z, which is a semi-flow on Z, such that the second 
component of 7 is just the translation y — yi, while the first component, denoted 
71, corresponds more or less to a solution operator associated with an equation. 
We assume that 7 satisfies the same assumptions as i),..., iv) of Theorem 2.2, 
with the obvious modifications. 

For example, condition i) reads as 


7(t,0, y) = (0, y). 


We assume that 7 is continuous in (t, z, y), and the positive orbits are precom- 
pact. We also assume that 71(1,z,y) is (MS) and (SMS) in z. We can in fact 
deduce an order on Z from the order on X: 


(21,41) € (22, 92) iff z; € z2 [in X] and yi = yo. 


We can accordingly define <, <; thus, it is immediate to see that m is (MS) 
(resp. SMS)) if 71 is (MS) (resp. (SMS)). Finally, we assume that, associated 
with 7, there is a first integral J, J : Rx X x Y — R, continuous in (t, z, y), 
increasing in z, J(t,0,y) = 0, for all y € Y. With these assumptions, we can 
prove the analog of Prop. 2.1 and Theorem 2.2, by the same method. 

In order to extend the validity of Corollary 2.3, we introduce the notion of 
origin. 


Definition 2.4 ([2],[5]) Let zo = (zo, yo) € Z. We will call zp an origin for 7 if 
there exists yo € Y , such that for any z € X, 

i) T (t, T, Vo) zm m(t, Zo, yo) = T; (t, T — Tọ, Vo)- 

ii) J(z, yo) — J(zo.yo) = F(z — zo. Ho). 


In the case of systems generated by evolution equations, each y in Y is just 
the right hand side of the equation: any element 29 in Z is an origin. The notion of 
origin merely corresponds to centering the solutions of a given equation yo around 
a given solution 7;(t, zo, yo). Of course, the properties of the centered equation 
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are not necessarily the same as those of the original equation: for example, if the 
original equation is periodic, and the solution used as an origin is not periodic, 
then the centered equation will not be periodic either. However, the main features 
of the equations under consideration are preserved, that is, (SM) and (SMS). 
While the notion of origin is trivial in the case of evolution equations, it does 
not seem to follow necessarily in the case of general semi-dynamical systems, 
even though we do not have an example indicating that it may fail. Note that if 
zo is an origin, then for t > 0, z(t, zo) is an origin. 

Let zo be an origin for m. We may then define the following functionals on 
pairs of solutions of m associated with the equation yo: for z € Z, such that 
i= (z, yo); 

V(z,zo) = J([z — zo]* + 20, yo) — J (£0, vo), 


W(z, zo) = J([z — zo] + zo, yo) — J (£0, yo). 


Using these functionals and the same arguments as in the proof of Theorem 2.2, 
we can prove that: 


if J (z) = J (zo), then m(t, 2) — m1 (t, zo) — 0, as t +00. (15) 


This theory applies in particular to delay differential equation (4) of Sect. 1. In 
this case, the space Y is a set of equations. Each equation (4) is equivalent to a 
matrix function G(t, u) = (g;,;(t, U))1<i,j<n- So, Y is a set of G's, restricted by a 
few reasonable assumptions on these functions. As indicated above, each element 
(¢, G) can be used as an origin. There is an obvious correspondence between V 
and W defined by (10) and (11), and the functions V(z, zo) and W(z, zo) defined 
above. The relation (15) yields, in this situation, the asymptotic result stated in 
part 3 of Theorem 1.2, that is: let G verify the assumptions of Theorem 1.2. Let 
$, V be given in X, such that 7(¢,G) = J(v,G). If we denote by z(t) (resp. 
y(t)) the solution of (4) associated with G, such that zo = ¢ (resp. yo = V), 
then (x(t) — y(t)) — 0 as t ^ +00. 


3 Comparison with works by Hirsch, Mierczynski, Smith, 
Takác and others 


First of all, I would like to mention a paper by J.Mierczynski ([10]) on a subject 
very closely related to the one treated here. In ([10]), this author considers an 
ordinary differential system of equations in R}, (the positive orthant in R”) of 
the cooperative type (see below and [13]) 


z'(t) = F(z(t)), (16) 


which has a first integral, defined in terms of the function H : R} — R, such 
that grad H(z) > 0, for x # 0. It is also assumed that F(0) = 0, H(0) = 0. The 
main tool in proving the asymptotic results (convergence or unboundness) is a 
Lyapunov functional defined in terms of the constant solutions of the equation. 
This example can be studied using the theory described in the previous section. 
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We will do it briefly now. For this purpose, we have to be more specific regarding 
the assumptions. F is continuously differentiable, and such that for every z,y € 
$^, ic [Ln], 


zi < yi, 7; = yj, for j £ i, > Fj(z) < Fj(y), for j Z i. (17) 


This is the property of cooperativity. From (17) and the regularity assumption, 
it follows that the operator solution associated to (16) is defined from *' into 
^, and is (MS) and (SMS). 
Let z(t) be a solution of (16). The equation centered around z(t) is 


dz 
q 7 FGQO x) - FQ). 
We denote 
G(t, z) = F(z(t) + 2(t)) — F(z(t)). (18) 
G verifies the same assumptions as F. If, accordingly, we denote 
K(t,z) - H(z(t) + z) EE H (z(t)), (19) 
K is the transformed first integral: if z(t) is a solution of 
dz 
= = G(t, 2(6), (20) 


we have K(t, z(t)) =Constant. We still haveV; K(t,z) > 0, for z £ 0. 
As in Sect. 2, we define 


V(t, z) = K(t,z*) [resp. W(t, z) = K(t,z-)]. (21) 


Lemma 3.1 V is > 0, non-increasing along the solutions of (20) [resp. W is 
€ 0, non-decreasing]. 


Proof. 'The function V (t, z) is differentiable in t, Lipschitz continuous in z. In fact, 
it is differentiable in z except possibly at points z where one of the coordinates 
is 0. We can and will restrict our attention to points z with all components # 0. 
Given such a point z, the components of z can be split into two disjoint subsets: 


I= {i:z;>0}; J={i:2 <0}. 


We will use the notation zr to denote the vector Z such that z; = 2,, for i € I, 
Z; = 0, for i ¢ J, and similarly for zj. 

Let tọ € X. We want to evaluate the derivative of V with respect to (20), at 
(to, z), that is, Voy (to; z) according to a classical notation, or simply V'(to, z). 
We have 


V'(to, z) = Žv, z) + Vy V (to, z)G(to, z), 
= [VH (z(to) + zr) — VH (z(to))] z'(to) + Vr (2(to) + 21) Gr(to, 2). 


Monotone Semi-Flows Which Have a Monotone First Integral 73 


Here, Vr means the collection of derivatives with respect to the z;'s, i € I. From 
the fact that H is a first integral of (16), we have VH(z(to))2’(to) = 0. This 
fact together with the relation (18) leads to the following expression for V’: 


V'(to, 2) = Vr H(z(to) + zr) F(z(to) + 2) + Vs H(z(to) + zr)Fa(z(to)). 


We add two final observations: 
1) In view of (17), and zy < 0, we have Fr(z(to + z) < Fr(z(to + zr). 
2) FromV H (z)F(z) = 0, applied to z = z(to) + zr, we can deduce that 


V1 H(a(to) + zr) Fr(z(to) + z[) < —V  H (z(to) + zr)Fy(x(to) t zr). 
These two facts combined with the positivity of VH yield 


V'(to, z) < -V3 H(z(to) + zr)|F»(z(to) + zr) — Fa(x(to))] 
€ 0 [using once more the relation (17) and VH > 0] 


The proof of the lemma is complete. O 

The above lemma could be stated in the following way: Let z(t), y(t) be 
solutions of (16). Then, [taking z(t) = y(t) — z(t)], the function H(z(t) + [y(t) — 
z(t)]*) — H(z(t)) is non-increasing. The same function with []^ instead of []* 
is non-decreasing. In fact, these results are implied by our theory of monotone 
systems with a monotone first integral. We thought however it might be interest- 
ing to see through a simple example how these monotonicity properties connect 
to each other to yield Lyapunov functionals. We should observe finally that, 
using the general theory, a number of asymptotic properties could probably be 
concluded from the study of these functionals. One assumption that we do not 
make here is the precompactness of the solutions. In fact, this assumption can 
be weakened by restricting our attention to solutions which have this property. 
We can also infer it by assuming a little more on the function H, namely, that 
H(z) — +00, as |z| — +00. 

The last question we will discuss in this paper is: what can the results ob- 
tained by Hirsch ([9]) and other investigators (e.g. [15]) do in the case of a 
monotone system with a monotone first integral? We will concentrate on au- 
tonomous systems; this is where Hirsch's results apply. Probably, the most sig- 
nificant achievement in his recent work is the “dichotomy principle”, which says 
that, for a strongly monotone semi-flow 7, if x < y, either w(x) < w(y), or 
w(z) = w(y) € E, where E is the set of equilibria of 7. ([9]) 

Suppose X is a Banach lattice, with int(X*) z 0. Assuming a lattice struc- 
ture is a little more restrictive than in Hirsch’s theory. We add the assumption 
that X is separable. Suppose 7 is a strongly monotone semi-dynamical system, 
with a strictly monotone first integral J. In fact, it is probably enough to assume 
that 7 is eventually strongly monotone as we did in Sect. 2. Suppose finally that 
the orbits are precompact, which is also more than in Hirsch's paper ([9]). 

Let z € X. We will show, using the dichotomy principle, that w(x) is reduced 
to a single element. This means that, for every x € X, m(t,z) converges as 
t — +00, that is to say, 7 is quasi-convergent. 
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Choose e € X+\{0}. The dichotomy principle and the separability axiom 
imply that w(x + Az) is reduced to a single element for all A except at most 
a denumerable family of A. Choose a sequence A, > 0, An — 0, as n — +00, 
such that for à Æ tAn, w(x + Ae) is a single element. Suppose that w(x) # 0, 
otherwise there is nothing to prove. From w(x — Ane) «& w(x) « w(z + Ane), it 
follows that 


w(z — Ane) € infu(z) € supw(z) < e(z + Ane). 


From these inequalities and the invariance of J along the solutions of T, we 
obtain 


J(z — Ane) € I (info(z)) < J(supo(z)) € J(x + Ane). 


Letting n — -Foo, we obtain J(z) on both ends of this chain of inequalities. 
Therefore, we conclude that 


J (inf w(2)) = J (supw(2)), 
which, in view of the strict monotonicity of 7, implies that 
inf w(x) = supw(z), 


that is, w(x) is reduced to a single element. 

It is not completely clear form the above considerations that solutions lying 
in a same level set with respect to J converge to the same equilibrium. This 
fact together with the convergence can be deduced at once as an application 
of a recent theorem due to P.Takác ([15]). This theorem can be used in that 
case, by just applying it separately to each operator z(t, .). Takác's theorem 
states that if an operator T' is order-compact, strongly increasing, and every 
equiilibrium is Lyapunov stable, then: 1) The set of equilibria is linearly ordered, 
and ii) each solution converges to an equilibrium. Of course, the assumption of 
order-compactness may be thought of as restrictive in the context of “abstract” 
semi-flows. However, it is nearly automatic in most systems of interest generated 
by evolution equations as soon as we know that the solutions are bounded. The 
fact that the Lyapunov stability has to be checked for the equilibria only is 
an interesting feature of the theorem; in our situation, it is a straightforward 
consequence of the existence of the Lyapunov functionals for the system centered 
around an equilbrium. 

As final remarks, we would like to mention some other works connected to 
ours. H.Smith ([13]) worked on cooperative systems generated by functional 
differential equations; this is mainly an adaptation of Hirsch's ideas to the set- 
ting of F.D.E. The equilibria are supposed to be isolated and hyperbolic, which 
seems unlikely to occur in the presence of a first integral. Lately, H.Smith and 
H.'Thieme considered strongly monotone systems with a linearly ordered set of 
equilibria ([14]). J.Haddock, M.Nkashama and J.Wu introduced the notion of 
pseudo-monotone semi-flows ([8]): the order in their case is restricted to pairs 
(e, 9) where e is an equilibrium. The main motivation for this theory seems to lie 
in the study of equations similar to (1), with the property that all the constants 
are solutions. Among them is the neutral type delay differential equation 
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le — ext — 1] = Felt- 1) - Flat). 


A more general version of this equation, with f(t,x) instead of f(x), has been 
studied by F.Bourad and myself, as an application of our theory of monotone 
semi-flows with a monotone first integral ([5],[1]). 
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1 Introduction 


In a recent paper [1], we have shown that if (2 is an open bounded set of the 
space C,, of continuous and w-periodic functions with values in R™ such that 
the autonomous equation 


z'(t) — f(z(t)) = 0, (1) 


with f : R™ — R” continuous, has no w-periodic solution on 0, then the 
coincidence degree of the operator in C, associated to the left-hand member of 
(1) is equal to (—1)™ times the Brouwer degree of f with respect to 2 N R™. 
Of course, we identify here R™ with the space of constant mappings from R to 
R”. 

In other words, this coincidence degree (which is essentially a Leray-Schauder 
degree of an equivalent fixed point operator, see [9, 10] ), is “blind” to the non- 
trivial w-periodic solutions and depends only on the equilibria of (1). The positive 
aspect of this result is that this degree is rather easy to compute and provides 
then effective continuation theorems for the existence of w-periodic solutions of 
nonautonomous differential equations of the form 


z'(t) — f(z(t)) = e(t, 2) 


with e “small” or having restricted growth, via the homotopy 


z'(t) — f(z(t)) = Ae(t,z), àe [0,1]. 
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The proof of the mentioned result depends upon the Kupka-Smale approximation 
theorem [5, 12] for the closed orbits of autonomous systems and on some delicate 
degree computations. 

The aim of this paper consists in stating and proving the corresponding result 
for the autonomous retarded functional differential equation (RFDE) 


z'(t) — f(z:) = 0, (2) 


where f : C, — R” is continuous and takes bounded sets into bounded sets, 
C, = C ([7r,0], R™) and, for each t, x; is the element of C. defined by z,(0) = 
z(t + 0), 0 € [77,0] (see [3] for these notations and a thorough treatment of 
RFDE). If 92 is like above, it is well known [8, 9] that the coincidence degree of 
the mapping in C, defined by the left-hand member of (2) exists and we shall 
prove in Theorem 1 that it is again equal, up to a factor (—1)™, to the Brouwer 
degree of the restriction of f to RAR”. 

A basic ingredient in the proof will be an extension to RFDE of the Kupka- 
Smale theorem due to Mallet-Paret [7] and following earlier generic results for 
fixed points of a RFDE defined on a compact manifold due to Oliva [11]. See 
also interesting remarks in [2] and [4]. 

Although our proof will follow the same main lines as the one given in [1] for 
the ordinary differential equation case, the different nature of (2) will require at 
various stages nontrivial variants of the arguments and even completely different 
ones due in particular to the fact that time-scaling involve modifications of the 
delay in a RFDE. 


We then relate the coincidence degree associated to a RFDE of the form 
z'(t) —h(t,2,)) 20, tER 


with h w-periodic in t and positively homogeneous of degree o Æ 1 in its second 
variable, to that associated to the autonomous RFDE 


z'(( —h(r)-0, t€R 
with 

p w 

Mlo) =u! | Ms jds 

0 
and we give related existence theorems. 
We finally state and prove a continuation theorem for the w-periodic solutions 

of non-autonomous RFDE 


z'(t)  F(t,zi, t€R 


based upon the previous degree calculations. 
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2 A formula for the coincidence degree of an autonomous 
RFDE in the space of w-periodic functions 


Let C, = C((—r,0],R™), (r > 0) and let f : C, + R™ be continuous and such 
that it takes bounded sets into bounded sets. We consider the 


w-periodic solutions (w> 0 fixed ) 
of the corresponding RFDE 
z'(t) = f(z;), (3) 
i.e., the functions z : R — R” of class C! such that 
z(t+w)= z(t), tER 
which satisfy (3) on R. We denote by C, the Banach space of continuous w- 
periodic functions z : R — R™ with the uniform norm || z || max lz(t)]. 


If we define L: D(L) C Cu > C, by D(L) = {zx € C, : z is of class C!) 
and Lz = z/, and F:C, > C, by F(z)(t) = f(zj), t € R (Nemitzky 
operator), then it is well known [8, 9] that L is a Fredholm operator of index zero, 
F is L-completely continuous on C, and the existence of w-periodic solutions 
of (3) is equivalent to the abstract equation 


Lr= Fz, z€D(L) 
Moreover, if (2 C Cu is an open bounded set such that 
Lr£Fz, x€ D(L)NOQ, 


then the coincidence degree Dr(L — F, 92) is defined as the Leray-Schauder de- 
gree of an associated fixed point problem. 

We denote by dg the Brouwer degree of a mapping from R™ into R™ (see, 
e.g. [9, 10] for details). 


Theorem 1 Assume that (2 C Cu is an open bounded set such that there is no 
x € N such that z'(t) = f(zi), t € R. Then 


D,(L — F,2) = (-1)?dg (flne, 20 R”,0). 


Proof . First of all, we observe that, as 2 is bounded, there is a constant R > 0 
such that ||z|| < R for every z € clf2. Furthermore, we point out that the 
assumption is equivalent to 

Lz # Fz, (4) 
for all z € D(L) MOM; therefore, the coincidence degree Dr(L — F, 9) is well 
defined, and as we also have 

f(c) £0 


for all c e R” NAN, the Brouwer degree dg (f|n», 2NR™,0) is defined as well. 
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The proof is performed by means of Mallet-Paret’s extension of the Kupka- 
Smale’s theorem [7]; this result ensures the existence of a sequence of C!- 
functions (gx), yr : C, — R™, taking bounded sets into bounded sets, and 
such that 
(a) (vx) f uniformly on closed bounded sets 


(b) for every closed bounded subset B of C, and for all k € N, the equation 
z' = qy(zi) 


has finitely many singular orbits in C, (i.e., rest points and closed orbits) with 
minimal period in [0, c + 1] which are contained in B and they are all hyperbolic. 

Let N*# be the Nemitzky operator induced by the functions z —— pf(z.)-^ 
(1— u)ex(z.), p € [0, 1]. We claim that there is ko > 0 such that, for all k > ko 
and for all » € [0,1], 


Lz£ N'"z foral x € D(L)n0Q. (5) 
This fact will imply, in particular, that 
ex(z) #0 for all z cO 1R", k> ko. 


Then, a classical compactness argument ensures that, for any k > ko, there is 
6; = 6,(k) such that 


€x(y) #0 forall y € B(AQNNR™, ô). 


To obtain (5), it is sufficient to observe that the sequence of operators N*# 
converges, as k — +00, to F in Cu uniformly on cl2 x [0,1] and that, by (4), 


inf { || (L— F)z |; £ € D(L) NƏR ) » 0. 


Hence, the claim is proved and, using the homotopy property of the coincidence 
degree (see [9, p. 15]), we can write 


Di (L — F, 2) = Dy(L— N*3,0) = Dj(L — N*9,0), 
for every k > ko and, in particular, 
dp(f|n»., £n R™,0) = dp(ex|n», 2 n R^,0), 


for every k > ko. 
Let us fix k* > kg . For brevity, we set 


pi=pe, No:= NP 8, 6 := f(k"). 


Consider the singular orbits (i.e. rest points and closed orbits) with minimal 
period in [0,w + 1] of the equation 


z' = p(z). (6) 


By the Kupka-Smale's property, there exist finitely many such orbits which are 
contained in B(0, R) C C, and they are hyperbolic. Recall that for a rest point, 


80 Capietto, Mawhin, Zanolin 


this means that the spectrum of the infinitesimal generator of its linearized 
equation contains no purely imaginary values and, for a nonconstant periodic 
solution, this means that the characteristic multiplier 4 = 1 of the linearized 
equation is simple and no other characteristic multiplier satisfies |u| = 1 (see 
[3]). We denote these orbits by Si, ...,S,. They are mutually disjoint (two orbits 
of (6) may cross in C, because uniqueness of the Cauchy problem only holds in 
the future, but this may not happen to closed orbits). Pick, for each i = 1,...,n 
a point (in C. ) ¢; € Si. Then, ¢; is a periodic point (possibly a rest point). 
We can assume that ¢; is a rest point Q; for 1 < i € p (p > 0 an integer) 
and a periodic point for p+ 1 € i < n. We denote its minimal period by T; 
(p+1 € i € n). We can also assume that T; < w for p 4-1 € i < q and 
w<T;<w+1for¢g+1<i<n. We denote by k; the largest integer such that 
kiT; <w (p+1<i<q), so that (k; -- 1)]; >w (p+1<i< q). We denote by 
z'(-) the solution of (6) with zi, = 4; (p--1« i € n). 
We claim that for each w’ such that 


w « w' < min {(kp41 + 1)T541, -o (ka +:1)Ty, Titis , T5, 1) ET, 


the problem 
a’ = (zt), 2(t+w') = 2(v') (7) 
has no solution z(-), with z, € B(0, R), and hence |z(t)| « R, for all t, other 
than the equilibria (1, ..., Cp- 
Indeed, if x satisfies (7) and z; € B(0, R), for all t, then S = {z; :t € R} is 
a singular orbit of (6) contained in B(0, R). If it is not a rest point, then S = S; 
for some p+ 1 € i € n and hence there exists t; € R such that 


EEG teR 


(indeed t; is such that z-s; = ¢; = zf ). 
In particular, 
z (u' + tj) = z' (t). 
This is impossible for q+ 1 < 4 € n as then v < T; and T; is the smallest period. 
This is impossible for p+ 1 € i € q as in this case k;T; < w’ < (ki + 1)T; . 
Therefore the claim is proved. a 
Now, the solutions of (7) correspond, by the transformation 


t - (2t), t€ R, 


to the solutions of the problem 


¥O=“9(u(Z0)), «92v. (8) 


Thus, problem (8) has, by construction, no nontrivial (i.e. non-equilibrium) so- 
lution on cl and, by assumption, no rest point on O92 (as its rest points are 
the same as those of (6) and all its possible solutions in B(0, R) are rest points). 
Defining 
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$:C,x[w,T[^5 Cu , 
by 
1 
Mtis m. 2q. 
Bly w(t) = —e(w(5o),. tem. 


we shall show that & is continuous so that we can apply a homotopy argument. 
Ife > 0, y € Cu, w’ € [w,7[ are given, then as ( (y: (&(-))) : t € [0,4] } is 
compact, there exists 6 > 0 such that 


w 
ZO -9 (v (S0)) | <e 
whenever t € [0,w] (and hence whenever t € R. ) and lé — Yt (50) l. <6. 
Now, y being uniformly continuous, there exists 6’ > 0, such that = 
6 
lye’) - v(t") € 7 
when |t — t"| < 6’ and hence if w < w” < T and w” > w'/2, we shall have 


bee)» let 


when 5 à 
walle 
which will be the case if Mig 
iol age 2) 
= Qwr 





Now, if z € C, is such that || z — y ||< 6/2, we have 
ez) v0) 


s 0) -ie Role) n i) 


ó 
sl z- vl 5 <6 


for all t € R and 0 € [—r, 0] and hence 


l0) -» (50) <4 


Summarizing, if z € C, with ||z — y ||€ 6/2, and if w” € [w,7[ with 


y w! 6'(w!)? 
W-os min | Z w) \, 





2’ Wr 


le) -ee GO) 


for all t € R. and this easily implies the continuity of ® on C, x w, [. 


we shall have 
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Now, as (6) has no solution on 092, the homotopy invariance of the coincidence 
degree implies that 


Di (L — No, 2) = Dr (L — G(-,w"), Q) (9) 
for all o € v « r. 
Thus, by excision, 
Di (L—-(-,w'),2)= Y^ Dr(L-4(-,w'), BG, 6), (10) 
‘ais 
gE 


where 


6 = min{6,,/2}, n=min{d(S;,5;):1<if#j<n}. 
But, by the choice of 6, L—N, has no solution on OB(¢;,6) and hence, by 
homotopy invariance again we have, for all w < v < T, 
Di (L — 9(-,w'), B(G,6)) = Dr (L ~ Ne, B(G,6)), (11) 


As ¢ is of class C?, the same is true for N, and hence, by the linearization 
property of the degree (see e.g. [9, Prop. VIII.3]), 


Di (L — Ny, B(C5,6)) = Dr (L — Nj (6), B(0,1)), (12) 
where N7(¢;) has the form 


0 
NGJA = e()6- | (0) 


for some function 7? whose elements are of bounded variation ( [3] ). Moreover, 
the hyperbolicity of ¢; implies that the corresponding characteristic equation 


det A;(u) = 0, 


where 


0 . 
det A;(u) =u- | eter), 


has all its roots with nonzero real part (see e.g. [3] ). 
Consequently, the same is true for the characteristic equation of the equations 
in the family 
a(t) =Ag'(Gj)ze, — A €]0,1] 
which therefore only admit the trivial w-periodic solution. A standard argument 
(see e.g. [9, Th. IV.12] ) then shows that the same is true for the family 


z()--(G)--Ae(G)m, 0 € [0,1] 


where 
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g- ut | z(s)ds = Pz. 
o 


Consequently, by the homotopy invariance, and a classical property of coinci- 
dence degree (see e.g. [9, Prop. 11.12] ), 


Dr (L — NL(G),B(0,1)) = Di (L — Nb(G)P, BO, 1) 
= (-U" ds (e (G)lae, B(0,1) n R™, 0) 
= (-1)"dg (¢lr=, B(G,6) à R",0), (13) 
1<Sj Sp, GER. 
Therefore, combining (9), (10), (11), (12) and (13), we obtain 
Dr (L—No,2)= Y, (-1)"ds (ple, B(G,5) n R™,0) 
1<j<p 
GEN 
= (-1)"dg (ylam ; 2 n R”,0) ; 


and the proof is complete. 


3 A formula for the coincidence degree of nonlinear 
homogeneous nonautonomous RF DE in the space of 
w-periodic functions 


We consider the RFDE 
z'(£) = h(t,z) + 6(a)p(t) (14) 


where h: RxC, — R™, (t,¢) + h(t, p) is a continuous mapping, taking bounded 
set into bounded sets, w-periodic in t and positively homogeneous of order a Z 1 
in 9, 6(a) = max(0, (1 — a)/|1 — al) and p € Cu. We define the averaged vector 
field h:C, + R™ by 


ip) = (fe) | h(e,p)ds 
and the corresponding Nemitzky mappings H:C, — C, and H:C,, — C, by 
H (z)(t) = A(t, 2+), H(z)(t) = h(«), 
for all t € R. 


Theorem 2 Assume that h(z) £ 0 for |z| = 1 in R™. Then there exists ro > 0 
such that, if a < 1 andr > rg or a » 1 and 0 <r € ro, (14) has no w-periodic 
solutions z with ||z|| =r and 


D(L — H — 6(a)p, B(0,r)) = Dr(L — F, B(0,r)). 


Proof . Let us define ?t: C,, x [0,1] —^ Cu by 
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H(z, A) = (1— 3)H(z) + A(H(z) + 6(a)p). 


We have only to show that there is some rọ > 0 such that for each r > ro if 
a « 1 or each 0 « r € ro if a > 1, and for each A € [0,1], the equation 


Lz = H(z;3) 


has no solution z with ||z|| = r. 
If this is not the case, there are sequences (r,) in R4, (z4) in C, and (Ax) 
in (0, 1] such that ||z.|| = rà, re € 1/k if œ > 1, rp > kifa < Land 


z(t) = (1—Az)A((re)s) + Ae [A(t, (24)0) + &(0)p(0)] 
(k € N). Letting uy = rz /|\zx|| = rz zr, we get 
ut (t) = rg [0 — Ak )AC(ue)e) + Alal, (ue)e)] + re M&(o)p(, — Q5) 


so that 
lu; ()| E rg sy 


for some ĝ,y > 0 and all t € R. Consequently there are subsequences (;,), 
(uj,) and A* € [0,1], v € Cw, ||v|| = 1 such that (uj, ) — v uniformly on R and 


(Aja) =à". 
From ] 
u(i) = un(0) = rE f (1. Ae) Fun) 
0 
+A, h(s, (ux),)]ds + rz! f 6(a)p(s)ds, 
0 
we get 


v(t) — v(0) = 0,t ER, 


so that v is constant and ||v|| = 1. From (15) we also get 


s fu — Ar)h((ur)s) + Arh(s, (ug)s) + r° 8(a)Arp(s)] 
and hence, letting jy — oo, 
0 — wh(v), 


a contradiction. 
Hence, for 0 < r € ro if œa > 1 and r > rg if a < 1, we have 


D,(L— H — &(o)p, B(0,r)) = Dz(L — H(-, 1), B(0,r)) = 
= D,(L — (4,0), B(0,r)) = DL(L — F, B(0,r)), 


and the proof is complete. in| 

By using Theorem 1 and 2, the existence property of degree and its invariance 
for sufficiently small perturbations of the nonlinear term we immediately deduce 
the following existence results. 
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Corollary 1 Assume that h satisfies the assumptions of Theorem 2 and that 
dpg(him», B(0,1)n R",0) #0. 
Then, if à < 1, the RFDE 
z'(t) = h(t, 21) + p(t) (16) 


has at least one w-periodic solution for each p € Cu and, if a> 1, there exists 
€o > 0 such that (16) has at least one w-periodic solution for each p € Cu with 
lip! < «o. 


4 Continuation theorems for w-periodic solutions of 
nonautonomous RFDE. 


Let F:R.x C, + R™, (t,y) + F(t, p) be a continuous mapping, taking bounded 
sets into bounded sets and such that 


F(t+w,9) = F(t,y) 


for some w > 0 and all t € Rand e € C,. We consider the existence of w-periodic 
solutions of the RFDE 
z'(t) = F(t,zi),t € R, (17) 


i.e. of solutions z such that 
z(t) 2 z(t--u),t € R. (18) 


As it is the case in any continuation theorem, we introduce a mapping f:R x 
C, x [0, 1] + R™ which is continuous, takes bounded sets into bounded sets and 
is such that 


f(t--w, 9,2) = f(t,9,A) 
for allt € R, e € C,, A € [0, 1), 
f(t, 9,0) = fo(v) 
for all t € R, p € C, (i.e. f(-,-,0) is autonomous), and 
for all t E R, p E€ C». 


Theorem 3 Let (2 C C,, be an open bounded set such that the following condi- 
lions are satisfied: 


(pı) there is no z € ON such that 
z'(t) = f(t, z, à), t € R,A € [0, 1); (19) 
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(p2) dg (form, 2NR”, 0) £ 0. 


Then (17)-(18) have at least one solution z € cR. 


Proof . We use the framework of coincidence degree as in Theorem 1. The classi- 
cal Leray-Schauder continuation theorem [6] could be used instead by the equiv- 
alence stated at the beginning of Section 2. Besides the spaces and operators 
considered there, we further define M: = M (z; à): Cu x [0, 1] > Cw: 


M(z;A)(t) = f(t zi X). 
Observe that M(-;0) = Mo where 
Mo: Cu — C,,z œ fo(z.). 
According to [9, Chapter I], M is L-compact on cl? x (0, 1]. We remark that z 
is an w-periodic solution of z'(t) = f(t,z1; A), A € [0, 1], if and only if z € D(L) 
is a solution of the coincidence equation Lz = M(z; À), à € [0,1]. In particular, 
(17)-(18) is equivalent to Lz — M(z;1). Without loss of generality, we suppose 


that (pı) holds in (19). Otherwise, the result is proved for z € 02. Accordingly, 
by the definition of M(-,A) and using (pi) we have: 


Lz # M(z;4),4 € (0, 1] 


for all z € D(L) N N. Thus we can apply the homotopy property of the coinci- 
dence degree and obtain: 


Di(L—-Mo,2)-2 D,(L—M(50),9) = D(L—M(s1),2). — (20) 


Assumption (pi) (for à = 0) ensures that Theorem 1 can be applied, so that 
(20) and (p2) imply: 

|Dr (L — Mo, 2)| = [(da(foln», 2N R'^,0)| F 0. 
Hence, by the existence property of the coincidence degree, there is ž € D(L)N2 
such that Lz = M(ž; 1); thus Z(-) is a solution to (17)-(18), with z € D(L)n Q2. 
The proof is complete. a 


Theorem 3 is particularly suitable for the study of w-periodic solutions of 
perturbed autonomous RF DE of the form 


z'(t) = f(z1) + e(t), t ER, 
with e € Cu, through the homotopy 


z'(t) = f(zi) + Ae(t),t € R,A € [0,1]. 
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Dedicated to K.L.Cooke 


1 Introduction 


In [1] the author has given an extension of Liapunov's direct method to discrete 
equations. In this paper we present both an improvement of this method as 
well as an application of it to the study of the asymptotic behavior of ordinary 
differential equations. As a consequence of the technique used here, a small con- 
tribution to the comparative analysis of the asymptotic behavior of the solutions 
of some o.d.e.'s and of their discretized versions is furnished. 

In order to achieve a certain degree of completeness and objectiveness we 
give below a summary of the results that are of interest to this paper. We re- 
Strict ourselves to stability and asymptotic stability properties of autonomous 
equations. 

Let f : IRN — IR be a given continuous map and consider the discrete 
equation 


En = f(z4 1), n2 5,2,... (1.1) 

subject to the initial condition 
z9-y. (1.2) 
The solution of (1.1-1.2), which is a sequence zo, 21, z2,..., 25,..., exists, 


is unique and depends continuously on y. It will be denoted by z,(y). We shall 
suppose that f(0) — 0. This makes of the null sequence, z, — 0, a solution of 
(1.1), which will be, accordingly, denoted by z4(0) and will be called the null 
equilibrium of (1.1). 


Definition 1.1. 1.1 The null equilibrium of (1.1) is said to be stable (in the sense 
of Liapunov) if, given € > 0, we can find a 6 > 0 such that | y |< 6 implies that 
| tn(y) |< € for all n > 0. 


Here, | . | denotes the Euclidean norm of RY, i.e., 


N $ 


le l= 1$ Y 


ja 
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where z = (z!,z?,..., 2). Of course, the stability character of z,(0) does not 
change if another norm is used in IR. 


Definition 1.2. 1.2 The equilibrium z,(0) is said to be asymptotically stable if 
it is stable and, moreover, there exists a y > 0 such that | y |< y implies that 
tn(y) — 0 as n — oo. 


We shall denote the open ball of radius r centered at the origin in RY by 
B,. 92, on the other hand, will always denote a certain given neighborhood of 
the origin in RY and, if A is a set, A will be its closure. In particular, if A C 9, 
A is its closure relative to 2, unless otherwise stated. 

A map V : IRN 5 IR is said to be positive semi-definite (in Q2) if V(x) > 0 
for all x € 92. If, moreover, V(z) > 0 when z # 0,z € NQ, we say that V is 
positive definite (in (2). The variation of V with respect to (1.1) is the map 
AV : IRN — IR given by AV(z) = V(f(z)) — V(z). This concept is generalized 
as follows. Given integers p,q, 0 € p,q, we define the (p,q) - variation of V 
with respect to (1.1) as being the map AZV : IR" — IR defined by A V(x) = 
V(f?(z)) — V(f*(z)), where f? is the j-th iterate of f . In particular, we note 
that AV = AÀV and that, according to our previous notation for a solution of 
(1.1-2), AZV (y) = V(zp(y)) — V(z4(v)). 


Definition 1.3. 1.3 A continuous map V : RY — IR is said to be a Liapunov 
function for (1.1) whenever there exists f2 such that AV is negative semi-definite 
in 2. 


The following two theorems contain the fundamental results of Liapunov's 
direct method as applies to the stability of the null equilibrium of equation (1.1) 


Theorem 1.4. Suppose that there exists a positive definite Liapunov function 
for (1.1). Then, the null equilibrium is stable. 


Theorem 1.5. Suppose, in addition to the hypothesis of the above theorem, that 
AV is negative definite. Then, x,(0) is asymptotically stable. 


To extend these results we make the following definitions. 


Definition 1.6. A continuous map V : IR" — R is said to be dichotomic with 
respect to (1.1) (in 2) if there exists an integer k > 2 such that whenever we 
have y € 2 and AE ,V(y) > 0, we also have AEV(y) < 0. 


Observe that it is not required in the above definition that either AE ,V or 
AV have a definite sign in £2, but rather, that they mantain a kind of opposite 
sign in that neighborhood of the origin, as specified. 


Definition 1.7. 1.5 A map V is said to be strictly dichotomic with respect to 
(1.1) if it is dichotomic with respect to this equation and, moreover, it satisfies 
the condition that whenever y € £2, y # 0 and AE ,V(y) > 0, then ASV(y) < 0. 
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Note that every Liapunov function is automatically a dichotomic map already 
for k — 2, due to the fact that one such map is non-increasing along the solutions 
of (1.1). 

The refinements of Theorems 1.4, 1.5 given above (see [1]) are as follows: 


Theorem 1.8. Suppose that V is both positive definite and dichotomic with re- 
spect to (1.1). Then, the equilibrium z4(0) is stable. 


Theorem 1.9. Suppose, in addition to the hypothesis of Theorem 1.8, that V is 
strictly dichotomic with respect to (1.1). Then, z4,(0) is asymptotically stable. 


Notice the fact that the application of these results takes clear advantage of 
the fact that z(y} can be, so to say, easily computed. 


2 An improvement 


Given a map V : IR" — IR and integers p,q with p,q > 0 , we consider the 
following sets, 

24(p,9) = {z € 2 : ADV(z) > 0) 

2_(p,q) = {z E N : AZV (z) < 0} 

Mo(p,q) = {2 € 2: AjV(z) 20) , 
and put N? (p,q) = £2. (p,q) U Qo(p, q). Also, if A is a set which contains the 
origin 0, we let A* be the set (z € A: z Z 0). Then, we reformulate definitions 
1.6 and 1.7, respectively, as follows. 


Definition 2.1. A continuous map V : IR" — IR is said to be dichotomic with 
respect to (1.1) (in Q) if there exists an integer k > 2 such that £2, (k, k — 1) 
C £29 (k, 0). 

Note that the requirement that (2, (k, k — 1) C £29 (k, 0) in this definition is 
weaker than the requirement that ABV(z) < 0 whenever AF. ,V(z) > 0 of Defi- 
nition 1.6, since it now permits the existence of points z such that AF ,V(z) = 0 
and AFV (z) > 0. 

Definition 2.2. A map V which is dichotomic with respect to (1.1) is said to be 
strictly dichotomic with respect to (1.1) if it satisfies the further condition that 
125 (k, k — 1) C Q_(k,0) and Ri(k, k — 1) n 2o(k,0) = (0). 

The same observation made just above applies to this definition as well, when 
compared to its counterpart, namely, Definition 1.7. 

From now on, whenever we refer to either dichotomic or strictly dichotomic 
maps with respect to (1.1), unless explicitly stated on the contrary, we are re- 


ferring to maps that satisfy either Definition 2.1 or Definition 2.2, respectively. 
Given a map V : R — IR, a point y € IR and an integer k > 0, we put 


cj = max{V(zn(y)):(G-Dk < n jk},j=1,2,... (2.1) 


and let 
j'-minín:(j—1)k <n<jk and cj = V(z,(y))} , (2.2) 


and obtain the following useful lemmas. 
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Lemma 2.3. If V is positive definite and cj = 0 for some j, then z,{y) = 0 for 
n> j* (and, hence, cn — 0 forn » j ). 


Proof. In fact, in this case we have that V(z;-(y)) = 0 and, since V(z) = 0 
implies that z = 0, the result follows. a 


Lemma 2.4. If V is dichotomic with respect to (1.1), k is as in Definition 2.1 
and j > 2, then cj € cji. 


Proof. Suppose that j* > (j — 1)k. Then, we have (j — 1)k € j* —1« j* € jk 
and so, V(zj- i(y)) < V(zj-(y)), which means that zj. &(y) € 24(k,k — 1). 
By hypothesis, we must also have z;+_%(y) € £29 (k,0), i.e., 


cj = V(zj-(y)) € V(zj*-&(9)) < cj-i- 


If, on the other hand, j* = (j — 1)k, it immediately follows from (2.1) that 
cj-1 > cj, since (j — 1)k is also in the range of definition of cj_ . o 


Corollary 2.5. If V is strictly dichotomic with respect to (1.1) and j* > (j—1)k, 
it follows that cj-1 > cj. 


Proof. In fact, this time zj» (y) € 2, (k, k — 1) implies that it also belongs to 
£2. (k,0) and so, c; = V(zj-(y)) < V(zj«&(y)) € eji D 


Lemma 2.6. If V is strictly dichotomic with respect to (1.1), k is as in Defini- 
tion 2.2, j > 3 and cj-1 £ 0, then cj_2 > cj. 


Proof. Under the above hypothesis, we know from Lemma 2.4 that cj_2 > cj-1 > 
cj. Furthermore, from Corollary 2.5, we know that if j* > (j — 1)/k, then cj_-1 > 
cj, so that c;_2 > cj. In the case that j* = (j — 1)k, we have either cj; > cj or 
€j-1 = cj. Now, if cj-1 > cj, then again cj_2 > cj. If c;_1 = cj, we do not have 
(j — 1)* = (j — 2)k. In fact from No(k,0) N Qo(k, k — 1) = (0) and eji Æ 0, 
we obtain V(zj« 1) < V(zj-) which implies V(z;-) < V(zj«-x), ie., cj < cj-1, 
a contradiction. Therefore (j — 1)* > (j — 2)k, when cj_1 = cj. This means 
Cj-2 > cj, = cj and the proof is complete. o 


We can now prove the following result. 


Metatheorem 2.7. Theorems 1.8 and 1.9 hold also under Definitions 2.1 and 
2.2, respectively. 


Proof. Take R > 0 with 2 5 (|y| < R}, and take any r > 0 with sup{|f(y)| : 
ly| < r}. Let 6 = inf(V(y)| : r < |y| < R}, and note since V is continuous that 
6 > 0. If jy] € R and V(y) < 6, then |y| < r. Noting continuity of f and V, we 
can take p € (0,r) such that for n = 0,...,k and |y| < y, one has [f"(y)| € R, 
V(f"(y)) € 6/2. For such n,y, one has |f"(y)| < r, and since ei(y) < 6, we 
know that c;(y) < 6 for all j > 1. Now a simple inductive argument on the index 
n 2 k will show that |f"(y)| « r for all n > 0. This proves Theorem 1.8. 


92 L.A.V.Carvalho 


Now let V be strictly dichotomic, and take y having |y| < ys, with u as above. 
Let cj = cj(y), and since (cj) is nonincreasing, we let c; | a as j — oo. Now 
suppose a > 0. Then since (f^(y)) lies entirely within a compact set, we have 
increasing sequences (j;), (mi) of positive integers with (j; — 1)k € m; < jik, 
cji = V(f™*(y)), and f":(y) — yo. Take any p with 0 € p € 4k. As i — oo, we 
have f™i(y) — yo, so that fPt™:(y) — fP(yg) and V(f?*":(y)) + V(f*(yo)). 
Now note that c; | a and V(f?*"":(y)) € max(c;;,...,c44;,), and conclude that 
V(f?(yo)) € a. For the discrete process 2, = f” (yo), we let ¢; = cj(yo) and see 
that č& € a, so that ¢; < o for all j > 1. In fact, since V is strictly dichotomic, we 
know that @ > č > 63 > &. For any p with 2k € p < 4k, note that V(f?(yo)) € 
é3, and set y = (a — 63)/2. Since there is ip with V(f?*(y)) € y + V(f?(yo)) 
for all i > ip, we set ij = maz(i, : 2k € p € 4k}, and see that for i > ig and 
2k < p < 4k, one has V(f?*"'i(y)) < y + V(f(yo)) € Y + čs. For j = 3 + Jig 
this makes c; € y+ 3, so that c; < a. This contradicts the fact that cj | a, and 
we conclude that o — 0. ü 


The above result constitutes, therefore, a little improvement of the method 
given in [1]. 


3 The o.d.e. case 


We shall now present a version of the above method which is suitable for ordinary 
differential equations. 
Consider the equation 


z'(t) = g(z(t)) (3.1) 


subject to the intitial condition 
z(0) =y. (3.2) 


Here, we suppose that g : IR’ — IR is continuous, locally Lipschitzian and 
satisfies g(0) — 0. 'Thus, the solution of (3.1-2) exists, is unique and is defined 
for all t € IR. It is denoted by z(t, y) and, as a function of y, it is continuous. 
Observe that the null function z(t,0) is a solution of (3.1-2) when y = 0, called 
the null equilibrium of (3.1). 

'The definitions of stability and asymptotic stability of the null equilibrium 
of (3.1) are easily carried out from definitions 1.1 and 1.2 upon the simple sub- 
stitution of n by t and zp (y) by z(t, y). 

Given a differentiable map V : R — IR, we define the variation of V 
with respect to (3.1) as being the map V' : RY — R given by V'(y) = 
ZV(z(t,y)) lizo2 GradV(y).g(y), where GradV is the gradient of V. We say 
that V is a Liapunov function for (3.1) when there exists a neighborhood 2 
of the origin where V' is negative semi-definite. The basic results of Liapunov's 
direct method for ordinary differential equations are contained in the following 
analogues of Theorems 1.4, 1.5. 


Theorem 3.1. Suppose that there exists a positive definite Liapunov function 
for (3.1). Then, the null equilibrium is stable. 
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Theorem 3.2. Suppose,in addition to the hypothesis of the above theorem, that 
V' is negative definite. Then the null equilibrium is asymptotically stable. 


Following our previous notations, we now define some sets that will play 
a role similar to those of Section 2. If T > 0 is a given constant and f2 is a 
neighborhood of the origin having z(t, y) defined for -T < t < T, y € Q, we put 


Q-(T) = (y € 2 : V(y) < V(z(-T,y)) 


2o(T) = (y € 2: V(y) = V(z(-T,y))] 
N, —-(y € 0:V'(y) > 0) 
2 = {yEQ:V'(y) 20) , 


and let 2°(T) = 2_(T) U R(T). Also, if A and B are sets, we let A\ B denote 
the set {xz E€ A : z £ B). 


Definition 3.3. We say that a differentiable map V : R — IR is dichotomic 
with respect to (3.1) if there are a constant T > 0 and a neighborhood 9 of the 


origin in IR” such that nN, c R(T). 


Definition 3.4. We say that a given map V is strictly dichotomicc with respect 
to (3.1) if it is dichotomic with respect to that equation and, moreover, it satisfies 


the supplementary condition that CAY C R_(T) and R(T) N £25 = (0). 


Thus, the above definitions extend to ordinary differential equations the 
concept of dichotomic and strictly dichotomic maps, formerly given for differ- 
ence equations. As before, we see that Liapunov functions are automatically 
dichotomic with respect to the given equation. Note that there may exist points 

. —! 
y € 24 which do not belong to 2,. 
Also, this time we put, for a given y € RY, 


cj = max(V(z(t,y)) : G- T <t < jT} j =0,1,2,... (3.3) 
and 
t; = min(t € [(j — 1)7,jT] : cj = V(z(tj,y))) . (3.4) 
Then, we have: 


Lemma 3.5. If V is dichotomic and z(t,y) is defined for 0 € t < jT, then 
Cj-1 2 Cj. 


Proof. Ift; = (j—1)T, then by the definition of c;_1, we have c; = V (z(t;, y)) < 
cj-1. Now UE > (j— 1)T, then set f(t) = V(z(t, y)), and note that f(t) < f(t;) 
for (j — 1)T < t < tj. By the mean value theorem there is t € (t,t;) with 
(f(tj)- HONIG -t)- ! (B, and this gives 0 < f'(f) = Grad V (z(t, y))- a(2(2)) 
Now 2(t, y) — z(tj, y) as t — tj, which immediately means that z(t;, y) € 12 

Thus V(z(tj, y)) € V(z(t; — T, y)), so that c; = V(z(tj,y)) < V(z(tj - T, y)) E 
Cj-1- 0 
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By referring to the proof of Lemma 3.5, we now obtain. 


Lemma 3.6. If V is strictly dichotomic, z(t,y) is defined for 0 < t < jT, and 
tj > (j - D)T, then cj- > cj. 


The next lemma parallels Lemma 2.6. 


Lemma 3.7. If V is strictly dichotomic, x(t,y) is defined for 0 < t < jT, and 
cj-1 #0, then cj_2 > cj. 


Proof. If tj; > (j — 1)T, then cj-2 > cj-1 > cj. Now if tj = (j — 1)T, then either 
Cj-1 > Cj, Or cj, = cj. In the first case we again have cj_2 > cj-1 > cj. In 
the case that cj_1 = cj, one notes that 2o(T) N 24 = {0} and cj-1 # 0, and 
sees that if one had t;_; = (j — 2)T, then for f(t) = V(z(t,y)), one could not 
have f'(t;) # 0. In fact, for tj: = (j — 2)T, one could not have f'(tj) < 0, 
since that would immediately contradict t;-1 = (j — 2)T', not could one have 
f'(t;) > 0, since that would contradict t; = (j — 1)T. We conclude then that 
iji» (j — 2)T, so that Cj~2 > Cj-1 = Cj. n 


Theorem 3.8. If V is a positive definite map that is dichotomic with respect to 
equation (3.1), then the equilibrium z(t,0) is stable. 


Proof. Take R > 0 with Q D {ly| < R}, and take any r > 0 with sup(lz(t, y)| : 
ly <r,0 <t <T} € R. Set 6 = inf(V(y) : r € |y] € R}, and note that 6 > 0. 
If |y| € R and V(y) < 6, then |y| < r. Noting continuity of V and of the map 
(t, y) — z(t, y), we can take u € (0,r) such that for 0 € t < T and |y| < x, one 
has V (z(t,y)) € 6/2,|z(t, y)| € R. For such t, y one has |z(t, y)| < r. Now take 
j > 1, and note that if |z(t, y)| < r for (j - 1)T € t € jT, then |z(t, y)| € R for 
jT € t € (j 1)T, and since c(y) < 6, we have cj41(y) < 6. Thus V(z(t, y)) < 6 
for jT < t € (j + 1)T, and we find that |z(t,y)| < r for jT € t € (j + IT. 
From this inductive argument on the index j > 1 we see that |z(t, y)| < r for all 
t 20. ü 


'The proof of the next theorem is nearly identical to the proof of the second 
part of the Metatheorem. For this reason we merely establish the notation and 
indicate the direction of proof. 


Theorem 3.9. If V is a positive definite map that is strictly dichotomic with 
respect to equation (3.1), then the equilibrium z(t,0) is asymptotically stable. 


Proof. Let p be as in Theorem 3.8 and take y with |y| < u. Let cj = cj(y), note 
that (cj) is nonincreasing, and let c; | a as j — oo. Again suppose a > 0. 
Since {z(t;,y)} lies within a compact set, we have an increasing sequence (ji) 
of positive integers such that for m; = t;;, one has z(mi,y) — yo as i — oo. 
Note that cj; = V(z(mi, , y)), take t with 0 < t < 4T, and proceed just as in the 
proof of the Metatheorem, with f™‘(y) replaced by z(mi, y). To be specific we 
note that the difference equation Z, = f"(yo) is replaced here by the differential 
equation z(t) = g(z(t)), z(0) = yo, and 6j is again given by 6; = cj(yo). o 
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It is clear from the above theorems that we can obtain sharp stability results 
for ordinary differential equations in the spirit of Liapunov's direct method [2] 
even when V' is not negative semi-definite . Theorems 3.8 and 3.9 can, therefore, 
be viewed as adaptations of Theorems 1.4 and 1.5, respectively, to the case of 
ordinary differential equations. The apparent drawback here is that, unlike Lia- 
punov's theorems, we have to somehow integrate equation (3.1) over an interval 
[-T, 0] in order to check the dichotomic character of a given map V. In Example 
IV of the next section we indicate a numerical technique which in many cases 
allows one to overcome this difficulty. 


4 Examples 


I. Take N = 2,g(z,y) = (y, —7) and V(z,y) = z? + 1y?. Then, V is posi- 
tive definite in IR? and its variation with respect to the o.d.e. (z'(t), y'(t)) = 
g(z(t), y(t)), z(0) = zo, y(0) = yo is given by V'(zo,yo) = zoyo, which is not 
negative semi-definite in any neighborhood of the origin. Hence, it is not a 
Liapunov function for this equation. The solution of this equation is z(t) = 
zo cost + yosint, y(t) = —zosint + yocost. If we pick T = 2r, we obtain: 
V(z(—27), y(—27)) — V(zo, yo) = 0. Hence, we have for 2 = Bi, for instance, 


22, = {(z,y) e 2 : zy > 0) 
2° (27) = Bi 


so that pA C £2? (22), and Theorem 3.8 applies in order to prove the stability 
of the given equilibrium. 

II. Everything as in example I, except that g(x, y) = (y, -2z — 2y). Then, 
V'(zo, yo) = —2y&. Thus V is a Liapunov function to the given o.d.e. but, since 
V' is just negative semi-definite, it cannot prove (directly) the asymptotic sta- 
bility of the null equilibrium. Since z(t) = e^'[ro cost + (zo + yo)sint] and 
y(t) = z'(t) is the solution through (zo, yo), we obtain 


> 


NR, = 
N_(2r) = By. 


Hence, the null equilibrium is asymptotically stable because V is a strictly 
dichotomic map with respect to the given o.d.e. in By. 

III. Everything as in example II, but V (z, y) = 1(3z?--y?). Then, V'(zo, yo) = 
zy — 2y?. Thus, V is not a Liapunov function for the o.d.e. because V’ is not 
negative semi-definite in f2. A straightforward computation shows that 


£2. (27) = {(z,y) € Bi: ZBO — es? + (1—e4*)y"] < OJ = 2" . 


Hence, we have that V is strictly dichotomic in 2 with respect to the given 
o.d.e., and its null equilibrium is asymptotically stable. 
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IV. If we discretize the o.d.e. of example III by, say, Euler's method, we 
obtain 


(4.1) Tn = Zn-1 + hyn-1 Yn = —2hz4-1-4 (1 = 2h)ys 1. 


The matrix of (4.1) is 


AU) = E ^ 


Given T' > 0 and m > 1, let h = T/m. Then, one can diagonalize the matrix 
A" (h,,) and use L’Hopital’s rule, and eventually find that A (hm) — Ao(T) as 
m — oo, where 
_ -pr |cosT +sinT sin T 
MUJ | —2sin T "m 


and this convergence is uniform in T for T' in compact sets. 

Using this feature, we shall again show that the map V(z,y) = $(32? ty) 
is strictly dichotomic for the differential equation of Example III. 

In fact, note that for any T > 0, we have hmkm — T as m — oo. Now 
Um 4-1 
Um41 


E u u u : 
A(hm)A™ (hm) (3). that Gea — A«(T) is) as m — 00, i.e., Vm 41 — 
T 


write yo — Me , and for j > 1 write y; = A! yg. Then ym41 = 
0 


e~ Typ as m — oo. 

In investigating whether V is dichotomic, one can first note for each (ug, vo) € 
R? that xz AV (uo; vo) — (ugvo — 202) as m — œ, so that V'(uo, vg) = Uovo — 
2v2, as expected. Now this quadratic form g(uo,vo) = uovo — 2và is not sign 
definite. However, a simple calculation shows that Aj'*!V(uo,vo) + —i(1— 
e7?T)(3u + v2) uniformly in compact neighborhoods of the origin as m — oo. 
If we write 3u2 + và = (ud + và) + 2u2, we see that for each nonzero yo € R?, 
there is M > 0 such that AF! V(yo) € —1(1— e7?T)|yo[? for all m > M. Since 
Ap * V(yo) — V(z(T, yo))—V (yo) as m — oo, we see that for all yo £ 0, one has 
V(z(T,yo)) — V(yo)) < 0. We can now conclude that V is strictly dichotomic 
for the differential equation of Example III so that the null solution of this 
differential equation is asymptotically stable. 
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Introduction 


In this paper we give sufficient conditions for the solvability of set-valued systems 


of the form 
0 € F(z,y) (1) 
0 € G(z,y) 

where F and G are multivalued maps, defined in the following way 


F(z,y) =y- F(z,y) , G(z,y) = z - G(z,y) 

where z € X, y € Y, with X, Y Banach spaces, and F and G are upper 
semicontinuous, compact multivalued maps, defined on the closure of a suitable 
open subset U of the X x Y , taking values in X and Y respectively. For simplicity 
we will call F and G multivalued compact vector fields, even if in the literature 
this definition may be used also with different meaning in a different context. 
Roughly speaking, we solve the first equation in term of y as a function of “the 
parameter” z considering the application z — S(z) = (y EY : 0€ F(z,y)) 
and hence we introduce the solution set S(z) in the second one. The fixed points 
of the composite function G(z, S(z)) are the solutions of system (1). 

The paper is organized as follows. In Section 1 we give some definitions about 
set-valued maps and we recall some known results we will need in the sequel. In 
Section 2 we give a first result for solving system (1) by assuming F with convex, 
compact values and G single valued. Successively we solve system (1) under the 
hypotheses that G is a multivalued admissible map and the set of solutions S(z) 
is acyclic. We want to note here that in general, in the convex case, the solution 
set S(x) is not necessarily acyclic. 

In Section 3 we give applications of our results. More precisely, we consider 
the problem of finding conditions for the solvability of two point boundary value 
problems for à multivalued differential system. We want to point out that while 
such problems can be formulated within the framework of the general theory of 
differential inclusions, they may also be viewed as models of problems in control 
theory. 
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1 Notations and definitions. 


Definition 1.1. Let X and Y be topological spaces. A set-valued map M from 
X into Y is said to be upper semicontinuous at x € X if for every neighborhood 
V of M(z) there exists a neighborhood U of z such that M(x) C V for every 
z € U. If, for every z € X, M is upper semicontinuous at z and M (zx) is compact, 
then M is said to be upper semicontinuous on X. If M sends bounded sets into 
relatively compact sets, then it is said to be compact. M is said to be proper if, 
for each compact set K of Y, M~1(K) is compact. We will denote a multivalued 
map M from X to Y with the symbol M : X — Y. By an r-neighborhood of 
a subset f2 of a metric space X we mean the set B(Q,r) = (yc X:3c€ 
f2 such that d(z, y) « r). 


Definition 1.2. Let X and Y be Banach spaces and M : X — Y bea 
multivalued map. We say that a continuous map p : X — Y is a e—graph 
approzimation of M (shortly e-approximation) if graph y C B (graph M, €). We 
will say that a map p : X — Y isa e—pointwise approzimation for M : X — Y 
if u(z) € B(M(z),c) for all z € X. 


The following result is due to Cellina [2]. 


Theorem 1.3. Let X and Y be metric locally convez spaces and let M : X — Y 
be an upper semicontinuous map with compact and convez values. Then for any 
€ > 0 there exists an €-approzimation of M. 


Using this result, in [3] Cellina and Lasota gave a definition of degree (we will 
denote it by Deg) for multivalued compact vector fields with convex values. 


Definition 1.4. Let X and Y be topological Hausdorff spaces. An upper semi- 
continuous map, with a finite number of points as images, M : X —o Y will be 
called a weighted map (shortly w-map) if to each z and y € M(z) a multiplicity 
or weight m(y, M(z)) € Z is assigned in such a way that the following property 
holds 

a) if U is an open set in Y with OU N M(z) = 0, then 


X my, M(z)) = J m(y,M(z) 


y€ M(z)nU y'€e M(z')nU 


whenever z' is close enough to z, (see [5] and [11]). 
Definition 1.5. The number 


i(M(z), U)- Y mly, M(2)) 


y€M(z)nU 


will be called the inder or multiplicity of M (x) in U. 
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If U is a connected set, the number i(M(z), U) does not depend on z € X. In 
this case the number i(M) = i(M(z), U) will be called the indez of the weighted 
map M, (see e.g. [11]). 


Definition 1.6. ([13]) Let X be a metric space. An upper semicontinuous set 
valued map M : X —e X is admissible if there are maps G; : Y; —^ Yi4i, i = 
0, 1,..., n Ws metric spaces, Yo = Ynyi1 = X) satisfying 

i) F=Gyo...0Go; 

ii) G; is upper semicontinuous with acyclic, compact values for each i = 
0, 1, 


Each sequence Go,..., Gn is called an admissible sequence for M. 


We recall that the composition of upper semicontinuous maps is upper semi- 
continuous. 


Definition 1.7. Let X be a Banach space and let B(0, r) be a closed ball in X 
of radius r. We will say that the upper semicontinuous map M : B(0,r) — X 
verifies the Borsuk- Ulam (B.U.) property on OB if for all z € OB(0,r), M(z) 
and M (—2z) are strictly separated by a hyperplane, i.e. for all x € QB(0,r) there 
exists a continuous functional z* € X*, the dual space of X, such that z*(y) > 0 
for all y € M(z) and z*(y) < 0 for all y € M(—z). 


Definition 1.8. Let X, Y be metric spaces. Given $ C X x Y and A C X, 
denote by: 


S(z)= {y€ Y :(z,y) ES]; 
S(A) = {y E Y :(z,y) E S, ze A}; 
Sz = SN ({z} x Y) and $4 =SN(AXY) for AC X. 


Definition 1.9. Let X and Y be metric spaces. Let U C X x Y be open 
and locally bounded over X, i.e. for any (z, y) € U there exists a neighborhood 
N C X of z such that Uy is a bounded set in X x Y. We shall say that F : U —o Y 
is a parametrized compact vector field if F(z, y= =y — F(z,y) with F upper 
semicontinuous and P(D) relatively compact in Y for any bounded set D of U. 
We shall denote by 


F={(z,y)e U : ye (sy) 
F = {z EX : SPnau =H}. 


Definition 1.10. Let M : B(0,r) C X — X be an upper semicontinuous set 
valued map. The map M satisfies the boundary condition” P” if z € OB(0,r) 
and Ax € M(z) implies A < 1. 
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Definition 1.11. A multivalued map M : X x Y — Z is said to be uniformly 
quasibounded with respect to z if there exist a, B € Rt such that: 


l| M(z,y) l= sup lzli€ e lvl +8 for any z € X. 
z€M(z,y) 


T, 


In the sequel by eM (ep) we will denote the set B(M(B(p,«)), c). 


2 Results 
We want to investigate now the existence of solutions for the system 


y€f(v,y 4 [0€s-fF(zy)- F(z,y) 
uc) e (2) 


Theorem 2.1. Let X,Y be Banach spaces, let U C X xY be an open, locally 
bounded set over X. Let F : U —e Y be an upper semicontinuous compact map 
with convex values and g : U — X be a continuous and compact map. Suppose 
that there exists r > 0 such that B(0,r) C DF and Deg (F(0, -), U(0),0) # 0. Let 
T : B(0,r) — X be defined by T(z) — z — T(z), where T(x) = $(z, S(z)) 
and S(z) = (y € Y : y € F(z,y)). Let us suppose that for all z € OB, such that 
0 ¢ T(x), T(z) and T(—z) are strictly separated by an hyperplane. Then there 
exists x € B(0,r) such that 0 € T(x). Hence system (2) has a solution. 


Before proving theorem 2.1 we need some preliminary results. First observe that 
the map S : B(0,r) C X — Y defined by z —o S(z) is upper semicontinuous 
on B(0,r). In fact the local boundedness of U implies that S(zo), is compact 
for every zo € X. Moreover, if V is an open neighborhood of S(zo), then there 
exists an open neighborhood N of zo, N C DF, such that S(z) C V, Vz € N. To 
see that let y € S(zo) and let us consider neighborhoods of the form Nz, x Vy, 
with Ns, a neighborhood of zo in D? and V, a neighborhood of y in Y, such 
that 
Vy C U(zo) N V and Nso x V C U. 


Let S be the set ((z,y) € XxY : y € F(z,y)). By the compactness of 
Ssa = Sn ((zo) x Y) there exists a finite number, say s, of neighborhoods of 
the previous form covering S,,. Let 


No=() N; and V' = U V; 


i=l 


Clearly for each neighborhood N of zo, with N C No, we have that Nx V' C U. 
Let us prove that there exists a neighborhood N of zo such that S(z) C V' 
for all z € N. Suppose not, then there exists a bounded sequence ((za, yn)} 
with £n — zo ,y4 € F(z,, Yn) and y, ¢ V'. As F is compact and upper 
semicontinuous, we may assume (by passing to a subsequence, if necessary) that 
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Un — Yo. Then yo € P(zo, yo), that is yo € S(zo), contradicting S(zo) C V". 
n 
Note that S(x) # 0 because of the hypothesis on the degree of F. 


Lemma 2.2. Let X = R^, Y = R™ and let B(0,r) C DF. Then for each 
neighborhood W of SE there exists € > 0 such that if f : Ug — R” is an 
€-approzimation of Fo, then S$ cC W. 


Proof. SẸ is a closed and compact set. In fact, let {(£n, Yn)} C Sb and 
(zn, Yn) > (zo, yo). As {(2n,yn)} C Sb, we have that yn € F (tn, Yn) for any 
n € N. As Ê is upper semicontinuous, then yo € F(zo, yo), that is(zo,yo) € SẸ. 
Then S£ is closed and obviously compact. 

Let W be a neighborhood of SẸ, V a &-neighborhood of SẸ, V C W, with 
OV NOW = I. Let e; = d(0V, OW) and A = Ug VV. Since A is a compact set,we 
have that 

E MNOLISIEODEPED 

Let c = min (&, €», c3) and let f : U — Y be an c-approximation of fp, 
Let (z,y) € Ug\W and let y = f(z, y), that is (z, y) in Si. Then there exists 
(z,y) € Up such that: 

(zy) — G3) + || f(z;y) — z || « «for some z € F(z,y). ; 

As || (z,y) — (z,g)l| < € it follows that (z, y) ¢ SE. Since y = f(z,y) we 
get that || y — z ||< €. Hence (z, y) ¢ A. Thus (z,y) € VXSE.This is absurd, 
since (z, y) € U\W and || (z,y) — (2,7) ||« € and so (z, y) ¢ V. a 


Lemma 2.3. Let X = R^, Y = R” and let B(0,r) c DF. There ezists an 
€o > 0 such that for alle < eg there exists f : U — R™, such that fp, isan 
€-approzimation of Fo, and 

a) SJ is a finite subset of U(x),Vz € B(0,r); 

b) Deg(F(0, -), U(0), 0) = Deg ( f0, D U (0), 0). 


Proof. The definition of degree given by Cellina and Lasota, [3], ensures the 
existence of a positive number, say €g, with the property that for any € < €o 
every €-approximation of Fo, has the same degree as Fos: Fix € < eo and let 
f : Ug — R” bean e/2 approximation of F Io, . Using the same arguments as in 
Lemma 2.4 of [11] we can prove that there exists fı : Ug — R”, e/2-pointwise 
approximation of f, that satisfies property a). Then fri is an €-approximation of 
Fo. that satisfies property a). The map f is then any continuous extension to 


U of fi, therefore b) follows immediately from the choice of c. n 


Lemma 2.4. Let X and Y be Banach spaces. Let U be a locally bounded, open 
subset in X x Y. Let us suppose that for all z € DF the equation y € F(z,y) 
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has only isolated solutions. Then the application x —o S(x) is a w-map and 
i(S) = Deg(F(z,-), U(z), 0). 


Proof. We have already seen that the map z —o S(x) is an upper semicontinuous 
map. We want to prove that to any y € S(z) it is possible to associate an integer 
m(y, S(z)) with the property of Definition 1.4. If y is an isolated solution for F 
then there exists a neighborhood £2 of y such that 2 N S(z) = (y). 

Let us define m(y, S(z)) = Deg ( F(z,-), 2, 0). Using the excision property, 
m(y, S(z)) does not depend on the choice of £2 provided that 2 N S(z) = (y). 
Let W be an open set in Y such that S(z) NOW = 0. As S is upper semicontinu- 
ous there exists a ball B(z,r) such that Yz’ € B(z,r)NY we get S(z')NOW = 0. 

Let us consider now the following homotopy, H : [0,1] x W — Y, defined 
by 

H(t,y) = F(tz + (1— t)z’, y). 


As iz + (1 — t)z’ € B(z,r) NY for all t € [0,1], H is an admissible homotopy 
between F(z,-)jw and F(2’,-))w. From this fact, using the additivity property 
of the degree, we get: 


$5 mv. S(z)) = Deg F(z,), W,0) = 
y€S(z)nW 


Deg( F(z,), W, 0) 2. Y^ m(yS(z)). 
y€S(z')nW 


The following lemmata, whose proofs can be found in [11], hold. 


Lemma 2.5. Let B = B(0,r) be an open ball in R^ and let M : B — R” bea 
w-map with i(M) # 0. If M verifies the B.U. condition on OB, then there exists 
z € B(0,r) such that 0 € M(z). 


Lemma 2.6. Let M : B —e X be a compact vector field satisfying the B.U. 
property. Then there exists c > 0 such that every €-approzimation of M satisfies 
the B.U. property. 


We can now give the proof of Theorem 2.1 


Proof. The result is obviously true if there exists z € 0B, B = B(0,r), such that 
0 € T(z). In any other case, assume that system (2) does not have solutions 
(z,y) with y € S(B),ie.0 ¢ T(z)forallz € B. Since T is an upper 
semicontinuous and “compact” vector field, its image is closed. The assumption 
0 ¢ T(z) implies the existence of e > 0 such that B(0,¢1) n T(B(0,r)) = 0. On 
the other hand from Lemma 2.6 there exists e; such that every e?-approximation 
T' of T, T' : B — X verifies the B.U. property. 

Let 6 = min {¢1,¢2} and let V C U be defined by: V = {(z,y) EU : 
(z,g(z,y) € ô Gr T}, where Gr T stands for the graph of T and 6A is the 
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6-neighborhood of the set A. Clearly V is an open set being the inverse image 
of the open set 6 Gr T, through the continuous map g. 
We divide the proof into three parts. 

First part. X = R^, Y = R™. 

Let e* be that one given in Lemma 2.2, i.e. every e" SDDrOXUDAMOR f of F has the 
property that si C V. Let «o given by Lemma 2.3 and let & = min (e*, co, 6). 
By Lemmata 2.3 and 2.4 there exists a continuous map f: V — R” which is an 
¢'-approximation for F on V\B and such that the set valued map S' : B — R” 
defined by z —e S'(z) = S7(z), f = I — f, is a w-map such that 9t C V. The 
index of the map is given by 


i(S’) = Deg( F(0,-), V(0), 0) = Deg( F(0,-), U(0), 0) #0. 


The set valued map T’(z) = g(x, S'(z)) is a w-map with index i(T’) = 2(S") £ 0, 
(see [5]). As Sh C V we have that Gr T" C e Gr T. Since T" verifies the B.U. 
property then, by Lemma 2.5, there exists z € B such that 0 € T'(z). Then 
0 € e'T(e'z). This contradiction establishes the result. 

Second part. X = R^, Y Banach space. 

Let f be a $ -approximation of P on Ug, and let f bea $-pointwise approxi- 
mation of f whose range is contained in a finite dimensional subset K of Y. By 
Lemma 2.2 and the properties of the degree, we get 


0 z Deg( F(0, Ji V(0), 0) = deg( f(0, ); V (0), 0) 
= deg(f(0,-)jv,, V(0) Ki, 0) 


with Vj = V n (X x Ki) and S C Vi. Then S$ 4 0. Let gı = gy, and 
Á- fv. These two maps satisfy the hypotheses of Theorem 2.1. Then, for the 
first part of the proof, the set valued map 7"(z) = gi(z, S^!(z)) has a zero in 
B. As SẸ (z) C V we have that Gr T" C e Gr T, contradicting the fact that 
0 € &aT(a« z). 

Third part. X,Y Banach spaces. 

Let go: Ug — X be an e-pointwise approximation of 9 on Ug with finite 
dimensional range. Let X; C X be the subspace containing the range of gp and 
let 92 = 1— $(x xy jog, 3nd Ê, = Py, yj, Let T': B' = Bn X, — Xi 
defined by T'(z) = g»(z, S(z)). T' is an e-approximation of T; and by Lemma 
2.6, T” satisfies the B.U. property on 0B’. By the second part of the proof T” 
has a zero on B' C. B, contradicting the fact that 0 É e T (ez). D 


With a similar proof to the one of Theorem 1.4 of [11] we can prove the 
following 


Theorem 2.7 Let X and Y be as in Theorem 2.1. Let U be a locally bounded open 
sel in X x Y and let F : U — Y be an upper semicontinuous conver valued 
mapping. Consider a compact, convex sel Q C X such that for every x € Q we 
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have y ¢ F(z,y) on OU (x). Assume that for some (and hence for all) z € Q we 
have Deg (F(z,-), U(z),0) # 0. If g : Sg— X is any continuous map such 
that g(z,S(z)) C Q for any z € Q, then there exists a solution (x,y) € U of (2) 
with z € Q and y € S(z). 


In the next theorem we give an existence result for system (2) under the as- 
sumption that F and G are both multivalued maps and G is admissible. However 
we have to assume that the set S(z) is acyclic for every z € DF. Notice that 
this assumption holds in many cases (see e.g. [7] and [8]). 


Theorem 2.8 Let X, Y be Banach spaces, let U C X x Y be an open, lo- 
cally bounded set. Let F : U —o Y be an upper semicontinuous, uniformly 
quasibounded with respect to z, compact map with closed values. Let us suppose 
that there exists r > 0 such that B(0,r) C DF and for any z € DF the set 
S(x) = {y EY : y E€ F(z,y)} is non empty and acyclic. Let G : U — X bea 
compact, admissible map, and T : B(0,r) — X be the map defined by: 


z—o T(z) = G(z,S(z)). 


Suppose that the map T(z) satisfies property "P" of Definition 1.10. Then the 
system 


y € F(z,y) 
f € G(z, y) Q) 


has a solution. 


Proof. We have already proved that the map S is upper semicontinuous. There- 
fore, Î is an admissible map with compact values. Furthermore, being G compact 
and F uniformly quasibounded, we get that T is a compact map. We want to 
show that 7' has fixed point in B(0, r). 

Using Lemma 2 in [10] we know that there exists a compact convex set 
K C B(0,r) such that co(ro T(K)) = K, where 7 is the radial projection of X 
on B(0, r). Since s o is admissible , there exists z € K such that z € v o T(z). 
Condition "P" implies that z € T(z). ü 


3 Applications 


In this section we present two applications of our results to problems involving 
convex-valued differential inclusions. While such problems can be formulated 
within the framework of the general theory of differential inclusions, a topic of 
independent interest, they may also be viewed as models of problems of a very 
different nature, for example: control theory. To be definite, consider a nonlinear 
control process described by a system of ordinary differential equations of the 
form: 


z= f(t,z,u) (C) 
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where f : [0,1] x R” x R™ — R” satisfies Caratheodory’s conditions and the 
control u is in 92, with f2 a non-empty compact subset of R™. If for (t,x) € 
[0, 1] x R” we set 

f(t, 2,2) = o(t,z) 


and assume that the multivalued map $ is convex, then the trajectories of 
system (C) corresponding to controls from the set of functions U = {u € 
L™((0,1), R™) : u(t) € 2 for a.a.t c [0, 1]) are precisely those corresponding 
to the multivalued differential equation 


i € P(t, 1). 


One of the advantages of dealing with this equation rather than the original 
equation (C) is in the fact that in various situations it is easier to use differen- 
tial inclusions in order to determine conditions sufficient to guarantee specified 
behaviour of the trajectories. On differential inclusions and their relationships 
with other fields see, for example, [1]. As mentionated above, the following two 
examples may also be viewed as control problems. Specifically, example 1 may be 
viewed as a problem of periodic controllability. Such problems have been treated 
in [9] and in [12] using degree theory (see also references therein). Example 2 
may be considered as a reachability problem between two given sets. On this 
subject, see for example [4]. 


Example 1. Consider the initial value problem 


y € Ot, y) 
{ y(0) = Yo (E1) 


where  : [0,1] x R” — R” is a Caratheodory function with compact, convex 
values, i.e. 9 satisfies the following conditions 

(f1) is a t-measurable, y-upper semicontinuous function; 

(f2) for each p > 0 there exists œp, 8, € L!((0,1), R) such that | (t, p) |< 
a,(t) + 8 p(t) | p |, for a.a. t € [0,1] and every p € R^ with |p| € p, where 


| S(t,p) |= sup |z]. 
z€9(t,p) 


Under our assumptions (El) is equivalent to the integral form y € F(yo, y), 
where F : R” x (C)* — (C)" is defined by: 


(yo, y) — w+ | G(s, y(s)) ds 


where the integral is intended in the Aumann sense and (C)" stands for the 
Banach space C([0, 1], R”). 


Formulation of the problem: We want to give conditions on the map 9(t, y) in or- 
der to prove, using Theorem 2.8, the existence of an initial state y, corresponding 
to a 1-periodic solution of (E1). 
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First of all observe that, since 9 satisfies (f1) - (f2), for any yo € R” the solution 
set S(yo) is a non empty, compact, acyclic subset of (C)". Moreover the solution 
map S : R” — (C)" is upper semicontinuous and sends bounded sets of R” into 
bounded sets of (C)", which in turn, by (f2) are bounded in AC([0,1], R^) = 
(AC)", and so they are compact in (C)". 

Assume the following condition 

(C1)-there exists r > 0 such that 


1 
f s(t)dt <0, 


where s(t) = sup o(t,y) for almost allt € [0,1] and ø(t,y)= sup «yz». 
lyl>r z€9(t,y) 
Here < -,- > denotes the standard Euclidean inner product in R^. 
In what follows we will rewrite our problem in a suitable form to apply 
Theorem 2.8. Since the set 
U S(yo) 


yo€ B(0,r) 
is bounded in (C)^, say by p > 0, we define a bounded, open set U C R^ x (C)* 
by U = B(0,r) x B(0, p). 
Let G: U — R” be the map defined by G(yo, y) = (1). It is easy to see that 
G is a compact, continuous map. 
Consider the map T : B(0,r) — R”, defined by 


yo — T(yo) = Gyo, S(yo)). 


Clearly T' is an admissible map and a fixed point of Î is the initial condition of 
a 1-periodic solution to (E1). We will prove the existence of a fixed point of T 
by showing that, via the condition (C1), T satisfies property “P”. For this, let 
us prove the following 


Proposition 3.1. Assume condition (C1). For any y € S(yo) with |yo| = r we 
have that | y(1) |< r. 


Proof :. Let To = sup(t € [0,1] : | y(t) |< r}. If ro = 1, we are done. 
On the other hand, if 7 < 1, then | y(t) |» r for any t € (ro, 1). By integrating 
on (7o, 1) the inequality 


4 |y(t) ? 
dt 2 
and using (C1), we obtain that 


= < y(t), y(t) > € s(t) for a.a. t c [0, 1], 


ZUP — Iu) P] < 0 2nd so [( [S r 


o 
Now it is immediate to see that Proposition 3.1 implies that the map T 
satisfies property "P", in fact from Ayo € T'(yo) it follows A < 1. 
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Notice that the problem treated in Example 1, under different assumptions, 
can be solved by using Theorem 2.1. 


Example 2. We consider the following system: 


y € (t, y) 
y(0) = yo (E2) 
y1) eKcm 


where @ is the map defined as in Example 1. 


Formulation of the problem: Given K C R^, K compact and acyclic, we want 
to give conditions ensuring the existence of yo in a suitable ball B(0,r) C R”, 
such that (E2) is solvable. 

Assume the following condition. 
(C2)- there exists r > 0 such that 


1 
P= f i(t, yo) dt > sup <yo,yi > for any | yo |= r, 
0 neck 
where i(t, yo) = inf inf <Yyo,z>, 
(Ewo) lyl<e zE8(ty) 
for a.a.t € [0,1], |yo| = r, and p is determined as in Dearie 1. 


Let U = B(0,r) x B(0,p) C R” x (C)" and let G : U — R" be the map 
defined by 


G(yo,y) = {yo + n —y(1, n € K}. 


G is a compact, continuous s map with compact, acyclic values. 

Consider the map Ê : B(0,r) — R” defined by yo — T(yo) = G(yo, S(yo)). 
Clearly T' is an admissible map and a fixed point of T' will be a solution to 
problem (E2). 

We prove now the following proposition. 


Proposition 3.2. Assume condition (C2). Then < yo, z > > 0 for any z € 
T(yo) = (I — T) (yo). 


Proof. Let | yo |= r. For a given z € T'(yo) we have, 
«yo £ >=|y0|?-<yo, > + 
1 
< w, | y(t)dt > for some y € S(yo) andy € K. 
0 


By using (C2) we obtain the assertion. , u 
This result ensures that the property “P” is satisfied by the map T. In fact, 
if for some | yo |= r we have that 


1 
Ayo = -f y(t) dt+yı, for some y € S(yo) and yi € K, 
0 
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or equivalently (1 — A)yo € (Z — T)(yo), then using Proposition 3.2 we obtain 
(1 — A)|yol? > 0 and so A < 1. 
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Abstract Volterra Equations and Weak 
Topologies 


C. Corduneanu 


University of Texas at Arlington, Arlington, TX 76019 


The equations involving abstract Volterra operators have been investigated 
since 1929 by many authors. We mention here the contributions made by L. 
Tonelli, S. Cinquini, D. Graffi, A.N. Tychonoff, L. Neustadt, which have been 
discussed in our recent book [6]. 

Roughly speaking, an abstract Volterra operator V (sometimes also called 
causal or nonanticipative) is an operator acting on a function space, the main 
feature consisting in the fact that z(t) = y(t) for t < t implies (Vz)(t) = (Vy)(t) 
for t € t. Such operators have the distinction of introducing in the equations the 
past history of the phenomena governed by attached equations. They appear 
in many areas of investigation, and in [6] we have provided illustrations from 
Continuum Mechanics and the Dynamics of Nuclear Reactors. Applications of 
such operators/equations in Control Theory are contained in [4], [5], [8]. 

The existence problem, as well as other basic problems related to the abstract 
Volterra equation 


z(t) = (VzYt),t € J CR, (1) 


can be dealt with in various manners. The fixed point method is certainly one 
of the most inviting if one takes into account the form of equation (1). In our 
paper [3] (see also the book [6]), existence has been obtained mainly under the 
assumption of compactness of V on various function spaces (C, L?,1 € p < œ). 

This paper has as main objective to provide similar results, but using the 
weak topology instead of the norm topology (consequently, weak continuity and 
weak compactness will apear as natural assumptions). This approach has the ad- 
vantage that a Dunford-Pettis theorem, initially obtained for finite dimensional 
spaces, has been extended to infinite-dimensional spaces (see J.K. Brooks and 
N. Dinculeanu [1]). Therefore, results applicable to equations in Hilbert or Ba- 
nach spaces can be obtained by this method. We shall consider here the case 
of Hilbert spaces, due to the fact that weak compactness and boundedness are 
equivalent concepts for such spaces. 

As an illustration of the fact that weak topologies can be used with success 
in case of abstract Volterra equations, we shall prove a theorem similar to that 
given in [3] (see also [6]), concerning the existence of solutions. However, this 
time the restriction to the finite-dimensional case is not necessary. In the sequel, 
H will stand for a Hilbert space over the reals. 
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Theorem 1. Consider the functional equation (1) and assume that V is an 
operator from the space L?([0,T], H) into itself (0 < T < co), verifying the 
following conditions: 
1. V is an operator of Volterra type, i.e., z(t) = y(t) a.e. on [0,7], implies 
(Vz)(t) = (Vy)(t) a.e. on [0,7], for any r <T; 
2. V is weakly continuous on L?((0, T], H); 
3. there exist two functions A : [0, T] — Ry continuous, and B : [0, T] > 
Ry integrable, such that for any x € L?((0, T], H) satisfying 


i l(s)ds < A(t), € (0,7, (2) 


one has 
(Vz)t)? < B(t), ae.on [0,7], (3) 


while 
f B(s)ds < A(t), telo]. (4) 


Then there exists a solution z € L?([0, T], H) of the equation (1), such that 
estimate (2) holds true. 


Proof . Since a solution of (1) is a fixed point of V, we will apply the Tychonoff 
fixed point theorem in the space L?([0, T], H), endowed with the weak topology. 
This space is a locally convex space, and the usual Schauder fixed point theorem 
is not applicable. 

The convex set on which the operator V is acting is defined by the inequality 
(2). Let us denote this set by S. We notice that S is convex, and it is closed in 
the norm topology. But the convex closure is the same in both norm and weak 
topologies. Therefore, the set S is closed in the weak topology of L?([0, T], H). 

Taking into account (2), (3), and (4), there results 


VSc S. (5) 


On the other hand, the set VS is obviously bounded in L?([0, T], H), and 
therefore it is weakly compact. 

By hypothesis V is weakly continuous on S, which means that all conditions 
required by Tychonoff Theorem (see, for instance, [2]) are satisfied for the oper- 
ator V, the set S, and the space L?([0, T], H) endowed with the weak topology. 

Hence, the existence of (at least) a fixed point is guaranteed for the operator 
V (in S). This ends the proof of Theorem 1. ü 


Remark. Apparently, the fact that V is of Volterra type does not enter in the 
proof. Yet, conditions (2), (3) do not make sense if the operator V is not of 
Volterra type. 


Remark. If A(t) > 0, which is a natural assumption, then condition (4) will be 
always verified if we restrict the interval [0, T] to a sufficiently small interval 
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[0,6] C [0, T]. In other words, if we drop condition (4) from the statement of 
Theorem 1, then the remaining conditions assure the local existence of a solution. 
Furthermore, this local solution can be extended to a larger interval [0,61] D 
[0, 6], by using the same kind of argument. In a very standard way, the process 
of extension can be continued until a maximal interval of existence is obtained 


(see [6]). 


Corollary It is relatively easy to apply Theorem 1 to the special case of linear 
integral equations in H: 


z(t) = A(t) +f k(t,s)z(s)ds, t € [0,7]. (6) 


In (6), h € L?((0,T], H) while k(t,s) stands for a family of bounded linear 
operators on H, 0 <z €t € T, such that 


T t 
[af me opas < eoe (7) 


Of course, the measurability (Bochner) of the map (t, s) > k(t, s) € L(H,H), is 
assumed. 


It can be easily seen that the operator 


(Vz)(t) = h(t) «f k(t, s)z(s)ds (8) 


is weakly continuous on L?([0, T], H), under assumption (7). 

In order to get the existence for (6) in L?([0, T], H), it suffices to construct 
the functions A(t) and B(t) which appear in condition 3) of Theorem 1. This 
construction has been carried out in [3] (see also [6]), when we dealt with the 
finite-dimensional case. There are no differences at all when passing from R” 
to a Hilbert space H. However, the discussion in [6] is conducted in a slightly 
more general situation, when L?([0, T], H) is substituted by L2. ([0, T], H), with 
T = +00 a possible choice. 

Another example of a classical integral equation for which existence can be 
obtained by applying Theorem 1 is the Volterra-Hammerstein equation 


z(t) = h(t) +f k(t, s)g(s, z(s))ds, (VH) 


in which h and k are as in the above Corollary, while g is a weakly continuous 
map on L?([0, T], H), satisfying an estimate of the form |g(t, z)| € ko(t,s)|z], 
with ko(t, s) like k(t, s). 

If instead of equation (1) we consider the functional differential equation 


z(t) = (Vz)(t), ¢ € [0,7], (9) 
z(0) — z? €H, (10) 
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then we can reduce (by integrating both sides of (9) and taking (10) into account) 
this problem to the case dealt with in Theorem 1 above. Indeed, the right hand 
side of 


z(t) = 2° +f (Vz)(s)ds (11) 


still represents an operator of Volterra type on L?([0, T], H), if V has this prop- 
erty. 

Instead of proceeding to a direct application of Theorem 1 to the equation 
(11), we shall pursue a different approach, also based on the Tychonoff fixed 
point theorem. 

We will assume that the oprator V in (9) can be represented in the form 
V = L+ N, in which L is linear, and N is, in general, a nonlinear operator. 
Hence, the equation (9) will become 


a(t) = (Lz)(t) + (Nz)(t), (12) 


where L is a linear Volterra operator acting on the space L?([0, T], H). It is 
natural to assume the continuity of L on the space L?([0, T], H). Of course, the 
case when L is unbounded is also of interest, mainly in regard to applications 
to integrodifferential equations with partial derivatives. This case will be dealt 
with in subsequent papers. 

Let us point out that equation (12), which appears as a perturbation of the 
linear equation 


a(t) = (Lz)(t) + f@), (13) 


has been recently investigated in our paper [7], in which only the finite- 
dimensional case and, therefore, strong topologies have been considered. 


Lemma Consider equation (13), with the initial condition (10), and assume 
that 


L : L?([0, T], H) — L?([0, T], H), (14) 


is a continuous linear operator of Volterra type, while 
f € L'([0,T], H). (15) 


Then there exists a unique absolutely continuous solution of the problem (13), 
(10), defined on the interval [0, T]. The following estimate is valid: 


lz(t)zs < K(\2°| + [fle2), (16) 


where K > 0 is a constant depending only of the operator L. 


Proof . The problem (13), (10) is equivalent to the functional-integral equation 


z(t) =2°+ | fes s | (Lz)(s)ds, (17) 
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which can be treated by the method of successive approximations. The details 
can be found in [6], where the case H = R” is dealt with. However, no significant 
changes are required when passing from E^ to H. 

After having the existence and uniqueness of a solution to (13), (10), in order 
to obtain the inequality (16) we can proceed as follows. We notice first that (17) 
and (a+ b -- c)? € 3(a? +b? + c?) imply 


T t 
P «siPesr | wofaesr | Kods — Q8 


for 0 € t € T. Using the continuity of the operator L on L?([0, T], H), we can 
write for some constant M » 0 


[DPs <m [lectas 


which taken into (18), and applying the Gronwall's integral inequality leads to 
(16). Obviously, we first get an estimate for |z(t)|c, but we have 


lel: € VTIz|c, 


and this ends the proof of the Lemma. o 

We shall use now the Lemma and the Tychonoff (actually, Schauder’s fixed 
point theorem for the weak topology, which is a particular case of the general 
Tychonoff result for locally convex spaces), in order to obtain existence for the 
equation (12), under initial conditions (10). 


Theorem 2. Assume the following conditions are satisfied for equation (12): 
1) L is as described in the Lemma; 
2) N is a weakly continuous operator on L?([0, T], H), taking bounded sets 
into bounded sets, and such that 


é(r) =sup{|Nz|z2; |z|z2 <r} (19) 
verifies 
lim sup #0) < K”. (20) 


Then there exists a solution z(t) of the problem (12), (10), defined on [0, T] and 
absolutely continuous. This solution verifies the estimate |z|r» <r, where r > 0 
is the smallest solution of the equation K(|z°|+ ¢(r)) =r. 


Proof . Let r > 0 be as described above. Such a number does exist because of 
the assumption (20). We shall apply the fixed point theorem to the operator V, 
u — x = Vu, where 


&(t) = (La) (t) + (Nu)(t) (21) 


a.e. on [0,r], under initial condition (10), with u € B, = {zx : z € L?([0, T], H), 
lz|z2 < r}. 
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One needs to prove that the operator V is weakly continuous on L?([0, T], H), 
and takes bounded sets of L?([0, T], H) into bounded sets. Of course, we keep in 
mind here that bounded sets into a Hilbert space are weakly compact (relatively). 
Since V is the product of the operator N by the operator f — z from the 
Lemma, and N is by hypothesis weakly compact, it suffices to show that f —^ x 
is continuous. But inequality (16) shows even more than that, namely, that 
(z?, f) — z is continuous from H x L? into L?. A fortiori, f — z, is continuous 
from L? into itself. The linearity of f — z proves that this operator is also 
weakly continuous. Hence, the operator V is weakly continuous. It is almost 
obvious that V takes bounded sets of L?([0, T], H) into bounded sets. 

The only property to be checked, before we apply the fixed point theorem is 
the inclusion 

VB. C By, (22) 


for the particular r precised at the beginning of the proof. This is obvious if we 
take into account condition (20). 

To summarize, the operator V defined above is continuous and compact in 
the weak topology of L?([0,T], H), taking a closed convex set (ie., B.) into 
itself. This suffice to conclude, on behalf of the Tychonoff theorem, the existence 
of a fixed point in B,. 

This ends the proof of Theorem 2. Oo 

Applications of Theorem 2 to equations of the form 


&(t) = Y. Aja(t - tj) + J B(s)z(t — s)ds + f(t; 2), 


j=0 0 


oo 

with tj > 0 and > || Aj || < oo, ||B]| € L! (R4), can be easily obtained following 
j=0 

the pattern in [6, Ch. VI]. 
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1 Introduction 


Mathematical descriptions of the dynamics of structured populations take vari- 
ous forms. In many cases, most notably in linear age-dependent population dy- 
namics, integral equations form a natural modelling tool. For an age structured 
population in a constant environment it is possible to derive a renewal equation 
(Lotka's equation) for the birth rate of the population from first principles. 

An other approach to structured population dynamics is to start by writing 
down a population balance equation. This equation takes the form of a first 
order hyperbolic partial differential equation describing the continuous change 
of individual state as well as death. The birth process is described by a boundary 
condition supplementing the pde. 

In the case of linear age-dependent population dynamics the two approaches 
described above are equivalent. Integrating the population balance equation 
(McKendrick's equation) along characteristics one obtains the age distribution 
of the population in terms of the birth rate. Substituting this into the boundary 
condition one obtains Lotka's renewal equation. On the other hand, once Lotka's 
equation has been solved, one can easily write down an explicit expression for 
the age distribution. 

The purpose of this paper is to show that the equivalence of the renewal equa- 
tion and pde approaches is not confined to age structured populations but has 
a much wider generality. A general structured population problem can usually 
be formulated as an abstract Cauchy problem in M(£2), the space of all Borel 
measures on the individual state space {2 (see [7]). In the linear case this Cauchy 
problem generates a w*-semigroup on M(£2) (see [2, 5]). We show that a cer- 
tain family of operators associated with the corresponding integrated semigroup 
satisfies a renewal equation on M({2) and conversely that the solution to this 
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renewal equation uniquely determines the semigroup. All our results will be for- 
mulated in a general setting without any reference to population dynamics, but 
they will be illustrated by applications to age dependent population dynamics. 

In section 2 we recall some facts from perturbation theory of dual semigroups 
as developed in [2-5] and we recall how this theory is related to Cauchy problems 
on dual Banach spaces. In section 3 we show how the perturbation problem gives 
rise to a renewal equation, the solutions of which can be used to define the solu- 
tion semigroup of the problem. Finally in section 4 we take an abstract renewal 
equation as the starting point and we give conditions for when the solutions of 
this equation determine a semigroup on the dual Banach space. To achieve this 
goal which eventually yields the equivalence between the perturbation problem 
and renewal equation we introduce a new concept, that of a “multiplied inte- 
gral of a semigroup". The relationship between this new notion and some more 
established ones like “integrated semigroup” is investigated. 


2 Perturbation theory for dual semigroups 


Let X be a Banach space. Recall that a w*-semigroup on X* is a family 
T* = {T*(t)},59 of bounded linear operators on X*, which in addition to 
the semigroup properties 7™*(0) = I, TX(t4- s) = T* (t)T* (s), satisfies the con- 
tinuity condition that t — (z,T*(t)z*) is continuous for any z € X,z* c X*. 
The w*-generator A* of T* is defined by 


1 
x,*— * lim [TX LE 
A* z* = weak lim [T (h)z* — z*] 


the domain D(A*) being defined as the set of all z* € X* for which the above 
limit exists. In general there is not a unique correspondence between semigroup 
and generator (see [6] where properties (i) and (ii) of Theorem 2.1 below are 
motivated). 

Let To = (To(t))i2o be a strongly continuous semigroup of linear operators 
on X with infinitesimal generator Ag. Then Tj = (T5 (t))i»o is a w*-semigroup 
on X* with w*-generator A$. Define X9:— D(A*). Then TÊ, the restriction of 
Tě to X9, is a strongly continuous semigroup whose generator A is the part 
of Af in X9, that is Agz9 = Ajz®, D(AQ) = (z9 € D(A5): Asz? € X9). 

Let C be a bounded linear operator from X9 into X*. The basic perturbation 
result is given by the following theorem. 





Theorem 2.1 Let A*:— A} + C, D(A*) = D(A). Then A* generates a w*- 
semigroup T* = (T*(t))izo on X* with the properties 
(i) z* € D(AX) and AX*z* = ,* 
if and only if 
d 
gT Or) = (z,T*(t)y')Vz € X,t > 0 
(ii) For all z* € X* andall t>0 
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t t 
f T*(r)z*dr € D(A*) and A* | T*(r)z*dr = T*(t)z* — z*. 
0 0 


Note that the integral in (ii) is defined as a weak*-integral, i.e. 
t t 
(z, J T*(r)z* dr): = f (z, T* (r)z" dr. 
0 0 


Theorem 2.1 can be proved in several different ways. In [6] we used a general 
Hille-Yosida type characterization of w*-generators of w*-semigroups. A perhaps 
more appealing approach is to first construct a strongly continuous semigroup 
T? = (T9 (t))iso on the smaller space X9 by the variation of constants formula 


t 
T°(t)x° = TÉ (t)z9 + i Te(t—r)CT°(r)z°dr, 2° €X®, 0) 
0 


and then extend T? to all of X*. That the variation of constants formula (1) 
indeed defines a strongly continuous semigroup T? on X was proved in [2]. The 
extension of TO to X* can be performed in two different ways, either through 
the intertwining formula 


T* (t): 2 (AI — A*)T9(t)(A1 — A*)7!, (2) 


or by duality. In the latter case one obtains, after taking adjoints of T©(t), a 
w*-semigroup T©* on X©* and after restricting to the space X99:— D(A9*) 
of strong continuity, a strongly continuous semigroup T9? on X99, There is a 
duality pairing [,] between X99 and X* and hence T'*(t) can be defined on 
X* by 


[9 9, T* (t)z*] = [T99 (t)29°, 2°] (3) 


for all z99 € X99 (in particular all z09? € X),z* € X*. The details and 
equivalence of these approaches are explained in [5]. 

Observe that a variation of constants formula like (1) is not possible for T™ 
since the perturbation C is defined on X? only. (A more involved variant which 
also holds for T* on X* is derived in [8]). However, we will be able to write down 
a renewal equation for an associated family of operators on X* from which the 
semigroup T'* can be recovered. This leads to yet another method of defining 
the solution semigroup on all of X*. 

We close this section by illustrating the abstract setting with an example 
from population dynamics. 

The classical age-dependent population problem is usually formulated in the 
population state space L![0, oo) by the McKendrick equation supplemented by 
boundary and initial conditions 
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ot = pla) 
8t da "Nm 


n = i ain a)da (4) 
(0) f p(a)n(t,a)aa, 
n(0, a) = ¢(a). 


Here the age-specific fertility function @ is assumed to belong to L*?[0, oo). The 
problem (4) can be put in the abstract framework by considering the birth 
process as a perturbation of the process of aging and dying. On the predual 
space X = Co[0, co) the unperturbed semigroup, i.e, the solution semigroup for 
the problem with 8 = 0, is given by 


[To(t)f(a) = e" SO" ^9 (a 4 1). (5) 


The population state space is X* = M[0,oo0). Tj is strongly continuous on 
X9 = D(A$), the subspace of absolutely continuous (with respect to Lebesque 
measure) measures on [0,00). XO can of course be identified with L![0,oo) 
by the Radon-Nikodym theorem, thus yielding the classical state space. The 
birth process is described by the bounded perturbation C: X9 — X*, where 
C: L! [0, 00) — M[0, oo) is defined by 





Ce - (6,95 [^ pla)e(a)das, (6) 


where 6 is the Dirac measure concentrated at the origin. Thus the problem can 
be abstractly reformulated as the Cauchy problem 

dn 7 

"dt = (46 + C)n, 
n(0) = no 


(7) 


on X* = M[0, 00). If no € L![0, oo) then the variation of constants formula (1) 
yields the usual mild solution in L![0, oo). 


3 The renewal equation 


In the last section we showed how the classical McKendrick formulation of age 
dependent population dynamics could be viewed as an abstract perturbation 
problem on a dual Banach space. In order to motivate the subsequent derivation 
of a renewal equation associated with the perturbation problem, we start by 
considering the same example again. 

Let the semigroup To on X = Co[0, oo) be given by (5) and let the perturba- 
tion C be given by (6). Applying the linear functional induced by 8 € L™[0, oo) 
to both sides of the variation of constants formula (1) one obtains the equation 


WO = (0 (9, | TEE- 58029), (8) 
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where 


b(t): = (8, T? (t)«?), (9) 


and 


bo(t): = (8, T9 (t)29). (10) 
The function b(t) may be interpreted as the instantaneous birth rate of the pop- 
ulation and bo(t) as the instantaneous birth rate of offspring of parents present 
in the initial population. We want to transform equation (8) into a renewal 
equation. To this end we note that the function K defined by 


K(t):= (B, f T? (r)ôdr) (11) 


is locally Lipschitz continuous and therefore is differentiable almost everywhere, 
the derivative k belonging to L? [0, 00): 


loc 
t 
K(t) = | Hjar (12) 
0 
It is now easily seen (for details, see [3]) that b satisfies the renewal equation 
t 
b(t) = bolt) + f k(t — r)b(r)dr. (13) 
0 


Equation (13) is nothing but Lotka’s integral equation. Once b is solved from 
(13), the solution is obtained on X9 = L![0, o0) by the explicit formula 


t 
TÓ(i)z9 = T8 (t)z9 + j "(t — r)é&(r)dr. (14) 
0 
As a matter of fact we obtain the solution on all of X* = M[0,oo), not in terms 


of the instantaneous birth rate, but in terms of the cumulative number of births. 
Exactly as in the case of K above, we see that 


Bo(t): = (B, f T: (7)a* dr) (15) 


defines a locally Lipschitz continuous function Bo. Therefore the renewal equa- 
tion 


B(t) = Bo(t) + TA K (t — r)dB(r) (16) 


has a unique solution B, which is again locally Lipschitz continuous. It follows 
that B has a derivative b € L;2.[0, oo) almost everywhere: 


B(t) = J de: (17) 
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If z* = z? € X9, then b is of course the continuous function defined by (9). It 
follows that B(t) is the cumulative number of births in the time interval (0, t]. 


We have the following explicit representation of the perturbed semigroup T* on 
X*: 


T* (t)z* = T (t)z* + f Tr - nédB(r). (18) 


The crucial “trick” in the derivation above was integration with respect to time. 
We will now extend this idea to the general theory. It will therefore come as no 
surprise that integrated semigroups will play a key role. 

If one integrates the variation of constants formula (1) from 0 to t one obtains 


f T9(r)z8dr = [ TO (r)z9dr 
0 0 
t [ Tg (t — u)C A T° (r)z9 drdu. (19) 


Applying the operator C: X9 — X* to both sides of equation (19) one obtains 


t t 
cf T9 (r)z8dr = cf T$ (r)z8 dr 
0 0 
t u 
+ cf To (t — we [ TO (r)z9 drdu. (20) 
0 0 
Observe that since So Tg (r)z*dr € X9 and fý T*(r)z*dr € X9 for all z* € X*, 


all terms in equations (19) and (20) still make sense if © € X9 is replaced by 
z* c X*, T9 by Tj and T? by T*. Introducing the integrated semigroups 


S(t) = I » (rJdr, (21) 


Sx(t) = J T" (7)dr, (22) 

mapping X* into X? and the operators 
Vo(t) = CSo(t), (23) 
V(t) = CS*(t), (24) 


mapping X? into X* and integrating by parts we arrive at the representation 


S*(t) = St(t) + i f S (t — r)dV (7) (25) 


of S* (t), where V(t) is the solution of the abstract renewal equation 
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V(t) = Vo(t) + J i Volt — r)dV (7). (26) 


Once S*(t) has been obtained from (26) one gets the semigroup T* (t) by dif- 
ferentiation with respect to the weak*-topology: 


T*(iz* = © s*(i)a" = Ts ta f Tilt- dV] 27) 


The Stieltjes integrals in equations (25) and (26) are in the operator norm, 
whereas the Stieltjes integral in (27) must be interpreted in the weak*-sense. 

In [8] we show how the formal manipulations above can be made rigorous. 
There we develop a convolution calculus on a Fréchet algebra of Lipschitz contin- 
uous operators. Resolvent theory (see [9]) then implies that the renewal equation 
(26) has a unique solution in this algebra and that it is given by the generation 
expansion 


oo 
V(t) = J ve*(t), (28) 
n=0 
where the terms in the series are powers with respect to the Stieltjes convolution 


(U*«V)(t) = J "U(t - 7dV(r). (29) 


It follows that the integrated semigroup S*(t) and the semigroup T* (t) also 
have representations in terms of generation expansions: 


S* (t) = SO Sz (t), (30) 
n=0 


where 
Sia) f| SZ- 00). (31) 
and 
T*() => T2 (0), (32) 
n=0 
where 


T (t)z = J TX (t — r)dVo(r)z*], 2° € X*. (33) 


Finally we note that (the integrated version of) Lotka's integral equation (16) is 
a special case of the abstract renewal equation (26). In age dependent population 
dynamics the perturbation C is a rank one operator and hence so are Vo(t) and 
V(t). Equation (16) i simply the scalar component of (26), with Vo(t) = Bo(t)ó 
and V(t) = B(t)6. 
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4 Multiplied integrals of semigroups 


The main result of the last section was that if the perturbation C: X9 — X* 
is given, then the perturbed semigroup 7*(é) on X* is obtained in terms of 
solutions of an associated renewal equation on B(X*), the space of bounded 
linear operators on X*. In the McKendrick model of age dependent population 
dynamics it was clear how to define C, but this is not longer true in more general 
models of structured populations. If for instance the individual state space 12 is 
multidimensional (a subset of R” with n > 2), then there is no reasonable rep- 
resentation of XO as a space of functions or measures, and hence it is not clear 
where exactly the instantaneous birth rate operator C should be defined. In some 
concrete models it is not even clear from biological arguments how to define C, 
see e.g. [12]. However, it is usually possible to define directly the cumulative birth 
function of a given population in M(£2). In the case of multidimensional indi- 
vidual state space this is not a scalar, but a measure-valued function. Moreover, 
cumulative births, not rates, are what one can actually measure. 

We are thus led to the following converse problem : Given a w*-semigroup 
Tg on X* and a family {Vo(t)}:>0 of locally Lipschitz continuous operators in 
B(X"), under what conditions does the formula 


T*(t)a* = Tz (ta* + n *(t — )dV(r)2*], (34) 


where V is the solution of the renewal equation 
t 
v) = vo) f Volt- aveo). (35) 
0 


define a w*-semigroup T* on X*? Does there exist a bounded linear operator 
C: X9 — X* such that V(t) = CS* (t), where S*(t) = fj T*(r)dr? The rest of 
this section is concerned with these and related questions. We start with some 
definitions. 


Definition 4.1 (see [6]) A w*-semigroup T* on X* is called an integral w*- 
semigroup if 


T* (t) f i T*(r)z*dr = n T* (t  r)z* dr (36) 


for all z* € X* and all s,t > 0. 


Definition 4.2 (see [1, 10, 11, 13]) A family S = {S(t)}:>0 of bounded linear 
operators on a Banach space is called an integrated semigroup if 


S(0) =0 (37) 


t — S(t)is strongly continuous (38) 
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S(s)S(t) = f Bisa- rinsi (39) 


It is clear from the above definitions that T* is an integral w*-semigroup if and 
only if S* defined by S*(t):= DA T* (r)dr is an integrated semigroup. 


Definition 4.3 Let T* be an integral w*-semigroup on X* and let S* be the 
corresponding integrated semigroup. A family V = {V(t)}:>0 of bounded linear 
operators on X* is called a multiplied integral of T* if it satisfies the following 
conditions 


V(0) =0 (40) 
t — V(t) is locally Lipschitz continuous (41) 
with respect to the operator norm 

t 
V(s)S*(t) = I [V(r +s) - V (r)]dr, t, s > 0. (42) 

0 

Remark 4.4 Formal differentiation of (42) with respect to t yields 

V(t 4 s) = V(t) + V(s)T*(). (43) 


In the context of population dynamics condition (43) has a clear biological inter- 
pretation. V(t) then stands for cumulative births. Let z* be the initial population 
state. In the time interval [0,t] there are V (t)z* births while the population itself 
evolves to T'X(t)z*. In the time interval [t,t + s] there are therefore V(s)T* (t)z* 
births. This should equal V(t + s)z*, that is, equation (43) should hold. 

Note that (42) is equivalent to 


V(s)S*(t) = n ‘V(t 4 7) - V(7)] dr, 


which shows that the integrated semigroup corresponding to an integral w*- 
semigroup is also a multiplied integral of that semigroup. 


The terminology “multiplied integral of T* " introduced in Definition 4.3 is 
justified by the following proposition. 


Proposition 4.5 Let T* be an integral w*-semigroup with w*-generator AX on 
the Banach space X*. Let X9 — D(AX) and let C be a bounded linear operator 
from X9 into X*. Then 





V(t) = CS*(t),t>0 (44) 
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defines a multiplied integral of TX. Conversely, if V is a multiplied integral of 
T* , then there ezisis a unique bounded linear operator C: XO — X* such that 
(44) holds. One has 


1 
O qd © 
Cz? = lim i V (t)z (45) 


for all z® € X9. 


Proof. Let V be defined by (44). Then it is obvious that V satisfies (40) and 
(41). Also, 


J [V(r + 3) —V(r)]dr = y  CIS*(r + s) — S*(n)]dr 


= cf [S* (r + s) - S* (r))dr 


= CS*(s)S* (t) 
= V(s)S* (t), 
that is, (42) holds. 
Conversely, let V satisfy (40) - (42). Let z* € X*,h > 0. Then 


x V(1)8* (e = Fi [V(r + h)z* — V(r)z*]dr (46) 
— V(t)z* ash | 0. 


In fact, 4V(h)S*(t) — V(t) in the operator norm as h | 0. Since z® = 
lim; o fè T*(r)iz9dr,z9 € X, the set of elements of the form S*(t)z* is 


dense in X9. Since moreover à [| V(h) ||< L < oo, 0 < h < 1, it follows that 


the limit in (45) exists for all © € X9 and defines a bounded linear operator 
C: X9? — X*. It follows from (46) that (44) holds. Uniqueness is clear. 


Remark 4.6 The limit in (45) agrees with the notion of instantaneous birth 
rate as the derivative of cumulative number of births. 


We now turn our attention to the main question of this section. Let Tọ = 
{To(t)}:>0 be a strongly continuous semigroup on X and let Vo be a multiplied 
integral of Tj. Let So (t): = DA To (r)dr,t > 0. Let V(t) be the unique solution of 
the renewal equation 


t 
V(t) = Vo(t) «f Vo(t — r)dV(r), (47) 
0 
or equivalently, 


V(t) = Vo(t) + T V(t — r)dVo(7), (48) 


126 Odo Diekmann, Mats Gyllenberg, and Horst R. Thieme 
and let S*(t) be defined by 

$*(t = S$(t) + f " s(t - dV (7). (49) 
Then S* (t) is the unique solution of the equation 

sx - sit)» f *«- oe (50) 


(for details, see [8]). It follows from (50) that the mapping t — S*(t)z* is 
differentiable in the weak"-sense. So we can define 


* t 
T^g o s* (t)z* = To (t)z” «f To (t — r)d|V (r)z"] (51) 
0 
for z* € X* and t > 0. It is obvious that 


S*(t)2" = f  T*(r)e" dr. (52) 


Proposition 4.6 Let C: X9 — X* be the unique bounded linear operator satis- 
fying Vo(t) = CSS (t),t > 0. Then V(t) = CS*(t),t > 0. 


Proof. By (47) and (49) we have 
CS*(t) = CS$(t) - C f Stt — r)dV(r) 
0 


= Vo(t) + [ Vo(t — r)dV(r) 
zv. 


Proposition 4.6 shows that we are exactly in the situation described in section 
3 and rigorously treated in [8]. However, the point of this section consists in 
deriving the main result — that V is a multiplied integral of the integral w*- 
semigroup T* — without any reference to the operator C. 


Theorem 4.7 T* is an integral w* -semigroup and V is a multiplied integral 


of T*. 


Proof. Since T* and S* are related by (52) we have to show that S* is an 
integrated semigroup. It follows then immediately that T” is an integral w*- 
semigroup. 'To this end, note that it follows from (50) that 
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S* (t - 7) - S*(r) = Solt +r) - S(T) 
thr 
+ : S* (t -  — e)dVo(e) 


- a S* (r — e)dVo(e) 


and hence that 
J "[SX (t 4 7) — S*(r)]dr (53) 
= [Isi - sie 
8 TH 
+f J S* (t - r — e)dVo(c) dr 


+ | [mr 7 s*t- ost 


Since Sj is an integrated semigroup the first term on the right hand side 
of (53) is of course equal to S5 (t)So (s). Using the fact that Vo is a multiplied 
integral of Tj, one finds that the second term to the right of (53) equals 


T Í S* (t — «)d, [Vo(c + 7)]dr 
E [ [ S*(t x c)d, |Vo(c + T) — Vo(7)]dr 
2 J $*(t —0)dol J "{Vo(o + 7) — Vo(7)}ar] 
0 0 


= f S* (t — e)d,[Vo(e)S2(S)], 


while the third term can be written as 

$ $—90 

J J [S* (r + t) — S*(r)]dr dVo(c). 
o Jo 

(The subscript ø in d; indicates the integration variable). Defining 

U(s):- J [S*(r + t) - S" (7)]dr 

0 
it follows from (53) that 
t 
Uile) = SEOSE) + | S*(t- o)dalVa(o)S3()] (54) 
0 


+ f U:(s — e)dVo(o), 
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or, by (50), 


U.(s) = SX (t)S$ (s) + f E wave): (55) 


But (47) and (48) show that V is the resolvent kernel of Vo and hence U;, as the 
solution of (55), has the representation 


Ui(s) = S*(t)S3(s) + [ S* (t)S9(s — e)dV (e) (56) 


= S*(Ü[St (s) + f  St(s — o)dv(0)] 
= §* (t)S* (s), 


which shows that S* is an integrated semigroup. 

It remains to be shown that V is a multiplied integral of T*. That (40) 
and (41) hold is obvious. The proof that V and S* satisfy (42) is completely 
analogous with the proof that S* is an integrated semigroup. Again using the 
fact that Vo, S5 satisfy (42) one derives an equation similar to (55) for U,(t): = 


IH [V(r -- s) -V(r)]dr, after which the resolvent representation yields the desired 
result. 
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1 Introduction 


In this paper we are concerned with a priori bounds for globally defined solutions 
to a class of weakly coupled semilinear parabolic equations which may include 
spatio-temporal inhomogeneity. Specifically we consider an m-component system 
of the form: 


Qu;/0t = Ci(z,t)u; + fi(z,t,u) = v - (ai(z, t) V ui) + f(z, t, u) (1.1a) 
LERN, t>0, i=1 to m, 

u(z,t)=0 cEdN, t>0, i=1 to m (1.15) 

ui(z,0)— ug (£) rE, i21 to m, (1.1c) 

where §2 is a bounded domain in R” whose boundary is an (n — 1) dimensional 

C?*^ manifold for some o € (0,1) such that 92 lies locally on one side of 02. 

The closure of f2 and the Lebesgue measure of (2 shall be given by £2 and |£7| 

respectively. We let R denote the positive orthant of R™, i.e, RP = {u € 
R™|u; > 0). 

To put things in perspective we consider a biological model investigated in 

[19] and [20]. The system was developed to portray the interaction of oxygen O5, 


carbon dioxide CO» and hemoglobin H, as blood travels through a pulmonary 
capillary. The relevant reaction scheme is: 


Hy +02 — HO; Hy CO —5 HCO: 


If we add diffusion to the associated kinetics we obtain the following semilinear 
parabolic system for all z € 2, t2 0: 


0u;/0t — V - (a1 (z,t) V u1) = kauz — kiu1us (1.2a) 
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Qua/Ót -V: (az(z, t) V uz) = —koug + kitts (1.28) 
Ou2 /Ot -V: (a3(z, t) V ua) = kau, — k3ugus (1.2c) 
Ou. / Ot —V- (aa(z,t) V u4) = —k4u4 + kgugus (1.2d) 


0u3/0t — 7 - (as(z,t) Y us) = kauz + kqu4 — kıuius — kgugus (1.2e) 


where 9 is bounded domain with sufficiently smooth boundary. We impose ho- 
mogeneous Dirichlet boundary conditions u;(z,t) = 0, i = 1 to 5 on OM. If the 
initial date is nonnegative straightforward maximum principle arguments imply 
that the solutions remain nonnegative. If we set 


5 
H(u) = Y hi(ui) = Uy + 2u3 + us + 2u4 + Us, 


f=1 


we may multiply the i-th component by h;(u;), integrate in space time and sum 
the result to produce the formal a priori L, estimate 


[I H(u)dzdt < {f ICs s, Ode) (T — 7) (1.3) 
fo 0c«r«T. 


The question becomes that of bootstrapping the L estimate 1.3 (or more gen- 
erally a Lp estimate for (1.1a-c)) to Loo estimate. We shall exploit the existence 
of a separable convex function to guarantee the existence of uniform bounds for 
globally defined solutions. Here, we are extending recent work of Morgan [14]. 
We do not address the question of existence of solutions for all time. Criteria 
which guarantee this existence for (1.1) (including 1.3) are provided in [6]. 

We point out that for reasons of simplicity we have chosen not to include 
transport terms in our differential operators. Such terms will be treated within 
a more general context by the authors in forthcoming work [7]. 


2 Preliminary estimates 


We shall assume that the reader is familiar with standard Sobolev spaces. We 
use Q(T, T) for the space time cylinder 2 x (r, T). If p € (1, oo] we introduce 
W?(Q(r, T)) as the Banach space of functions e € L;(Q(r, T)) having gen- 
eralized derivatives of the form 0*/0t, Op/dx; and 0?p/dz; Az, as elements of 
Ly(Q(r, T)). The norm for W?/!(Q(r, T)) is given by 


2 
Ile Poc, n Le lle, Qc. 7) + I loce, 7) + Il Dee llp.oc. 7) 


A (2.1) 
+ || Dze llo, Qe, T) 


We place the following conditions on our initial data, coefficients and non- 
linearities. 


Ci uo = (to, i, € C?(2, R?)n C,(2, RT) 
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Cs f = (fil e: 2x[0, oo) x RP — R” is locally Lipschitz in each variable. 


C3 a= (ai( )?&4 € C?! (Q x [0, 00), RẸ) and there exists € > 0 so that for 


i — 1to m and all z, t € R x [0,o0), a;(z,t) >. 


C4 There exists M > 0 so that sup (aj, (x,t), |0,a;(z,t)|, |ai(z,t)2,|} < M. 


Cs For eachi=1ltom,z€2,t>0, v c R?, fií(z,t,v) > 0 whenever vj = 0. 


We remark that it is possible to consider more general cases of elliptic op- 
erators; however, we restrict ourselves to the present case to avoid additional 
notational and technical difficulties. The extension of our theory to boundary 
conditions of Robin or Neumann type is more difficult and it will be the subject 
of future work. 

We shall need the concept of strong Lp solutions for parabolic equations. By 
a strong Lp solution to a parabolic equation of the form, 


Ov/dt = C(x,t)v + f(t,z), zeQ (2.3a) 
v=0, zc0Q (2.36) 
v(z,0) = vo((z), TERN (2.3c) 


on 2 x [0, T) we shall mean a function v € WP (Q(0,T)) which satisfies the 
boundary conditions, the initial condition and satisfies the differential equation 
a.e. We shall now produce several estimates for parabolic equations and results 
from semigroup theory which will serve to develop our analysis of the relevant 
adjoint equations. 

We shall consider equations of the form 


0p/0t — y -(d(z, t) Vv) +" -0 zé€?,r<t<T (2.4a) 
p(z,t)=0 2 € O02, 7T<t<T (2.4b) 

e(rzT)20 rE? (2.4c) 

where 0 € Ly,(Q(r, T)),9 > 0, and || @ ||, Q(*,7)— 1. The diffusivities satisfy 


conditions C3 and Cs. 


Lemma 2.5 If p € (1,00), and 0 € L,(Q(r, T)) there exists a unique strong Lp 
solution to (2.4 a — c) such that: 
(i) p 2 0. 


(ii) There exists Cp > 0 such that || p II. r$ €» 
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(iii) f1<p< 





andp<q< 


is pay then there exists C, such that 
2 n4 2-—2p 


ll e loc. 7$ Cp- 


Proof. Part (1) is a maximum principle consequence. Part (ii) follows from La- 
dyzenskaja, Solonnikov and Uralceva [Theorem 9.1, 13] and Part (iii) follows 
from Ladyzenskaja, Solonnikov and Uralceva [Lemma 3.10,13] 


We shall also consider globally defined parabolic equations of the form 


Op/dt-dAg + p=0 zr ER", 7r<t<T (2.6a) 
y(z,T)=0 z ER” (2.6b) 


where 0 € L,(R^ x (r, T)) and d > 1. For each p € (1,00) we define Ap on 
L,(R^) by 
Apw = dAw-w (2.7a) 
with 
D(A,) = (w|w € W?(R")}. (2.76) 
It is well known, cf. Pazy [16], that A, is the infinitesimal generator of an 


analytic semigroup on L,(R^?), {T (t)|t > 0). Moreover, 0 ¢ o(Ap) and there 
exists A, > 0 so that 


Il Zp(t) llo,» € e^" (2.8) 
Fractional powers of —A, exist. For 0 < y < 1 we define, cf [16], 
By = (- Ay). (2.9) 


Each —Bj is the infinitesimal generator of an analytic semigroup on L,(R^). 
For 71 > y 2 0, D(B}') € D(Bj*). Because D(B5) = L,(R^) we can define 
the graph norm on Xp, = D(B}) by setting |wl;4 =|| BF w ||», n». We shall 
need the following result. 


Lemma 2.10 Suppose (T,(t)|| 2 0) and BY are as above. The following are 
true: 
(i) Tp(t) : L,(R^) —^ D(Bj) for all t > 0. 


(it) || B Tp(t)w ||p,n« < Cy, pt77 || w Ilp, n» for some Cy,p > 0 and all 
w € L,(R”)andt>0. 


(iii) For allt > 0, if w € D(B}), T,(t)B] w = BJT, (t)w. 


(iv) If y > n/2p then D(Bj) C L4,(R^) and || w loo, n» € My, || Byw Ilo, R" 
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for some constant My „p > 0 and all w € D(B7) 


v) 
If u > n(g — p)/2pq then D(B5) € L,(R^) and || v ||; n*€ Ny] BP w|lp,n» 
for some constant N, p and all w € D(B;) 


Proof. Parts (i-iii) are standard estimates from the theory of analytic semigroups, 
cf. Pazy [16]. Part (iv) may be also found in Pazy and the proof of (v) is contained 
in Henry [p.40,9]. 


We now return to the spatio-temporal dependent equation (2.4 a-c). 


Lemma 2.11 Assume the hypotheses of Lemma 2.5 are satisfied. If q( ) is the 
stong Lp solution to (2.4a-c) then the following are true. 


(i) If pE (1,00) then || eC, T) |l», 2< p*. 


(ii) If p € (1,00) then there exists a d > 0 and N > 0 so that 


ll e ll, oc, S Fea [( TEES Qo) l 


(iii)) If p > 12 then there exists Kper-r) > 0 such that 


Ill e llo, Qt, T) € Kptr-7) 


(v) Ifl<p< 932 andi<q< aÈ then there exists Ky (p) > 0 
such that 


l| eG T) loas Ky e (T-7): 


Proof. Let d(z,t) be an extension of d(z,t) to R” which preseves the positivity, 
smoothness and boundedness properties of d(z, t) and its first partials. Similarly 
let Ó be an extension of 0 which is identically zero on R” — 2. We consider the 
Cauchy initial value problem 


8g/0t - y -(d(zt)VG)+G=6 z €R^,t e(r,T) (212a) 
Q(z, )20 c ER" (2.128) 


Standard maximum principle arguments show that if (z, t) € Q(r, T) then 
0 € e(z,t) € ¢(z,t). Powerful estimates of Aronson [2], [3] and Ladyzenskaja, 
Uralceva and Solonnikov [13] permit us to estimate the fundamental solution 
y (z, m, t, T) associated with an/dt — 7 - (d7 y) = 0 by means of an appropriately 
chosen heat kernel. In particular there exists c > 0 and a heat kernel p(z —£,t—7) 
associated with some a^u = Ou/Ot(a > 0) so that if z Z6, tT 


0 < y(z.€, t, T) <c p(z = €, t— T) (2.13) 
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Consequently, 
0 € el o(z, €, t, T) < cepe- €, t— 7) (2.14) 
and 
t . t " 
J f e^ C7) (z,€,t, s)O(E, s)d£ds < ef J e^ (7) p(z —£,t—s)6(E, s)d£ds. 
0 n o JN 
(2.15) 
However the left hand side of (2.15) is a strong solution to 
ðğ/ðt- y (dVG)+G=60 z€ Rt e(rT) 
g(z,7)=0 ze R” (2.16) 
while the right hand side satisfies 
dw/dt-aAw+w=6 z € R^,t c(r,T) (2.17a) 
w(z7)-0 z € R” (2.17b) 
in the sense of a strong solution. Therefore 
0 < e(z,t) < (2,1) < cu(z,t) (2.18) 


fr rE Qandr<t<T. 

The estimates (i), (ii) are a straightforward adaptions of a lemma in Morgan 
[14]. In a forthcoming paper on globally defined reaction diffusion systems [7] 
the authors establish the inequality of Part (iii) for w(z,t); hence, by virtue of 
(2.18) the same estimates hold for y(z, t). To obtain Part (iv) we write (2.17a-b) 
as abstract ordinary differential equation in L (R°). 


dw/dt+Apw = 0 (2.192) 
w(r) =0 (2.198) 


Solutions to (2.19 a-b) have variation of parameters representation 


w(t) = J T,(t — s) 6(s)da. (2.20) 


We mention that the constant c depends on d. However the facts that d(x, t) 
is bounded above and below and satisfies a uniform Lipschitz condition in z; 
and t imply that a uniform c can be chosen for all z and t, cf [13, p360]. Our 
hypotheses imply that there exists 0 < u < 1 such that p > n(g — p)/2pq and 
up/(p — 1) < 1. Thus from Lemma 2.10 we have 


ll eC, T) lao € Nap Il Bj w(.,T) ll». R^ 


T-T 
€ Noon f (T -r s)"^ |] 6,5) llre ds (221) 
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and from Holder's inequality 


T-r cem 1- 4H CS 
f (T — 7 — 8)" |] 6.5) llre ds < d (2.22) 
E 


The argument establishing Part (ii) uses Lemma 2.10 in much the same way. We 
note that if 2p > n + 2 then the choice g = co is admissible. 

The final next lemma which appears in Morgan [14] provides some necessary 
numerical estimates. 
Lemma 2.23 If 1 <r < k and there ezists 0 < p < 2 such that rIÉ « 1-25 


then there existó > 1 and1 < p< ate such that 





: np 
i eek meme 5 
9 QAPI) 
T k p(n + 2) 
ILES i EN Se 
(ii) k-r^n4d3-2p 
ves p n+2 
(iii) T > "iu 


Our subsequent results are predicated on the existence foa priori cylinder 
bounds. These a priori bounds are bootstrapped to higher L, spaces by use of 
duality arguments. We now formulate the system of adjoint equations used in 
the duality argument. 

We let »;, i = 1 to m, be the unique strong solution to 


09;/0t — V -(ai(z,t) Vo) +y: 20 zr EN, t €e(r, T) (224a) 
pi=0 2 €8Q,te€(r, T) (224) 
gi(z,7)=0 2c EN (2.24c) 


where 0 € L,(Q(r, T)), 9 > 0, and || 0 |l,,a(r,7)= 1. We set 0(z, t) = 0(z, T + 
T — t) and Vi(z,t) = ¥;(z,T +7 — t) on Q2 x [r, T] for i = 1 to m and observe 
Vj, satisfies 


0v;/0t = — y (a, (z,t) Y p) + yi- 2 €Q,te(r,T) (235a) 
vi(z, )=0 z €00,t e(r, T) (2.255) 
pi(z, T) 20 z €f. (2.25c) 


We hereby obtain a system formally adjoint to (2.24 a-c). The estimates of this 
section hold for V; as well. 
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We conclude this section by detailing the hypotheses needed for the separable 
convex functional alluded to in the introduction. We assume that there exist 
H() eC*(R?, RP) and hi() € C'(R,, Ry) for i = 1 to m such that: 


m 
Hi H(v) = Y hi(w;) forv € R} 

ici 
H H(z) = 0 if and only if z = (0,...,0)". 
H3 0? H (v) is nonnegative definite for v € RẸ 


We now introduce the intermediate sums condition. 
H4 There exists A = (a;;) € R™*™ satisfying aj; > 0, ajj > O for alll <i<m 
such that for each 1 < j < m there exists r, Kı, Ke > 0 independent of j so 
that . 
j 
ss ajih;(vi)fi(z,t, v) € Ki(H(v))' + Ko. 
4-1 


Finally we need, 
Hs There exist qı, Ks, K4 such that for 1 < i € m and v € RP 


hi(vi)fi(z,t,v) < K*(H(v))! + K* 


Some remarks are in order. We point out that H® places a polynomial growth 
bound on the vector field. Moreover it will insure that condition H4 holds for 
some exponent. However the exponent produced in this fashion is generally too 
large to be useful. Smaller exponents for H4 are produced by careful examination 
of the additive cancellation of terms of the form h;(v;) fi(z,t, v). Morgan [15] was 
the first to recognize the importance of the role played by the intermediate sums 
condition. It is subsequently used in [14], [6], [7], [17]. 


3 Main result-boundness and decay 


Our development continues techniques constructed by Hollis, Martin and Pierre 
[10]. The initial extension to m-components systems was done by Morgan [14]. 
We repeat for emphasis that we are assuming the existence of globally defined so- 
lutions to (1.1a-c). The results of their section are predicated upon the following 
lemma. 


Lemma 3.1 Suppose that C1-Cs, Hi1-Ha and Hs hold, p > (n + 2)/2 and there 
exists T > 0, a sequence (tj) and g € C([0,00)) such that 
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(i) tı > 0 and T/4 < ti41— t; < T/2 for all i > 1, 
(H) — Eeer IEU llo oce ner) S 9(7) for all 7 2 0, 
(ii) I^; (uj(-sti))lp,a S Ilt) for all i> 1,1 <j <m. 


If there exists K > 0 such that g(t) < K for all t > 0, then there exists N > 0 
such that ||u;(-,t)|loo,a € N for allt » 0, 1 € i € m. Furthermore, if K4 = 0 
and limtoo 9(t) = 0 then limos |[us(-, t)||oo,@ = 0. 


Proof. Suppose t > t3. There exists i > 1 so that t; < tj41 < t € tj42; further- 
more, t — t; < T. Also there exist ó > 0 such that p = (n + 2 + 6)/2. Hence if 
p — n/(n 4 2) then n/2p « p< 1. 

If we multiply (1.1a) by h;(u;) we may use the convexity of h;(u;), the ellip- 
ticity and Hs to observe that 


O(hi(u;)) € Ci(z, t)hi(u) + Ka3(H(u))*: + K4 on Q(0, oo), (3.2a) 
hi(ui(z,0)) = 0 on 822 x [0,co), (3.25) 
h;(ui(z, 0)) = h;(uo,(z,0)) on 2, (3.2c) 


for i = 1 to m. Hence, 
OG (hi(ui)) € Ci(z,t)h;(u) — hi(u;) + H(u) + Ka(H(u))*' + K4 (3.3) 


on Q(0, oo) with the same boundary and initial conditions. We let £;(x,t) extend 
£;(z,t) to all of R” and preserve all boundedness and smoothness properties. 
Additionally we define 


_ f H(u) + Ka(H(u)): + K4 if (z,t) € 2 x [0, 00 
Ge RM ceca e df 


and 
(x) = d hu(us(z2) EN 3.5 
v - [1 ee (35) 
Standard maximum principle arguments insure that if v;( , ) is a solution to 


Au; /Ot = L;(z,t)vj — vj + Gi zER",t>0 (3.6a) 


v;(z,0) = v,,(z) ze R” (3.66) 


then for all (x,t) € 2 x (0,00), vi(z, t) > hi(ui(z;t)) > 0. Let 7 (2,€,t,7) , cf 
Aronson [2], be the fundamental solution associated with dy;/Ot = L;(z,t)y;. 
Then the solution to (3.6a-b) has the Duhamel representation 
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t 
vi(z,t) = e~ J ilz, E, t, 0)vo; (E)dE + J J e=0-y;(z,€,t, s)Gi(E, s)d£ds. 
a o Jn (3.7) 
The aforementioned work of [2], [3], [13] established the existence of c > 0 
and a heat kernel of p;(z,t) associated with an appropiated chosen heat equation 
ðz/ðt = d;Az such that if z Z €,t #7, then 0 € 7;(z,£,t, 7) € cp;(z — €,t— T). 
Thus we may observe that 


0€ vi(z,t) € et f nie — €,0)v0,(E)dé 


t (3.8) 
+ | f etn et 06:6, ats. 
o Ja 
However if w;(z,t) is defined to be the right hand side 3.8 we see that 
Qw;/0t = di^wj — wi + Gi (z,t) € R^? x [0, oo) (3.9) 
w;i(r,0)-2v,(z) zcR^. (3.10) 


Moreover cw;(z,t) > vi(z,t) > hi(ui(z,t)) for (x,t) € 2 x [0,00) and i = 1 to 
m. As we have seen in Lemma 2.11 a uniform c can be chosen. 
Referring back to (2.17 a-b) and (2.18) we cast (3.9 a-b) as a system of 
ordinary differential equations in L,(R"), 
wi(t) + Aigw(t) = Gi(t) (3.10a) 
w(0) = wo; (3.105) 


which has componentwise variation of parameters solution 


w;(t) = Ty, (t)w,, + f nut — s)G;(s)ds. (3.11) 


By virtue of Lemma 2.11, part (iii) we have 


lw; (tllo; € My,pCy,p [(t — ti) lh; Qui Cs t8))I a 
+ E= 5)71L es eso (Ks DE) + Kalt — 4)*)| 
< Mp,pCp.p (2) x [gi(t;) ae 
+ ICT — 5)" ll, coz; (Cs 1)9(ti) + KaT?] 
Because pu/(p — 1) < 1 there exists N, > 0 such that 
Ge = s)" |l 0,2) < N, 


Becasue we have produced a uniform bound for ||w;(t)||oo,@ we have a uniform 
bound for ||h;(u;(-, t))||oo,2 and the coerciveness of h; () implies the existence of 
N » 0 so that 
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Iu: (a £)]loo,0 < N (3.14) 


To obtain the final assertion we suppose lim;.,;, g(t) = 0 and K4 = 0. From 
(3.12) and (3.13) we obtain: 


T A 
II; Cu; C. ll o < us (Ollora < MypCu E) +N, Ks + | (318) 


Hence limy—o0 ||h;(uj ^, #)) |loo,9 = 0 and H3 implies lim;—o Ilu; (tllo, = 0. 


Our boundedness result is obtained by bootstrapping known as a priori cylin- 
der bounds by an iterative process to sufficently high cylinder bounds via utiliza- 
tion of duality arguments in conjunction with the intermediate sums condition. 
We have the following theorem. 


Theorem 3.16 Let Cı — Cs hold and Hı — Ha and Hs hold. Let u = (ui), 
be the globally defined classical solution to (1.1 a-c). If H4 holds with exponent 
r satisfying l & r «a orl Kr a < (n+2)/2 then there exists an N > 0 such 
that |[ui(-, t)|loo,Q(0,00) € N for all 1 € i € m. 


Proof. We get Mi = g(3) and observe that ||H(u)|la,o(-7») € 9(T — 7) for 
all 0 € r < T implies that there exists a sequence {t;,;} such that tj > 0, 
0 < trig. — tig < 3 and ||H(u(t1;))llaoo € Mi for all i > t. Thus if T > t; 
there exists i > 1 such that tj; < T < tii 41. Set 7 = ti; following Morgan [14] 
we subdived our argument into two cases. 

Case 1. Suppose 1 € r < a. Because r < 1 + (2a)/n + 2 there exists 
0 < p < 2 such that r+ (2 — 14)/(n + 2) < 1 + (2a)/n + 2. Lemma 2.21 implies 
there exist 6 > 1 and 1 < p < (n + 2)/2 such that a = npó/(n + 2)(p — 1), 
a/(a — r) € p(n +2)/(n +2 — 2p) and p/(p — 1) > a(n + 2)/(n + 1). We set 
pi = p/(p — 1). We now find ourselves able to invoke the intermediate sums 
hypothesis. Suppose that 1 € j € m and there exists Ma > 0 such that for 
all? > land 1 <i « Jj, [hilu lloti ti) € M2- Assume there exists 
p, € (0, 1) and constants Ksp, and Kep, so that if j < k < m then 


bp 
[Ihi(t)Ilps.acrr) S Kops + Kops lE (We, 2) (3.17) 


is satisfied for j < i < k but not for i = k. Here we let 7 = tj; < T € tyi. 
Our immediate objective will be to use H4 to show via contradiction that an 
inequality of the form (3.17) must hold for all j € i € m. 

Let 6 € L,(Q(r, T)) be such that 0 > 0 and ||6| Ip,Q(r,T) = 1 and suppose that 
V. is the solution to the adjoint equation (2.6a — c) with i = k. We integrate 
h;(u;) for 1 € i < k against 0 on the space time cylinder Q(r, T) and obtain via 
integration by parts and the convexity of h;() 
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T M T 
J J hi(u;)8dzdt < 1 | hy(uz)(Li (pk) — £i(V))dzdt 
T N T N 
+ J hilu;(z,T))ýr(z,T)dz (3.18a) 


T 
$ / I the [Ai(us) + h' (ui) fi(z,t, u)) dzat. 


We use H4, to sum the integrals from i = 1 to k and obtain 


+) ani J hi(ui(z, 7)) Vk (z, r)dz 


iz1 n 


T 
+ J |, x (K1(H(u))” + Ko] dzdt. 


T k 
+f [ X eot. 
(3.185) 


We proceed to estimate the right hand side of (3.185) termwise. For the first 
term we have 


k-1 T 
2 jn f Í hi(u;)(Ci(x) — £x (Yr))dzdt 
j-i T 
- Lof J ient) ~ Lela) deat (3.19) 


k-1 T 
= ya ] ocio) 5 £x (V&))dzdt. 


We now observe that 


T 
J J titia) - LaCde) dade 


< |hi(ui)lle; gen liE) — Lile) QC m) 








(3.20) 


From Lemma 2.5 we are guaranteed the existence of a constant ČpT-7 so that 


ILi(de) — Li(Ye)llp,acr.r) S ČT- (3.21) 


Therefore, we may obtain 
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k-1 T 

aus f Jf sto) - Cdn) dna 
mue (3.22) 
< Y ausa. [Ms + 9(3) + IAW) oca] 


The succeeding terms are estimated in exactly same manner as in [14]. We 
therefore simply list the estimates and refer the reader to [14] for the details. We 
have: 


T 
J f, d [Ks (H (u) + Ka] dadt < C, er. [Ki(9(3))” + Kol | 2 *] 


(3.23) 
J v(z, T)hi(u;(z, r))dz < Kp,a/a-1,(T-1)M1 (3.24) 
k-1 T 
au I f Vi (h;(u;))dzdt < 
i=1 T 2 
iti (3.25) 
Sari Ĝp r-r [Ms + 9(3) + OEO oer] 
i=l 
and 
T 
i ri ag beh (u)dedt < [1-707] laus), oem) — (3:20) 


Combining these estimates we obtain 


T k-1 
f J ayy, (uz, )Odadt < 5 ari(2Cp T-7) [M2+ 
T 4H i=1 


HOEWE ocr] + Kpeseicr-nMi (3:27) 
+ Cp.r-r [Ki(g(3))" + Ks(3 | 2 D*] 
+ ax (1 — e~*) [he (ue)llp, ,ec7,7) 
Therefore using (3.27) and viewing hy (ux) as a linear function on L5 (Q(r, T)) 
we are guaranteed the existence of K7, Kg > 0 such that 
Ilf Qual. oce) € Kz + Kall EI o0) (3.28) 


for all r = ti < T € t1,141 independent of | > 1. Thus Ksp, and Kep, may be 
chosen so that (3.17) holds for k. This leads to a contradiction and hence (3.17) 
holds for all j € i € m. Because ||h;(u;)]lo, Q(»,r) € M» for 1 € i < j we have 
fori>1 


Reaction Diffusion Systems 143 


1 - 
ILE (u)llp, Qc ita) S EMM + 9(3)) + (m(g(3)) = Ms (3.29) 
where e! = 1/(1—6,). Recall that p; > Ma, nt n >land1 < tiiti- tii «3. 


Therefore there exists a sequence {t21} such that ti 2i-1 < toi € 1,23 for all 
i> Land ||H(u(,t25))]lo,,0 < Mo for all i > 1. We note that 1 < £241—t2; «9 
for all i > 1 and that there exists M5 > 0 such that |IH (u)|lo, Qltaita i41) € M2 
for all i > 1. We now iterate the foregoing argument. We replace a by py, chose 
the same vaule of u, a corresponding value of p > 1 and set p? = p/(p— 1) > 


2 
(e) ) a. Following the preceeding argument we find there exists M3 > 0 


such that ||H(u)|[p,,@(t2,:,t2,141) S Msg for ani> 1 
If we proceed inductively, the for k > 2, there exists Mya »0,p» 


k 
((e&2) ) a and a sequence (t;,;);2, such that 


(1) thi > 0 and 1 < trii — tyi < 3*for all i> 1 
(ii) (ul, tei) )Ilpe_a,0 < Mi foralli»1 
(iii) IH Cu)llo, Qc ut iai) € Mg41 for alli > 1 

Note that limp_.oo pe = oo because (n + 2)/(n + 4) > 1. Hence if we can 
take k sufficiently large, we may apply Lemma 3.1 to guarantee the existence of 
N > 0 so that for 1 <i € m, |lu;|]o0,Q(0,00) < N- 


The second case assumes that 1 € r = a < (n + 2)/n. Then there exists 
0 < €< 2 such that a < zH and we can set p = zu > Bi Once again we let 
0cLy(Q(r, T)) be such that 0 > 0 and |||, o(-,7) = 1. The second case is reduced 
to the first case via arguments totally analogous to those of [14, Theorem 2.5]. 


We also obtain a decay result. 


Theorem 3.30 Let the hypotheses of Theorem 3.18 hold and Ko = Kg = 0. If 
there exists T > 0 such that for allp>1 


Jim [IHW] = 0 
then limo ||ui(^, t)]|oo,2 = 0 for all 1 € i € m. 


Proof. One argues that there exists M1 € C([0,00)) and a sequence {t; ;}724 
such that limi, Mi(t) = 0, tı > 0,1 < ty 14;—5, < 3and | H(u(,t15))lla,0 < 
Mi(ti,;). Proceeding as in the proof Therom 3.16 with Kz = K4 = 0 one 
shows the existence of Mz € C([0,00)) such that limi o soo Ma) = = 0 and 
IL Cops ate, ota) < Mo(tii) for i > 1 and p = x if r « a and 
p; = 891532 if 1 < r = a < (n+ 2)/2. One observes that pj > r > 1 
and can proceed as in Theorem 3.16 and establish for k > 2 the existence of 


k-1 
Mi41 € C([0,00)), py 2 a (2:2) and a sequence (£,,;);2, such that 
(1) limi oo My4a(t) = 0, 
(ii) te > O and 1 < tii — t < 3* for all i> 1, 
Gi) (usta csio S Mi (tei) for all i> 1, 
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Qv) — lH(u)llos Qt itio S Meza (te-13) for all i> 1 
We note that if (n+2)/(n+) > 1 we can apply the second assertion of Lemma 
3.2 to conclude that for each 1 < i € m, limi. ||ui(-, t)]|oo,o = 0. 


We conclude this section with a simple result wich guarantees the existence 


of Lı cylinder bounds which satisfy the hypotheses of Theorem 3.16. 


Proposition 3.31 Suppose that C, — Cs hold and that Hı — Ha hold. If for all 
v € R? AH(v)f(z,t,v) = Piei hi(vi)fi(z t, v) < 0 then for all0 € 7r € T we 
have [| H (u)]l,ocr) S UE (uo)llu2] (T — 7). 


Proof. We multiply each component by h;(u;) and obtain 


hi(u;)V - (a;(z, t) Vu;) + hi(u;)fi(z,t, u). (3.32) 
The convexity of h;() yields 
Óh;(u)/0t < A - (ai(z,0) Au) + hi(ui)fi(n t, u) (3.33) 
Integrating (3.33) on Q(r, T) and summing we obtain 
IEC Dlha € IH (uG7))llo (3.34) 
Consequently, for all 7 > 0 
IE (uC, Yll < IB Quo)Ilo (3.35) 


If we integrate (3.20) on (r, T) and use (3.21), we have 


IL Choc € ILE uo)|lo (7 — 7) 


We return to example (1.2 a-e) of the first section. We have demonstrated the 
existence of a priori L; (Q(r, T)) bounds for the functional H(u) = 35;., h(ui) = 
uj + 2u2 + ua + 2u4 + us applied along the trajectories of the solutions. These 
bounds depend only upon L;(12) norm of the intial data and upon (T — 7). A 
cursory examination of the vector field reveals the intermediate sums condition 
holds for matrix 


D 

(| 
mle ele — 
mle ti © 
enee Oc oco 
mnie es o © 


0 
0 
0 (3.36) 
0 
1 


and exponent r = 1. The question of global existence of solutions is settled in [6]. 
Because 1 < (n + 2)/n, Theorem 3.16 may be invoked to produce uniform Lo 
bounds. We refer the reader to [14], [15], [5], [6] for further examples of vector 
fields and convex functionals H() which satisfy our hypotheses. We remark that 
additional arguments can be constructed to guarantee the precompactness of 
trajectories. 
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The Mountain Circle Theorem 


G. Fournier! and M. Willem? 


! University of Sherbrooke, Sherbrooke, Canada 
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Introduction 


In this paper, we present notions of Lusternik-Schnirelman relative category and 
some applications to differential equations. There are many notions of the relative 
category see Fadell [5], Fournier-Willem [6], and Szulkin [13]. In this work, we 
shall attempt to show that, provided one uses the strong relative category as the 
basic count of critical points and the (weak) relative category to calculate it, the 
relative category almost behaves like a degree or a fixed point index theory. We 
shall attempt to do so by proving the mountain circle theorem, a modification 
of the well known mountain pass theorem [1], but which gives the existence of 
one more critical point than the latter. 


1 Lusternik-Schnirelman category 


Let A be a closed subset of a topological space X. 

The Lusternik-Schnirelman category of A in X, cat x (A), is the least integer n 
such that A can be covered by n closed subsets of X each of which is contractible 
in X [A is contractible in X if there exists a continuous h:A x I — X, where 
I-[0,1], such that h(x,0)=x Vz € A and Jy € X such that h(x,1)=y Vz € A]. 

The following properties are easy consequences of the definition. 

(1.1) if X D BD A then catx(A) < catx(B), 

(1.2) cat x (AU B) € catx (A) + cat x (B), 

(1.3) if A is closed and if heC([0, 1] x A, X) is such that h(0,x)=x for every x€A, 
then catx (A) € catx (hi(A)). 


Definition 1.4 (Palais-Smale condition; see [11]) A map $ : M — R, where 
M is a C! Finsler manifold and ¢ is Ct, satisfies P-S if every sequence {sn } of 
elements of M such that {¢(s,,)} is bounded and ||ó/(s,)]] — 0 as n — oo, has 
a convergent subsequence. 


The following result is due to Palais [11]. 
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Theorem 1.6 Let M be a complete C? Finsler manifold and ¢ € C!(M,8) be 
a map satisfying the Palais-Smale condition. Then if à is bounded from below, 
@ has at least cat(M) critical points. 


2 Relative category 


For the definitions of relative category given here see [6], for other definitions 
see [5] [13]. 


Definition 2.1 Let X be a topological space and Y a closed subset of X. A closed 
subset A of X is of the n-th category relative to Y (we write catx,y (A) = n) if 
and only if n is the least positive integer such that 


and 
(1) Vi 21 Ai is contractible in X, 


(2) Aois strongly deformable into Y in X. 


[A is strongly deformable into Y in X if there exists h:A x I — X, such that 
h(x,0)=x and h(z,1)EY Vz€ A and h(z,t)=z VzcAnY]. 


We say that A is of the n-th strong category relative to Y (we write 
Cat x y (A) = n) if and only if n is the least positive integer such that 


A= A; 
i=0 
and 

(1) Vi 21 A; is contractible in X\Y, 


(2) Ao is touch and stop deformable into Y in X. 


[A is touch and stop deformable into Y in X if there exists h:Ax I — X, such that 
h(x,0)=x and A(z,1)EY VeEA andif A(z,t)=yEY implies h(z,s) = 
y Vs 2 t]. 


Remark 2.2. 
(1) We have that catx,y (A) € Catx(A). 
(2) If Y 2 0 then Ao =@ and catx (A) = Catx (A). 


Definition 2.3 Let Z, Z' be subsets of X. Then Z «y Z' if and only if there 
exists h:Z x I — X such that 

(1) ho = iz : Z — X is the inclusion 

(2) Z' 2 i(Z) 
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(3) h(z,t) 2 z Vx EY, Vt € I. 


We have the following properties most of which are generalizations of prop- 
erties of the category itself. 


Proposition 2.4 Let A,B,Y be closed subsets of X. 

(i) if BDA then cat x y(A) < catx y(B) 

(it) A «y B implies cat x y (A) < catx y (B) 

(iii) A «y B and B «y A imply catx y (A) = cat x y (B) 

(iv) cat x,y (A U B) € catx y (A) + catx(B) 

(v) catx y (X) > catx (X) — caty (Y) 

(vi) catx,y (4) 2 0 & A «y Y. 
Furthermore, in each of the above properties we may replace cat by Cat, provided 
we replace «y by the obvious corresponding relation <y and that in (iv) we 
replace cat x (B) by cat xay (B) with the added condition that X\Y D B. 


Proposition 2.5 Let X' 5 X D A and X' 5 Y' 5 Y and X' 5 A' DA and 
X DY. Then, 

(a) catx: y (A) € catx y (A), 

(b) catx y: (A) > catx,v (A), provided that catx y (Y^) = 0, 

(c) cat x: y: (A) > catx,y (A), provided that there is a retraction r:X' + X 
(i.e. r(z)2z Vz € X) such that A' D A, and r`} (Y) - Y', 

(d) catx: y:(A") € catx,y (A) if A'NA = Y'VY = X'NX and X is closed in 
X'. 


Furthermore, in each of the above properties, we may replace cat by Cat. 

In the following, we may not replace cat by Cat. 
Proposition 2.6 Let X' 5 X 5 A, X DY and X' 5 Y' DY. If there exists a 
retraction r:X' — X such that r(Y’) «y Y in X, then catx: y:(A') > catx,y (A) 
provided that AC A’. 

In the following, we may not replace Cat by cat. 
Proposition 2.7 (Excision) Let X D A and X DY, then 

Catx y (A) = Catx\v,y\v (AVV) = Catxnrynr(A n F), 


for any V contained in the interior of Y and any closed F such that FUY = X. 


The next proposition is evident but is useful for applications; in it Cat can 
be replaced by cat. 


Proposition 2.8 Let (X;);c; be a finite set of disjoint closed non-empty subsets 
whose union 1s X, then 
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Catx,y (A) = ` Catx;YnX; (A n Xj). 
jeJ 


3 Connection with the cup length 


For the results presented here see [7]; see also [5,3,13]. In the following Y is a 
closed subset of an ANR X and we use the singular cohomology over the real 
field. 


Definition 3.1 cuplength(X,Y)=n iff n is the maximum number such that there 
are ag € H*(X,Y), with k > 0, and am € H*(X), with k > 0, for m = 
1,...,n, such that: og Ua; U... U an Æ 0. If such an ag does not exist put 
cuplength(X,Y)=—oo. [cuplength X=cuplength (X,0).] 


Theorem 3.2 If X is an ANR and Y C X is closed non empty, then 

catx y (X) 2 1+ cuplength(X,Y ). 
Theorem 3.3 If Y is closed in X and H*(X,Y) or H*(Z) is of infinite type, 
then cuplength(X x Z,Y x Z) > cuplength(X,Y) + cuplength(Z). 


Corollary 3.4 If T is a topological space then catr«p,,, Txs,(T X Bn41) = 
cuplength(T) + 1. 


4 Application to critical point theory 


Let M bea complete C? Finsler manifold i.e. a C? Banach manifold with a Finsler 
structure on its tangent bundle (Important examples are complete Riemannian 
manifolds and Banach spaces). Let ó € C!(M,8). Set 


$° = (ue M|ó(v) € c) 
K. = {ue M|¢(u) = c, dé(u) = 0). 
We shall use the following variation of the deformation lemma due to Clark 


[4] for Banach spaces and to Ni [10] for Finsler manifolds. 


Lemma 4.1 If ó € C!(M,8) satisfies the Palais-Smale condition and if U is 
an open neighbourhood of K., then, for every e' > 0 there ezists e €]0,e'[ and a 
map f:M — M isotopic to idm such that for all d € [0,e], 6^7 D f($^**NU). 


For the following see [6], see also [5] [13]. 
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Theorem 4.2 If ó € C! ( M, ) satisfies the Palais-Smale condition and if —co < 
a « b « oo and K, = Ky = 0, then 


#{z € 6^ ([a,5]))dó = 0) > Cats go (9) > Cata, o ($°). 


5 The mountain pass theorem 


These results can be proved using the relative category [8], they can also be 
proved using the Minimax principle (Palais [12]). Note also that the homological 
approach to the mountain pass theorem was pointed out in Tian [14] and in 
Chang [2]. 


Theorem 5.1 Let ó € C! (M, R) satisfy the Palais-Smale condition on $^ ! [a, b], 
when M is a complete C? Finsler manifold, with —oo < a < b < +00. If ¢° is 
disconnected and ¢° is a connected set, then ¢ has at least one critical point in 


AE 


Theorem 5.2 (The Ambrosetti-Rabinowitz mountain pass theorem [1]) 
Let ó € C'(B, R) satisfy the Palais-Smale condition on $7! [a, oo), where B is a 
Banach space and a € R. If there exist z, y € B andr € R such that ||r — y|| >r 
and, ¢(z) > b for all z with ||z — z|| = r, for some b > a = max{¢(z), d(y)}, 
then ¢ has a critical point in B\¢*. 


6 The mountain circle theorem 


The following is similar to the mountain pass theorem [1], but gives the existence 
of two critical points instead of one. The method of proof is to first apply the 
excision property (to augment cat but not Cat) and secondly to obtain a better 
lower bound for Cat by calculating the new cat, using the results of Sect. 3. Un- 
fortuately, the method seems to use, in an essential way, the finite dimensionality 
of the circle or sphere of its hypotheses. 


Theorem 6.1 (The mountain circle theorem) Let ó € C'(B x R^,R) 
satisfy the Palais-Smale condition on ¢-1[a,00), where B is a Banach space and 
a,b € R. If there exists x € R” such that, for some r >s >t>0, $(uy) > 
b» a 2 ¢(u,z) for allu € B and all ||z — y|| = s and ||z — z|| = r,t, then ¢ has 
two critical points in (B x R")\¢*. 


Proof. Choose b > c > a. By (4.2) we need only to show that the strong category 
of (B x R”) relative to $^, is greater than or equal to 2. By excision twice and 
by (2.8), if F is the complement of the interior of $^ and if Z = FN Bx A, then, 
since (B x OA)NF =Í, 
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Catpx n», 4«(B x R”) = Catr.rnge(F) 2 Catz,znge(Z) 


= Catpya,gen(Bxa)(B x A) > catpy A, o-n(BxA)(B x A), 


where A = {z € R"|r > ||z|| > t). 
By (2.5b), if ôA is the boundary of A in R”, we get that, 


cat px a,gen(Bxa)(B x A) > catpya,pxaa(B x A). 
By (3.2), 
catByxa,BxaA(B x A) > 1+ cuplength(B x A, B x 0A). 
Finally, by (3.3) we get that 


1+ cuplength(B x A, B x 0A) > 1 + cuplength(B)+ 
cuplength(A,0A) >1+0+1=2. 


That is the conclusion. o 


Theorem 6.2 (The mountain circle theorem) Let ó € C!(B x R",R) 
satisfy the Palais-Smale condition on $^! [a, co), where B is a Banach space and 
a,b € R. If there exist x € R” and r,s,t : B — R continuous and such that 
r(u) > s(u) > t(u) > 0 for allu € B, and ó(u,y) > b > a > ó(u,z) for 
all ||z — y|| = s(u) and ||z — z|| = r(u), t(u), then $ has two critical points in 
(B x R")Vé*. 


Proof. 'This theorem is a corollary of the proof of the preceding theorem. In fact 
it is sufficient to notice that the relative categories are invariant under home- 
omorphism preserving the subspaces (the two whose categories are calculated 
and the two relative to which the categories are calculated). And to notice that 
obviously such a homeomorphism exists. o 


7 Example 


Consider the following system of equations 


y = br — cy + By? + Fy(z, y) 
z(0) = z(T), y(0) = (T), z'(0) = z'(T), v'(0) = y'(T) 


where a,c, Á, B > 0 and F is continuously differentiable. 

For simplicity let us assume that F, and F, are continuous and bounded by 
M and that F is bounded by N. Then the solutions of I are the critical points of 
$, where 


| z” = —az + by + Azi/? + F,(z, y) 
I 


3423/5 + 3py*/5 


1 f? 
42-2 [5(2? y? - az? — cy? 202g) + i 


+ F(z,y)| dt 
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Here ¢ is defined on the space H = H4 x H} where 


Hj = {y : [0, T] > Rly’ € Lo, y(0) = y(T)} 


is given by the scalar product 
1 T 
«z,y»- 7 (zy + 2'y')dt. 
T Jo 
Let us define z = 4 iT z dt. Then x = Z + ž where Žž = 0. Thus we can write 
M T "m loin 9 0 
olz y) = s [z + y^ — až“ —cy + 2525) dt + 5 [2629 — az — cy] 
0 
3 [T 4/3 4/3 "E 2 
— A B dt + — F(z,y)dt (7.1 
ean] rema [| Pend ca) 
= a(£,9)  B(z, 9) + Y(z,y) + 6(z,y) in short. 
Proposition 7.1. If (a+ c)T? < 4r? and V? < ac then 


a) a(ž, 4) 2 0 V(z, y) € H 
b) @ satisfies tha P-S condition on H. 


Proof. 
a) By the Wirtinger inequality (w||z|]; < ||z'||; where w = 277), o(2, g) 
dominates 


1 T 
T f lc - s)(z? + y?) + ((sw? — a)z? 4-2b2g + (sw? —c)g?)| dt — (7.2) 
0 
for any s < 1. Our conditions imply that a + c < w? and b? < (w? — a)(w? — c) 


so we may choose 0 < s < 1 close enough to 1 such that a +c < sw? and 
b? < (w?s — a)(u?s — c). Thus (7.2) can be split into squares and so it dominates 





1—s d 12 12 
zT |, (z^ + y^) dt > 0. (7.3) 


b) Assume that S, = (tn, Yn) € H where f(S,) is bounded and ||V4(S, )|| ^ 


i) Let us show that Z, and j, ,Zn , Ün , Ën , Yn are bounded. 
In fact if we denote < z,u >= 4$ Jt zu dt and ||z|] =< 2,2 > we have that 


< Volz, y), (u,v) »2« £20» +< y, 0$ » +< az + by + Az? 
+ F,(z,y),u>+< —cy + br + By! + F,(z,y),v>. (7.4) 
We may assume that |ó(z,,y,)| € K and |Vé(z,,y,)| € K Vn > 0, for some 


K » 0. 
a) Let us put (z, y) = (z4, yn) and (u,v) = (Zn, n) in (7.4). We get 


154 G. Fournier and M. Willem 


K(]z4] + |j4]) > | - az2 + binZn + Az, < 23,1 >+, < F,,1> 
— ej] + bnn + Bin « y! 3,1» js < Fy,1>|, 


and since 


1 T 
Iz,» pm d f. vza 
0 


1 T vts 1/2r ,T 3 1/2 1/7 ] 1/2 
ae dt P pud 2/34 
< “all 1z 3| | p zd < GI z r) llyll2 
pot 2/343 1/3 t 3/2)” us 
< (Efe) (P i) ioes Hele te 


az; — 2b|zo| |a | + cn < (K + M)(lén| + ls) 
Als Ms 1127 + Blgs llla ll ^. (7.5) 
B) Let us put (z, y) = (£n, Yn) and (u,v) = (£4, ğn) in (7.4). We get 
K (lall + Hin llo + Ilënll2 + Ionli) 


f . x 2 T. - 
> [ts Mist — alles + =f £5 js dt — c||isll2 


we obtain that 


+A < aY’, in > +B < ytl’, gn > +< FuES > +< Fy, in > 


pt. 1 a 2) 
s [ rs Q e ^ QU e)" = net 
we get 


K (Isl + Ln Ho + Hn llo + lj 1o) + Allen ll ^] lo 
+ Bllys l^ ls lo + M (Hs Io + Mn 112) > Te L2 + Hi 
= 142 ~ 112 2b Tod 
- allzsll2 — elis lla +a Ënõndt (7.6) 
0 
y) Let us put together (7.5) and (7.6). We obtain 
(K + M)(lén| + dnl) + Alles E (Eni + Lo) 


+ Bllys lE (Is | + Hio Mo) + CM. + KO Hs Do + [ld lle) 
+ K (llla + lldall2) (7.7) 


Daz, — 2b|z«| ln] + c¥2 + Mn ll + Hisl 
EDT ATO LM 
-allz«lla — ellislla + 7 zy dt 


2a(1—t)z, + e(1— t)g; + (1— 5) alld + Ilda) 
za(1— t)z5 + e(1— thom + (1 — s)u" (Hs + T1512) 


Since 
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(where s is as in a), 0 < t < 1, and act? = b?. This implies atz? + 2bzy + cty? = 
(vatz + Jct)? > 0. 


That is there exists positive constants, K,, K5, K3 such that 
Ki(Xn)*/9+Ka > Ko(Xn)? , Xn = maz(ll£sllo Gullo, lel lal Hèn l2, Ho ll2}- 


Thus X, is bounded, i.e. |lZn}lo, ||Galle, |Z]. 191, |len|le, Ilgalle are bounded. 

ii)Let us prove that (z5;,ys;) — (zo, yo) for some (zo, yo) € H and some 
subsequence nj. By passing to a subsequence, we may assume that (£n, Yn) — 
(zo, yo) weakly in H for some (zo, yo) € H. So (£n, Yn) — (zo. Yo) in C[0, T] thus 
strongly in L2. It remains to show that ||z/, — z5||l; — 0 and ||y,, — voll — 0. In 
fact 


K Vó(zn, yn), (En — £o. Yn — Yo) > — K Vó(zo, yo), (£n — £o, Yn — Yo) > 
=< Ta — To Tn ~ 29 > + < Yh — Yo Yn — Vo > 

+ < Agl/3— Azry —a(zn—zo)+b(yn—yo) +F: (zn Vn) Fe (to, yo), zn —z0 > 

+ < By!l3— Byj/? — elyn —yo)+b(£n — zo) + Fy (£n, ya) — Fy (20, yo), Yn — Yo > 


Now since Vó(z,, Yn) — 0 strongly and (£n — zo, Yn — yo) —> 0 weakly in H7 
and so is bounded, the first term goes to 0; evidently the second one also goes 
to zero. The last two terms of the right side also go to zero since for those the 
convergences are strong. We are left with 


lle, — zoll + Illy, — voll — 0 as n — oo. D 


Proposition 7.2 If the conditions of proposition 7.1 are satisfied, then 

a) $(0,0) € N 

b) ó(z,y) 2 i(k — eyX 3 D — k?(a-- c) - N = S, if z? +7? = (k — t)? for all 
0 € t € c where D = min(A, B) 

c) é(z. y) € f(£, 9)  a(z, y), where g(2, y) = &(z, 9) + $(Alz|*? + Bg") + 
N, and f is continuous. 


Proof. 

a) (0,0) = 4 J. F(0,0)dt < N 

b) é(z,y) = o(£, 9) + p(z, y) + Y(z, y) + 6(z, y) 2 0+ B(z, y) + a(z, y) - N 
but (2,9) = i(26zy — az? — cj?] > —az? — cy? > —k?[a + c] since |z| < k and 
|y| € k, and 


3 T 
Y(z, y) ES ai] [Az*/ + By*!?]dt 
> Faass + By'?]2 De Ty e us 


since for any positive numbers z and y we have that z?/3 + y?/3 > (x + y)?/3 


and since 
41 T 1 TÉ E m T 1/4 1 T 3/4 
— zdt < = +2)4/8 n 14 = F 20 
T Jo 7 T Vo pen) 0 T Jo 


tz 


1l 
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which implies that + F 24/3 > |z|1/2, 
c) Let 
M unt d = x 
f(E, 5) = a(ž, 5) + FIAI? + Bia] 
= oooh Be 3 
g(z,9) = B(2,9) + 107 -Byf?).N 


since y(z,y) € N and 


1. 7? eT 2/3 , fT 1/3 
= /4 = 3/4)3/2 3 
F z” *dt < s (z"*) dt) (J 1 ) 


T 2/3 
«(sf wu)" = dae sy uat ez. o 
T jo 


Proposition 7.3 If in addition to the conditions of (7.1) we have that 3p — 


2N >a+c, and if S = So is given by (7.2b) with e = 0, then, for some k > 1, 
$ has a critical point in 


S+N 


2 and R? = z? 4 y? < k?). 


V= {(z,y)|¢(2,y) < 





Proof. 

By 7.2 and our condition, for any k > 1 close enough to 1 we have that 
365p > 2N + k?(a +c) and so N < S which gives 4(0,0) < N < ó(z, y) for 
all (z, y) € OV. 

But if (z, y) € V then |z?| + |y?| < k? so 


(9) = o(3,8) + PE, I) (9) + (2.9) > 0— DII ea d 0- N 


So ¢ is bounded below on V which is a sub-manifold of H. If ¢ satisfies P-S 
in V, since V is not empty, cat(V) > 0 and, by (1.6), ¢ has a critical point in 
V. If @ does not satisfy P-S in V (and this for any k close enough to 1), it does 
satisfy the P-S in H so there must exist a sequence on which ¢ is bounded with 
vanishing gradient and converging to a point in H\V. This point must then be 
a critical point of ¢ contained in OV, that is contained in the V corresponding 
to any k bigger than the one previously considered. In any case we may assume 
that V contains a critical point of ¢. o 


Remark 7.4. Using the mountain pass theorem, one finds another critical point 
of critical value > s. But we would like to find one more critical point. 


Lemma 7.5 If in addition to the conditions of 7.3 we have that and w > (a + 
c+2M) < D then if we denote R? = z? + y?, there exists k > 1 and e > 0 and 
T : H = H4 x H} — R aC" functional such that: 

a) T satisfies P-S on R > k — 2e 

b) ġ, T have no critical points on k - 2e « R< k 
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c) P(2,y) = 4(2,y) f R2 k 
d) if R< k —2« then l'(z, y) < 0. 


Proof. We may assume that there exist k > 1 satisfying 3k4/3D > 2N+k?(a+c) 


and such that D > (a+ c + 2M)k?/?. Choose € > 0 such that k — 2e > 1 and 
D(k — 2e)*/3 > (a +c - 2M)&? and ¢(z,y) > $3, > Oifk-—2 € R & k. 


This is possible by (7.3) and (7.2b) since S, is a continuous function of € and 
So > N. Choose L > N, (A+ B)k/*, 

a) < Vé(z, y), (z, y) > > 0 if (k 2c)? < z? +7? < k? and ¢ has no critical 
points on k 2e < R< k. 

Tn fact, 


« Vé(z, y), (z,y) > 


1/7 
= al |2? +y? car — oy? + 2bay + Aa" Se + Byly 
0 


+ F,(z,y)z + F,(2, ») dt 

> w^ zl + w?^llgll — allzlla — ello 
— 2b||z|l2llG|l2 — 2M |[Z113 — 2M INI 
+ Az4/3 + By? — az? — cy? — 2b|z| |g] — 2M z? - 2M j? 


since 


1 f7 1 [7 ULM [T 3 TIE 
ef Aeneas (Ff Pena) (z [ 2a) 
< M(llB + 22, 


because a!/? + 1/2 < 2(a + b) provided that a +b > 1, a, b > 0 and Z? +7? > 
(k — 2e)? » 1. 

So we get 

< Vé(z, y), (z, y) > 2 (w? -a- c - 2M)Ulz|2 + (w? — a — c — 2M) lll 
+ D(z^? + gt) — (a+ c .- 2M)(z? + g?) 
> D(k — 2c)? — (a + c + 2M)&? > 0, 

by our choice of c. 

b) Define 
Vy) = F(R) Gs) — (8) 66] (8) 06,9) 3.3) L 


where f € C™(R,R) is 0 on (—coo, k — c], is 1 on [k,co) and f'(t) > 0 Vt € 
(k — e, k). Then y satisfies P-S, has no critical points on k — 2e < R < k and 
V(z,y) = é(z, y) if R > k. 


In fact, since 
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K Vy(z, y) (u,v) D=< 2,4 >+<9,0> 
+ < -az + by+ f(R)(Az!? + F,(z,y)),u > 
+< —ey + bz + f(R)(By'!* + Fy(z,y)),v > 
4 — f(R)A < 2/3,ü » B <9/,0>] 


+E Ub. y) - 7(8,9) + L + &(z, y [« 2,8 > +< j,$ >] 


For R » 0, if we give the proof that $ satisfies P-S (7.1b), the first two lines 
of the above equation would give the same bounds as before; the last would add 
only a term of the form C; + Cs||z|[2/? + Csz4/3 + Csligll?/* + Cay /?, since 
the last line is zero if R > k. This would still permit us to obtain that Zn, Zn, 
Èn are bounded (the same for y). In ii) the same proof, with the added terms, 
still gives that 7 satisfies P-S. As for the fact that < Vwv(z, y), (z, y) >> 0 if 
(k — 2c)? < z? - y? < k? we need only repeat the proof of a) obtaining the same 
right member with the exception of the addition of the following positive term, 


PF(O)RDy(z, y) - (5 9) + L  6(2, y). 


Thus we get the conclusion of this section. 


c) Define 


T'(s,y) = f(R)[v(2,¥) — (5,8) + L + êle, v)] 
+ F(R + e)a(ž, 9) + A(z, g) + Y (2,9) — L. 
Then I'(z, y) = v(z, y) if R > k — « and T satisfies P-S in R > k — 2c and has 
no critical points on k— 2e < R € k. 
In fact if k — 2e < R < k — e we have that 
« VI (z,y),(2, y) > = f'(R+ e)Ro(2,g) + 2byz 
— az? — ci? + Az*/? + py? 
> DR? — (a+ c)R? > D(k — 25 — (a + c)? > 0 


so 
D(k — 2c)*/3 — (a + c)k? x 


E 0 


IIV(z, wll 2 


since |[(z, y)]| = R < k. 

Thus l'(z, y) satisfies P-S in R > k — 2c and has no critical points on k > 
R>k—-2e. 

d) If R € k — 2e then I'(z, y) < 0. 

In fact if R < k — 2c then 


T(z,y) = B(2,9) + (2,7) - L 
3 1 
= UP + By?) -—L+ P1627 — az? — cy?] 


< ža + BAF - L <0, 
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by our choice of L. Oo 


Proposition 7.6 Assume that the conditions of Lemma 7.5 are satisfied, then 
$ has two critical points in R > k. 


Proof. By (6.2) and our hypothesis, it is sufficient to prove that the hypotheses 
of (6.2) are satisfied for I with a = 0, b = S, t = k —2e, s =k and r(u) to be 
determined later, since by (7.5b) and (7.5d) the critical points of I' that we find 
must also be critical points of ¢. 

By (7.5a) and (7.5d), I' satisfies P-S on I'7![a, oo). Since t is a constant 
function, t is continuous. By (7.5d) it also satisfies its required condition. The 
same is true for s, by (7.5c) and (7.2b). As for r, by(7.5c) and (7.2c), since for 
R > k we have that ó(z, y) = l'(z, y) and 


1 3 
9(#, 9) = 5 Qbzy — az? — bg’) + 1,427 + Bg! 3) +N 
< -KiR? + KR“! + K3 > —oo 


as R — oo, it is clearly possible to choose r continuous and satisfying its condi- 
tion. o 


Corollary 7.7 Assume that the conditions of Lemma 7.5 are satisfied, then $ 
has three critical points and so problem I has 3 solutions. 


Proof. Evident from (7.3) and (7.6). o 
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Abstract 


A previously derived algorithm for the analysis of the Hopf bifurcation in func- 
tional differential equations is extended, allowing the elementary approximation 
of an existence and stability — determining scalar bifurcation function. With 
the assistance of the symbolic manipulation program MACSYMA [5], [9] this 
algorithm is used to implement the algorithm and to investigate the nature of 
nongeneric Hopf bifurcations in scalar delay — difference equations. 


1 Introduction 


The practical application of the now well — understood theory of Hopf bifur- 
cations in functional differential equations still poses many significant compu- 
tational issues. The thorough analysis of the bifurcation structures (including 
questions of stability and direction of bifurcation) for specific applications often 
requires a sizeable amount of computation. Even when a computer - assisted 
analysis is considered adequate, the selection of the appropriate technique is an 
important consideration. 

Over the last 15 years, many techniques have been developed to treat such 
problems [10]. Among them, three have been most extensively discussed in the 
literature. Specifically, we refer to the method of averaging [3] [4], the use of the 
Poincaré normal form [8], and the method of Liapunov-Schmidt [13]. Of course, 
each of these methods must ultimately produce the same result when applied to 
a specific equation. However, the ease of application of each of these methods 
can vary significantly. 
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Our purpose in this paper is to report on the use of symbolic manipulation 
software in the implementation of the third of these methods. This method differs 
from the other two in that it does not require the approximation of the center 
manifold existing near criticality at the equilibrium point under consideration. 
Thus it appears to have an advantage when hand calculations are attempted 
and, as we shall see, lends itself to a computationally efficient symbolic imple- 
mentation, as well. 

The specific technique to be considered here was introduced in [13]. A gen- 
eralized algorithm appeared in [14], and a FORTRAN - based implementation 
was developed in [1], [11], [2]. We consider here the use of symbolic — manip- 
ulation software in the extension of the algorithm of [14], and the application 
of this algorithm to a class of scalar delay — difference equations. The material 
presented on these two topics is based on the results of [6], where additionally 
a MACSYMA [5], [9] - based symbolic manipulation package (BIPACK) was 
designed for analyzing generic and third-order nongeneric scalar FDE. 

In the section to follow, the specific class of functional differential equations 
under consideration, and the technical assumptions required will be presented. 
Theorems 2.2 and 2.3 represent extensions of the results in [13] to the case of fifth 
order nongeneric systems. The need for such results is illustrated in [12] where 
within the class of scalar integro-differential equations, elementary necessary and 
sufficient conditions are derived for third order degeneracy. A corollary addresses 
the important case of systems with odd nonlinearities. Section 3 is devoted to 
the application of these results to scalar delay — difference equations. 


2 The bifurcation function 


In this section, we begin by making assumptions which remain throughout this 
paper. We define C = C([-1,0] : IR"), L(a) : C > IR", and H(a) : C 2 R” 
and consider the system of equations 


y(t) = L(o)y + H(a; y) (1) 


where L and H are continuous, and a is a parameter in some (Euclidean) space. 
For fixed a, we assume H(a; V) can be expressed in the following expansion 


7 
H(a;¥) = 5 H; (5) + O(P), (2) 
j=2 
where the H;’s, j = 2,...,7 are a-dependent, continuous, symmetric, j-linear 


forms taking values in IR”. By the term symmetric, we mean that each H; is 
invariant under a permutation of its j arguments. More precisely, we assume 
L and H are continuous in (a, 4%), and for fixed a, H(o; V) is at least 9 times 
continuously differentiable in y. As in [14], we assume that for y € C with 
derivatives VU? € C, j = 1,2,...,7, the functions L(a)v, H;(o;V), and H(a;V) 
are C7 functions of a. Such assumptions are not uncommon to applications, 
where often derivatives of all orders are present. 
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Observe that y = 0 defines a steady state for (1). The linearized equation 
y(t) = L(a)y (3) 


has nontrivial solutions of the form y(t) = €e* with € € €" if and only there is 
a nontrivial € satisfying the characteristic system 


0 = [AI - L(a)e* J€ = A(o; AY. (4) 


Assume for œ near ap (4) possesses a nontrivial solution with A = A(o) such 
that A(ao) = iw,w # 0. As usual, we assume that A = iw is a simple root of 
det A(ao;) = 0 and all other roots ( other than tiw ) have negative real parts. 
Define €* = £*(o) £ 0 to be any solution of £*(a)A(a;A(a)) = 0 for o near ao, 
and for A near A(a), let 


E = £(053) = € /[£* A (o5 AJE], (5) 


where A’ = 04/04. See [13], [14] for details. 

Our primary goal is to provide computational means of resolving the struc- 
ture of Hopf bifurcations for (1) near criticality. The following proposition, 
proved in [13], asserts the existence of a scalar bifurcation function g(a, c) that 
facilitates such a study. 


Proposition 2.1 Forw in a neighborhood of wo there exists a computable real- 
valued function g defined and C? in a neighborhood of (a, 0) whose zeros corre- 
spond in a 1-1 fashion with the small periodic solutions of (1) with period near 
2a/w. Under this correspondence, the periodic solution of (1) associated to a root 
c of g(a;-) has the form 


y(t,o;c,v) = WRe{E(a)e”*}e + O(c”), (6) 


(up to phase shift). Moreover, y(t) is orbitally asymptotically stable (unstable) 
if and only if c is stable (unstable) when viewed as an equilibrium of the scalar 
equation ¢ = g(a;c). 


Essential to the application of this result to specific equations is the effective 
approximation of the scalar bifurcation function g. This issue is considered in 
[14], where an inductive approximation algorithm is derived. It is shown in that 
reference that the small periodic solutions of (1) with periods 27/v and a near 
ag coincide with those of the (complex) scalar bifurcation equation 


0 = G(a;v,c) (7) 
v 2n fv ne 

= (Na) — ivje + 7- f e£. H (a; yu)du (8) 

= (A(a) — iv)e + Ms(o; v)c? + Ms(w; v)c* + M7(w; v)c? dus. (9) 


where y(t) = 2Re{cy(t)} + Eita y (t)c! +... for m < 8, is defined inductively 
according to the following algorithm: 
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1. The expansion y(t) has the form 
y(t) = Aie + Argae 4 ~~. 4 Ayre, 
where Arj = Aj,-;. 


2. y(t) = 2Re(e(t)) = Aire” + A167 ^, with Ai. = Ẹla) and e(s) = 
£(a)e"'*, 


3. Define [£- ] to be the linear map from C" to C given by 
^ n ^ 
E-h= 6h. 
j=l 


If, for l > 2, the coefficient of c! in 


l i-i 
3 Hi(o (9 5 vf eny) 
422 m=1 
is 5^; Bi, (o5 v)ej**, then 
A71 (o; jvi) Bi; (a; v) for j # +1, 
Ajla; v) = ] 
(A7 (o; vi) - zi -X6l&- D) Bri(o;v) for j = 1. 
The singularity at A = A(a), in 


aa) - sp ele] 
is removable. In particular, for h € C”, and A near A(a), we have the expansion 
Aas Ah see A = 
d- [£A (a; X(2))dl€ — ZEA” (o Ma))EIIE - HE 
+ [e= Eae Aa) + FEA læa) EA Ma) 
- FEA" os MAAE + {GEA AED? 
- FEA” ADEI ME We] (A = 39) + O(A = M@))?), 
where d € C" is any solution of 


A(a; A(a))d = h — A'(aX(a))£fÉ - A], 


and e € C” is any solution of 
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A(a; X(a))e = — A'(o5 A(a))d + A’ (a; Ala) ETEA’ (o5 A(x) d] 
+ [74 52) SEA" (50) Ar dae} A 


For details, see [14], where the first term in this expansion is derived. 

Implementation of this algorithm is obviously difficult to do by hand. We 
have choosen to perform the necessary details with the aid of the symbolic ma- 
nipulation software MACSYMA [5], [9]; see [6] for complete details. As a result, 
we obtain the following theorem, which represents an extension of Theorem 2.1 
[13], where the expansion through order 5 is presented. 


Theorem 2.2 Under the above hypotheses, there are € > 0 and C" functions 
G(a;c,v) (C -valued), y(t, o; c,v) (IR^-valued and 2x -periodic in t) defined for 
real c, |c| < e, |v — «| < e, |a — oo]|] < £, and t € R such that (1) has a 2r /v 
-periodic solution y(t) with |y| < e, |v — w| < e, and |la — aoll < & if and only if 
y(t) = y(t, o; c, v) (up to phase shift) and (a,c,v) solves the bifurcation equation: 
G(a;c,v) — 0. Moreover, y satisfies (6), G is odd in c and 


G(o; c,v) = [A -iv]e-- Ma(o; v, A) - Ms(o ; v, A) - Mz(os; v, A)" 4-O (c9), (10) 
where A = A(a), Ma(o;v, A) = E(a; A) - Na(o;v), 
Na(a;v) = 3H3(y”, P) + 2H»(9, A2,2€”") + 2H2(y, A2,0), (11) 
with p(s) = £(a)e'"* for s <0 and A22, A20 the unique solutions of 


A(o52vi) A», = Ho(¢’), 
A(a;0)A2,0 = 2H»(o, 9), 


respectively. g 
Similarly, M5 (a; v, A) = E(a; A) - Ns(a; v), where 


Ns(a; v) 22H»(o, A4,0) + 2H»(g, Aa5e?"^) + 2H2(A2,56?"* , A3167") 
+2Ho(A2 267" , A3, 3e™™) + 2H3(A2,0, Age") 
+ 3H3(p?, As, e^) + 6Ha(y, 9, Aoi) 
+ 3H3(¢?, A3 3%") + 6H3(¢, Ao, 267 ^ , Az c) 
+ 6H3(y, A256? * , Ao 5677") + 3Hs(, (A2,0)?) 
+ 12H4(o, p°, A2,56?") + 12H4(y?, 9, Azo) 
+ 4H4(y*, A256?) + 10Hs(y%, 8°), 


with As,3, A31, A4,2, A4,0 the unique solutions of 


A(a;3vi)As = Ha(?) + 2Ho(y, As,56?"*) 
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Asa = d — [ÉA'(0;3(0))4€ — IA" (o; M(o)E]Mst 
+ [e= aia + Sa"; Ea (asa) dg 
lis we, 1s we, 
- gléA(o:3(2)4k + [ (GIA la ACEN? 


- gléA" (a Aae] mag] (iv =A), 
where d is any solution of A(a;A(a))d = Na — (A'€)Ma, e is any solution of 
A(a; X(a))e = — A'(o5 Max))d + A'(o5 X(a))£[£A'(o5 A())d] 
+ [og Aa) SEA" (3): (2) Ma, 


and 
Ai = (A/I Na; Ala); i = 1,2,... 
A(a;2vi)A4,) = 2H2(y, Asie") + 2Ho(G, Asse?) + 2H2(Ao2e7”", Azo) 
+ 6Halp, $, A2,2e””") + 3H3(y?, Azo) + 4Ha", e), 


A(a;0)A40 = 2H2(y, Asie") + 2H2(, Age") + H2((A2,0)?) 
+ 2H2(Ao,2€?"", A5. 567 ?"5) + 3H3(p?, Ao, 567?) 
+ 3H3($", A2,56?"^) + 6Ha (p, P, A2,0) + 6Ha(y”, 9”). 
Finally, M7(a;v,A) = E(a; A) -N7(a;v), where at a = ag and v =w 


Nz(o; v) =2H2($, A6,2e™") + 2H2( 9, Ag,o) + 2H3(À2,2e ?"* , As,3e°”* ) 
t 2H>(Ao0,As,1€”"') + 2H2(Az3e72"", A, 4e") 
+ 2H3(A16 "*, A436?) + 2H2(Az1e”", Ago) 
+ 2H4(À456 77^, Ag 569) + 2Ho(Às 167, Ao 562") 
+ 3H3(¢", Asse?) + 6H3(@, p, Asie") 
+ 6H3(@, À»,2e ?"* , A4 40$") + 6H3(G, Azo, A426?) 
+ 6H3(¢, Aa,3e 7 ?"*, 44,2625) + 6H3(¢, Ag2e7* , A49) 
+ 6H3(p, Az,0, Aa) + 6H3(Az,2€7 7^, As o, As a, 9") 
 6Ha( Asse 9", p, A55, e") + 6Hs(9, A3, 167", Aga, e?) 
+ 3H3(¢, (Aa,1e")?) + 6H3(A2,2e7 ?"* , Ag 5 e?"* , Aa Le") 
+ 3Hs((A2,0)?, 43,16") + 6Ha(ÀAa 167 "5, p, As e") 
+ 3Hs( Aa,e 7" (A256? "*)?) + GHa(Aa,167 ^, A20, A2, 26%") 
+ 6Ha( A456 ?"* p, Ao 56?) + 3Ha( Asie" p?) 
+ 4H4((¢)*, A446") + 12H4((G)?, p, A426”) 
+ 12H4($, p°, Aso) + 12H4(()?, Azo, Asse? 7) 
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+ 24Ha(9, p, As ae I , Ag 3e") + 12H4(()”, A26? 5, Ag 1e") 
+ 24Hs(9, p, Azo, Asie") + 12H4( A256? , p°, As, e") 

+ 12H4(¢, Az 267" , (Ao 2e?"")?) + 12H4(Ẹ, (A2,0)^, 42,56?) 

+ 24H4(Àa 26? "* (o, Ao 0, Av,2€7”"') + 12Ha( Asse", yp”, Az 56?) 
+ 24H4(p, Asie", p, A256? ^) + 4Ha(¢, (42,0)°) 
 12Ha(À3,167 "5, (g^, A2,0)  AHa(A4,567 ?"*, (9)9) 

+ 20Hs(¢*, p, A3,3) + 30Hs(?, p?, Asie”) 

+ 10Hs5(¢°, (A2,2€™")?) + 60Hs(g?, p, Aa 0, A56?) 

+ 60Hs(9, A267?" , p?, A256?) + 30Hs(9, p°, (A2,0)?) 

+ 20H (As 267" p°, A5 o) + 5Hs(As se 9 i) 

+ 20Hs(2, As 675,9) + 60Hs(23, p?, A ae?) 

+ 60Hs(2?, e, Ago) + 60Hc(9, yt, A5 3672) + 35Hz(2, p^). 


In addition, A4,4, A51, As,3, Ac,o, and Ago are unique solutions of 


A(a;4vi)A4, = 2H(9, Aa, 33vi-) 4 H»((A2,26?* ?) 
+ H3(y?, Ao,56?) + Hal’), 


Asa =f — EA! f — EA" 1M, 


where f is any solution of A(o; Ma))f = Ns — (A'£)Ms, 


A(o; 3vi) As,3 22H3(9, Aa e 1") + 2Ho(p, Aa oe?) 
+ 2H3(A2,, Aa,36? 5) + 2H2(A2,56?"* , As, 1e") 
+ 6Hs(9, p, Asse? *) + 3Hs(g?, As, ie") 
+ 3Hs($9, (Az,2e7")”) + 6H3(y, A2,0, A256?) 
+ 12Ha($, p°, Ao,2e7”") + 4Ha(p*, A2,0) + 5Hs(P, v), 


A(a;0)A6,o = 2H2(¢, As,1e’") + 2H2(Az,2e72"", A4 56?) 
+ 2H2(A2,0, A0) + 2H2(Àa,3e 9" * , Ag se9"*) 
+ 2H2(Asie~”*, A3,1e"") + 2H»(ÀA4,56 75, 42,53€?" *) 
+ 2Hy(As,167 "5, p) + 3H3(P", As, 56?) 
+ 6Hs(9, p, Aso) + 6Ha(, Ao,2e 7 * , Ag ge" *) 
+ 6H3(¢, A2,0, Aa,1e 5) + 6Ha(À2,26 ?"* , p, Aa 1e") 
+ 6Ha(À2,56 7? , A2 o, A256?) + 6Ha( Asse 2", p, Ao 56? "*) 
+ 6H3(, As16 7" , A2,2€”™) + Ha((A2,0)°) 
T 6H3(A3,1 eu e, A20) + 3Ha( 44,56 ?"* ; e?) 
+ AH4(3, Age?) + 12H4(¢?, p, Ag 1e") 
+ 12H4(2?, A20, A226?) + 24H4(G, Ao, 56 "^ , p, Az 567") 
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+ 12H4(¢, p, (A2,0)?) + 12H4(A2,26 ^ ?"* , yp, A2,0) 
+ AHa( Asse 95, p°) + 12H49, Asie p?) 

+ 20Hs(?, p, A» 2e?) + 30Hs(9?,?, A.) 

+ 20Hs(g, À»,5e ?"* , p?) + 20Hs(9?,?), 


A(a; 2vi)As,) = 2H2(9, Asse?) + 2H2(y, Asie") 
+ 2H2(À52e^?"* , A4 461) + 2Ho(Az0, Aa 5e?) 
+ 2H3(A5,5e?"*, Ago) + 2H2(Agie~”*, A33e°”") 
+ H2((As,1e")”) + 3Hs(e?, As 46*"*) 
+ 6H3(9, p, Age", ) + 3H3(”, Ago) 
+ 6H3(Ẹ, Azo, A3, 3€™") + 6Ha( Ao 267 ?"* , p, Asse?) 
+ 6H3(G, Aore?”*, Ag 1e") + 6Ha(A2,0, p, Asie” ) 
+ 6H3(p, Àsie7 "5, A2,2€™™) + 3H3((A2,0)?, Az56? ^) 
+ 3H3((Ao,2€2""")?, Aa. 267") + 12H 4(G", p, As ae?) 
+ 12H4(9, p°, Age") + 6Ha(P?, (A256? )?) 
+ 24H4(¢, p, Az,o, 42,56?) ze 12H4(À5 207 ?"*, 92, A3 56?) 
+ 6Hí(g?,(A2,0)?) + AHa(A3,67 5,9?) 
+ 20Hs(9, p”, A2,0) + 30Hs(?, 9”, Az oe?) 
+ 5Hs(A2,567?"* p*) + 15H6($, ^). 


Assuming A(a) = p(a)+iw(a), the real and imaginary parts of G(a;c,v) = 0 
become 


0 = u(o)e + Re{ M3(a; v, A) }c* + Re{Ms(a;v, A)}c® 


+ Re{M7(a; v, A)}c" + O(c), (12) 
v = w(a) + Im(Ms(o; v, 3))c? + Im(Ms(o; v, A) }c# 
+ Im(Mz(o;v, A))c5 + O(c?), (13) 


for c# 0. 

The following theorem (proved by iteration on equation (13) and elimination 
of variable v) relates the real bifurcation function g of Proposition 2.1 to the 
complex bifurcation function G of the previous theorem. 


Theorem 2.3 The reduced bifurcation equation for higher order bifurcations is 
given by 


0 = g(a;c) = p(a)e + Ka(a)c? + Ks(o)e? + K7(a)e’ + O(c’), (14) 


where 
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Ks = Re(Ms(ai(a), (2), 
Ks = Re{Ms(a;w(a), A(a))} + Ref (Ma(a; v, X)))lmuto)) * a 
Ky = Re(Ms(asii(2), A(a))} + Ref- Č (Ms (a5 v, Ma)))lecutaph te 
Rel 2 (Ms(asv, A(a)))lvsw(o)} tt 
+ $Re{ 2 Mala; v a)l} = (02)? 


and 


£ 
N 


=Im{M3(a;w(a), A(a))}, 
=Im{M5(œ;w(a), Mo))) 


+ Im{ (Ms(a; v, A(a)))lv=w(a)} : Im{M3(a;w(a), A(a))}. 


€ 
A 


The analysis of a particular equation then rests on identifying the critical 
parameter ag and the associated characteristic values and vectors, computing 
the terms in the expansion of the bifurcation function G in Theorem 2.2, then 
the evaluation of the expansion of g from the previous theorem. See [6] for 
a MACSYMA - based implemetation of these formulas for scalar functional 
differential equations. A FORTRAN -based approach (numerical evaluation of 
Ka and Ks) for systems is described in [2]. Only under very special circumstances 
can one hope to apply such a lengthy algorithm by hand calculation. However, 
in some important situations, many of the higher order terms H; are identically 
zero causing significant simplifications. One such situation is that of equations 
with odd nonlinearities. 


Corollary 2.4 Under the above hypotheses, if H is odd there are € > 0 and C" 
functions G(a;c,v) (C -valued), y(t,o;c,v) (IR"-valued and 2r -periodic in t) 
defined for real c, |c| < €, -w| < e, ||a — aol| < &, and t € R such that (1) has 
a 2r /v -periodic solution y(t) with |y| < e, |v — w| < e, and ||a — ao|| < € if and 
only if y(t) = y(t, o; c,v) (up to phase shift) and (a,c,v) solves the bifurcation 
equation: G(a;c,v) — 0. Moreover, relation (6) holds, G is odd in c, and 


G(a;¢,v) = [A—- iv]ct- Ma(o; v, A)e? ++ Ma(o; v, Aj -- Mz(o; v, A)c7+ O(c"), (15) 
where A = Ma), Ms(a v, X) = £(0;3) - Nala), 

N3(a;v) = 3Hs(e^, F), (16) 

with p(s) = £(o)e!"* for s < 0. Similarly, Ms(a;v, A) = Ela; A) Ns(a; v), where 


Ns(o;v) = 3H3(y?, Aa e^) + 6Ha(¢, 9, Asie") 
+ 3H3(¢", Asse") + 10Hs(¢*, g’), 
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with Ag3,A31 the unique solutions of 
A(a; 3vi)A3,3 =H3(y*) 
Asa =d — [£A (a; N(a) dé — [EA (as X0) Mat 
n Ts A 
+ [e EAA + 516A" (as Ma))e] £a o; X04 
1,> 1, 
- ZIA" (e Made + (GÉA" (o: Maye" 
" cA" (o; (ape |t] (iv — A(a)), 
where d and e are any solutions of 
A(a; A(a))d = Ns — (A'€)Ms, 
A(a; Ma))e = —4' (a; A(a))d + A’(a; Ma) )E[EA’(a; X(2))4] 

+ {Zara Maye + FEAE AEA a5 Aa) ) Ms 
and A = (0 A/8X)(a;M(o));i = 1,2,3. Likewise, Mz(o;v,À) = E(a;A) - 
N7(a;v), where at a= ag and v = w 

Nr(a;v) = 3Hs(£, Asse?" ) + 3H3($, p, Asie") 
+ 6Ha( Asse 9", p, A33, e") + 6Ha(¢, Ase", Ans, 69") 
 3Hs(9, (As1e 5 )?) + 6Hs(As,167 p, As ie") 
t 3Hs(As31e7 "5, e?) + 20Hs(¢°, P, A3,3) 
+ 30H5($”, p’, As1e" ^) + 5Hs( Asa ae "^, ip) 
+ 20Hs(9, As e", p*) + 35H7(*, e^), 


and : 
A(a; 3vi)As.s = 6Hs(o, P, A3, ae?" ^) 


+ 3H3(¢”, A236") + 5H5(9, e^), 
Asa = f — ÉA'fE — 5 IEA" Ms, 
where f is any solution of A(a;A(a))f = Ns — (A'E) Ms. 


Example 2.5 The case of integrodifferential equations 


j= adto [ f ATOLO 


where g(y) = y + hay? + hay? + ... illustrates the type of results obtainable, 
and their complexity. The previous results imply that K3(a;w) = e:(a,w)h3 + 
co(a,w)h2, with cı and cp computable functions of the bifurcation parameters 
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a = (01,02) and frequency w. (See [12] for an examination of the generic case in 
greater detail, and a derivation of conditions under which K3 = 0 for all choices 
of hz and ha.) Similarly, one sees that K will be a linear combination of the coef- 
ficient combinations hs, hzh4, h3h2, h2, and h4, while K7 will be a linear combi- 
nation of the eleven terms hz, hsha, hsh3, hahoh3, hah3, h2, h2h2, h3, hahi, 
h$ and hohg. These reduce greatly in the case of odd nonlinearities since 
hz = h4 = he =0. 


3 Scalar delay-difference equations 


In this final section we will consider the scalar delay difference equation 


a(t) = f(z(t), z(t — 1)) (17) 
= az(t) + z(t — 1) + h(z(t), z(t — 1) 


where A(z, y) = a2z?--bzy-- coy? -asz? -b327 y-F cz y? +d3y>+. . . is assumed to 
be smooth. Our goal is to illustrate the results of the previous section and provide 
insight into the nongeneric bifurcation structure for this important equation. 

The analysis of the linearized equation Z(t) = az(t) + 8z(t — 1) is found in 
[7]. With A(a, 8; A) = A — a — Be-? one easily identifies the line a + £ = 0 to 
characterize those parameter values at which A — 0 is a characteristic root. Simi- 
larly, substituting À = iw into the characteristic equation and separating the real 
and imaginary parts leads to the parametrization f = B(w) = —w/sin(w); a = 
&(w) = —B(w) cos(w) characterizing those parameter values along which there 
are (simple) imaginary root pairs À = +iw; w > 0. The interval 0 < w < v gen- 
erates the remaining boundary of the region §2_ of parameter values at which all 
characteristic roots have negative real parts. This region contains the negative 
half-axis a < 0,8 = 0, and is pictured in Figure 5.1 (page 109) of [7] subject to 
the elementary change of variables a = —a,b = —G, and r = 1.. See Section 2 of 
[12] for generalizations. 

Along the imaginary root curve the usual transversality criteria are easy 
to verify, and at (@(w), @(w)) all characteristic roots other that A = +iw have 
negative real parts. The representation of the higher order terms h(z(t), z(t— 1)) 
in terms of symmetric, multilinear functionals is trivial, allowing one to apply 
Theorems 2.2 and 2.3 directly. The generic bifurcation constant K3 = K3(w) 
with a = G(w), B = B(w) is seen to take the form 


K3(w) =Cazaz(w)a5 T Ca;b; (t )a20» + Chaba (w)b3 
T Case; (w)azc2 + Coney (Ww) cy + 65e; (w)boce 
+ Ca,(w)ag + cp,(w)b3 + cc, (w)es + ca, (w)d3 


where by direct (but symbolically assisted) computation 
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Ca, (w) = 3sin(w)(sin(w) — w cos(w))/Di(w) 
ca, (w) = sin(w)(3cos(w) sin(w) — 2w cos(w)? — w)/ Di (w) 
Cc, (w) = (—3w cos(w) sin(w) — 2 cos(w)* + cos(w)? + 1)/Di(w) 
Ca,(w) = 3sin(w)(cos(w) sin(w) — w)/ Di (w) 
Caza, (v) = 2(cos(w) + 1)[3(2 cos(w) + 3) sin(w) 
— w(cos(w) + 2)(4 cos(w) + 1)]/Do(w) 
Caba (w) = (cos(w) + 1)[3(2 cos(w) + 3)(3 cos(w) + 1) sin(w) 
— w(8 cos(w)? + 26 cos(w)? + 19 cos(w) + 7)]/Do(w) 
Chata (w) = (cos(w) + 1)?[(4 cos(w)? + 10 cos(w) + 1) sin(w) 
— w(8 cos(w)? + 4cos(w) + 3)]/Do(w) 
chaea (w) = — (cos(w) + 1)[(8 cos(w)* — 8 cos(w)? 
— 32cos(w)? — 19 cos(w) — 9) sin(w) 
— w(4 cos(w)? — 20 cos(w)? — 37 cos(w) — 7)]/D2(w) 
Ceac (W) = — 2(cos(w) + 1)[(4 cos(u)? — 4 cos(w)? — 13 cos(w) — 2) sin(w) 
— w(2cos(w)? — 6 cos(w) — 11)]/Do(w) 
Caze,(w) = 2(cos(w) + 1)?[3(2 cos(w) + 3) sin(w) — w(8 cos(w) + 7)]/D2(w) 


where 
Di(w) = sin(w)? — 2w cos(w) sin(w) + w? 
D2(w) = w(4cos(w) + 5)(sin(w)? — 2w cos(w) sin(w) + w°). 


Along the curve 0 < w < 7 the scalar equation ¢ = pe + K3(w)c? completely 
characterizes the generic Hopf bifurcation structure of the equation (3.1). For 
example, as the coefficients ca (w) > 0 and ca,(w) < 0 for w in that interval, 
increases in the corresponding coefficients a3 and dz are seen to have destabilizing 
and stabilizing effects, respectively, on the equilibrium z = 0 at criticality, as 
well as on nearby Hopf bifurcations. 

The special case w = 7/2 is of particular importance. With a = 0 and 
B = —7/2 one computes 


K3(x/2) = 2[2(es + 3as) — (bs + 3d3)]/(2? + 4) 
+ 4[4(9 — 7)a2 + (2 — 30)? + 2(4 — 110) c3 
+ (18 — 72)(azb2 + 2a2c2 + b202)]/(57 (7? + 4)) 


This extends Example 4.1 of [13]. Again the effects of the coefficients 
45,05,..., da on the stability of Hopf bifurcations can be easily deduced. Where 
K3(w) = 0 (a cone in (a2, b2,c2) space), one must compute (at least) Ks(w) to 
fully understand the bifurcation structure for (17). This can be accomplished 
symbolically/numerically without serious difficulty. We illustrate this point by 
considering the quadratic delay difference equation 


a(t) = ax(t) + Bx(t — 1) + azz? (t) + boz(t)z(t — 1) + cz? (t — 1). (19) 
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For such an equation, one might consider asking an analogue of Hilbert’s 16^ 
Problem: How many simultaneous periodic orbits can this equation support? 
While this question is clearly difficult, our results of Section 2 shed light on 
the number of small periodic orbits that can be created via Hopf bifurcation at 
z=0. 

Using the quadratic nature of (19), we can normalize the coefficients of the 
higher order terms as az = cos(¢) , b = sin(¢)sin(@) and cz = sin(¢) cos(0), 
with 0 < ¢ € $;0 € 0 < 2r now defining our parameter space (w fixed). An 
examination of the results of the previous section shows that the Ks and K7 
are homogeoneous polynomials of degree 4 and 8, respectively, in the variables 
45,05, c9, the coefficients of these polynomials again being functions of w. As 
these polynomials and their coefficients are quite complicated we will restrict 
our attention to specific selections for w, and identify the curves Ks = 0, K7 = 0 
by numerical evaluation. 


Figure 3.1 depicts the situation at w = 7/2. Each of the coefficients 
K3, K5, K7 are observed to be positive for ¢ = 0 (corresponding to az = 
1,62 = c2 = 0). A careful examination of these curves reveals that there are 
no simultaneous solutions of K3 = Ks = K7 = 0 other than the trivial case 
az = by = cp = 0. (The apparent simultaneous zero near ¢ = .9,0 = 1.5 is an ar- 
tifact of the low graphics resolution and large scale). Thus K3 = Ks = 0 implies 
K7 # 0 and consequently at w = 7/2 the complete Hopf bifurcation structure 
for (17) can be described by the normal equation é = pe + Kac? + Ksc? + Kzc? 
with u, K3, Ks 2 0; K7 £ 0. We conclude that the equation 


z(t) = Bz(t — 1) + agx?(t) + box(t)z(t — 1) + coz? (t — 1). (20) 


for B zz —7/2 can support at most three small periodic solution families bifur- 
cating from z = 0. 


A similar numerical analysis at other selected values of w suggests this be- 
havior to be generic for (19). However, by an examination of the crossing orders 
of the curves K; = 0;j = 3,5,7 and observing their apparent continuity in w, 
we are lead to conclude the existence of at least one value of w in the inter- 
val (27/3,32/4) at which K3 = Ks = K7 = 0 nontrivially. At such a value, a 
complete resolution of the Hopf bifurcation structure for (19) would require (at 
least) the computation of Ks. Such a computation, while theoretically within 
the scope of the algorithm of [14], would be a nontrivial task likely requiring 
careful partitioning of the calculations and hundreds of hours of cpu time on a 
current SUN or VAX-like workstation. 


See [6] where Corollary 2.4 is used to derive analogous computations for 
Ka, Ks and K7 for (17) when h(z(t), z(t — 1)) is assumed to be odd. 
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Fig. 3.1. Zero sets for Kj, j=3,5,7 
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The Forced Spherical Pendulum Does Have 
Forced Oscillations 


Massimo Furi! and Maria Patrizia Pera? 


! Dipartimento di Matematica Applicata, Università di Firenze, Via S. Marta, 3 - 
50139 Firenze 
? Dipartimento di Matematica, Università di Siena, Via del Capitano, 15 - 53100 Siena 


Consider the differential equation 


Ölt) = f(69()), t€R, (9) 


where f : Rx R — R is continuous, T periodic with respect to the first variable 
and 27-periodic with respect to the second one. Because of the 2z-periodicity of 
f with respect to 0, (*) can be regarded as a second order differential equation 
on a circle S!. It is in fact the motion equation of the forced planar pendulum 
(without friction). That is, a mass point (of mass one) constrained on a circle 
(by a weightless rigid rod, for example) and acted on by a T-periodic (normal 
to the rod) force f. Clearly, a solution 6(-) of (*) is a forced oscillation (i.e., a 
periodic solution on S! of the same period as that of the forcing term) if and 
only if it satisfies the periodic boundary conditions; 


6(T)—0(0) = 2kx, for some k € Z 
{ 6(T) — 6(0) = 0. 


It is known that (*) may not have forced oscillations, unless f satisfies some 
suitable assumptions. To see this observe that any non-vanishing autonomous 
tangent vector field on S! may be regarded as a periodic forcing term of any 
arbitrary period. Clearly, in this case, there are no periodic oscillations, since 
the energy of any solution of the motion equation is unbounded as t — --oo. For 
an extensive survey paper on the forced ordinary pendulum we recommend [6]. 

The above argument, however, does not work for the spherical pendulum. 
In fact, in this case the constraint is the 2-dimensional sphere S? and, as a 
consequence of the Poincaré-Hopf theorem, any tangent vector field on the sphere 
vanishes somewhere. So one gets equilibrium points, which can be regarded, of 
course, as periodic solutions (of arbitrary period). 

In [4] we made the conjecture that the spherical pendulum (or, more gen- 
erally, a constrained system, whose configuration space is a compact smooth 
manifold with nonzero Euler-Poincaré characteristic) admits forced oscillations 
even in the non-autonomous case, i.e., when it is excited on by a time periodic 
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force. In [4], and independently in [2] with completely different methods, it has 
been proved that if the coefficient of friction is non-zero than the forced spherical 
pendulum (or more generally, a compact constrained system with nonzero Euler- 
Poincaré characteristic) does have forced oscillations. Moreover, in [2] V. Benci 
and M. Degiovanni proved that in the case when the exciting force is sufficiently 
small the system admits forced oscillations (even in the frictionless case). An- 
other interesting result related to this argument has been obtained by V. Benci 
in [1], where he proved the existence of infinitely many forced oscillations for 
a system whose constraint is a smooth manifold with finite fundamental group 
(recall that (S?) is trivial), provided that the force admits a time periodic 
Lagrangian satisfying certain physically reasonable assumptions. 

Our aim here is to prove that the forced spherical pendulum has forced 
oscillations even in the frictionless case, in spite of the fact that, because of 
the presence of closed geodesics, a priori estimates for the speed of the forced 
oscillations cannot be established. 

A crucial idea for our proof is to use the concept of the classical winding 
number in order to assign, in a continuous and canonical way, to any periodic 
orbit with sufficiently high speed, an integer, which, roughly speaking, counts 
the number of rotations the mass point makes in a subset of the sphere obtained 
by removing two appropriate antipodal points (which depend only on the given 
orbit). To get the proof, this idea is combined with a global (Rabinowitz type) 
bifurcation result for parametrized forced constrained systems recently obtained 
by the authors in [5]. 

We point out that the concept of winding number has been recently and 
successfully used in a joint interesting paper by A. Capietto, J. Mawhin and F. 
Zanolin in order to obtain existence results and information about the structure 
of the set of solutions of a parametrized forced first order system in R” (see [3]). 
Their integer, however, depends on the choice of a two dimensional subspace 
of R^ and indubitably the strong geometric properties of the sphere cannot be 
used in that general case. 

In what follows the inner product of two vectors v and w in R? will be 
denoted by (v, w), the vector product by v x w and |v| will stand for the euclidean 
norm of v (i.e. |v| = (v, v) ?). 

Consider a (frictionless) forced spherical pendulum, that is a point of mass m 
suspended by a rigid weightless rod of length R and acted on by a time-periodic 
force which we assume to include the force of gravity. The configuration space 
of this problem is the two-dimensional sphere 


S = {4 E R? :|g| = R}. 


The motion of this constrained system is described by the following second 
order differential equation on S 


mi(t) + m(|z(£)?/ R)z(t) = f(t,z(t), t€R, z(t)eS (1) 


where f : R x S — R? is a T-periodic (T > 0) continuous forcing term which 
may be assumed to be orthogonal to the rod (just replace f(t,q) with f(t,q) — 
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((q, f (t, q))/ R?)q, if necessary). The term r(g,v) = m(|v|?/ R2)q is the reactive 
force (or force of constraint) at q € S corresponding to the velocity v € T,S, 
where 

TS = (v € R2 : (q, v) = 0) 


denotes the tangent space of S at q. 
Theorem 1. The equation (1) admits a forced oscillation. 


The proof will make use of Theorem 2 below, which is a special case of 
a global bifurcation result recently obtained by the authors in [5] in the more 
general context of a constrained system whose configuration space is a compact 
boundaryless manifold with nonzero Euler-Poincaré characteristic. 

In order to state Theorem 2 we need some preliminaries. 

Consider in S the parametrized motion equation 


m2(t) + m(|z(t)|?/R?)z(t) = M(t,z(t), te€R, A20 (2) 


Let CŁ(S) denote the metric subspace of the Banach space (C7-(R¥), |] - Ih) 
of all the T-periodic C! maps z : R — S. An element (4,2) € [0, 00) x C}(S) will 
be called a solution pair of (2) provided that z is a solution of (2) corresponding 
to A. 

Let X denote the subset of [0,00) x C7(S) of all the solution pairs of (2) 
and observe that, because of Ascoli's theorem, X is a locally compact closed set. 
Clearly, any element q € S is an equilibrium point of (2) corresponding to the 
value A = 0 of the parameter. So, S can be considered as a subset of X just 
taking the embedding which assigns to any q € S the trivial solution pair (0, q). 
We shall call S the trivial-solution's manifold of (2). A nontrivial solution pair 
will be an element of X\S. 

We observe that not all the solution pairs of the form (0,z) are trivial. In 
fact, there are infinitely many T-periodic solutions of the inertial equation 


mi(t) + m(|#(t)|2/R2)2(t) = 0 


spinning along any given maximal circle of S (necessarily, with constant speed 
u = 2kr R/T, k = 1,2,---). Consequently, the forced oscillations of (2) are not a 
priori bounded in the C! norm when A ranges in the interval [0, 1]. This makes 
the classical continuation methods hard to be applied in this situation. 


Theorem 2 The parametrized equation (2) admits an unbounded connected 
branch of nontrivial solution pairs whose closure meets the trivial solution’s man- 


ifold S C [0,00) x C}(S). 


The following two lemmas provides some inequalities directly involving the 
mechanics of the considered motion and will be crucial to prove our result. 


Lemma 1 Let z : R — S be a T-periodic solution of (2) corresponding to a 
given À > 0. Let u(t) = |z(t)| and F = max(]f(t,4)| : t € R,q € S). Then the 
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norm of the momentum vector p(t) = mz(t) is a Lipschitz function with constant 
AF. So, in particular, for any t1,t2 € R., one has 


mju(t2) — u(ti)| < AFT. (3) 


Proof. Since z(-) satisfies the differential equation (2), if u(t) # 0, one has 


mu(t) = m(z(t), (t))/u(t) = (z(t), AF (t, 2))/w(t). 


Thus, |mu(t)| < AF for all t € R. such that u(t) £ 0. 

Now, let t1,t2 € R. with tı < t2. If u(t) # 0 for all t € (t1,t2), then the 
inequality (3) is obvious. Otherwise, without loss of generality, we may assume 
u(t1) € u(t2) and u(t2) > 0. Let c = max(t € [t1, t2] : u(t) = 0). Then, since the 
function u is nonnegative, one obtains 


m|u(t;) — u(ti)| € mu(t2) = m(u(t2) — u(c)) € AF |te — c| € AF [te — ti]. 


QO 


Lemma 2 Let z(-), u(-), F be as in Lemma 1. Assume that mu(t) > AFT for 
each t ER. Take r € R. and let a be the straight line through the origin spanned 
and oriented by the vector product z(T) x z(r). Denote by p(t) the distance of 
z(t) from the a-azis. Then, for any t € R. the angular momentum M,(t) with 
respect to the a-azis is such that 


(mu(r) — AFT)R € Ma(t) € (mu(r) + AFT)R (4) 
Moreover, the distance p(t) of z(t) from the a-azis satisfies the inequality 
mu(r) — AFT 
> oe. 
pt) > mu(r) + Voie (5) 


So, in particular z(-) lies in S\q. 
Proof. Since Ma(t) is the projection of the angular momentum z(t) x mz(t) onto 
the a-axis, one has 

Ma(t) < mp(t)u(t), for all t € R, 


and 
Ma(r) = mRu(r). 


Moreover, 


IMa(t)| € APHIS, 2(2))| € AFR. 
Therefore, for any t E R, 


[Ma(t)— Mato) - | f Ma(s)del < AFRT, 


so that 
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(mu(r) —- AFT)R € M,(t) € (mu(r) + AFT)R. 
Now, by applying the inequality (3) to t and r, one obtains 
(mu(r) - AFT)R € Ma(t) € mp(t)u(t) € (mu(r) + AFT) p(t) 


which implies 
mu(r) - AFT 
at) 2 mu(r) + AFT ^ 
Oo 


The following lemma turns out to be useful in the proof of our existence 
result (see [5]). 


Lemma 3 Let C be an unbounded closed connected subset of a metric space Y. 
Assume that any bounded subset of C is relatively compact. If Yo is a bounded 
closed subset of Y which intersects C, then there exists an unbounded connected 
subset C of C\Yo whose closure intersects Yo. 


We are now in a position to give the 


Proof (of Theorem 1). Let us associate to equation (1) the parametrized forced 
equation on S 


mi(t) + m(lz(t) / P)z(t) = M(tz(t)), t€R, A20. (2) 


By Theorem 2, the equation (2) admits an unbounded branch X C [0, c0)xC}(S) 
of nontrivial solution pairs (A, z) of (2) whose closure intersects S. We will prove 
Theorem 1 by showing that X must contain a solution of the form (1, x). Suppose 
not. Thus X is contained in [0, 1) x C}(S). So, necessarily, its projection onto 
C}(S) is unbounded. Let us prove that this leads us to a contradiction. 

We say that a curve z € CH(S) is admissible if, for any r,t € R one has 
z(r) # 0 and p(t) > 0, where p(t) denotes the distance of z(t) from the axis 
through the origin spanned by the vector product x(r) x z(7). It is evident that 
the set of all the admissible curves is an open subset of C}.(S). We will assign, in 
a continuous manner, an integer to any admissible curve and we will show that 
forced oscillations with sufficiently high energy are admissible. 

Observe first that, because of the T-periodicity, any curve z € C}(S) can be 
considered as defined on the unit circle S! of the complex plane by identifying t 
with exp(2rit/T). Moreover, if z is admissible and 7 € St, we have 


(y(r), z(£)? + (z(7),z(0)* = p(t)? » 0, for all test. 


where y(r)/|z(7)| and z(r) = z(r)/|z(r)|. So, we may consider the map z; : 
S! — S! given by 


(y(7), 2() + i((2(7), 2 (0) 


Tr (t) = 5 : 
(y(r), x(t))? + (2(7), 2(¢))? 
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Clearly, the Brouwer degree deg(x,) of z+, because of the homotopy property, is 
independent of 7) (see e.g., [7]). Hence the integer i(z) = deg(z,) is well defined 
and will be called the indez of the admissible curve z. Again for the homotopy 
property of the degree, the index is a locally constant function defined on the 
open set of all the admissible curves. Moreover, it is well known that the degree 
of a map ø : S! — S! coincides with the winding number of the closed curve c 
around the origin. So, since z, is C1, one has 


T . 
ie) =z | 0a. 


where $(t) = arg(z.(t)). 

Now, since S is bounded, Lemma 1 implies the existence of a constant M > 0 
with the property that if z(-) is a forced oscillation of (2), with ||z]li > M and 
corresponding to some À € (0,1), then m|z(t)| > FT for all t € S!. So, by 
Lemma 2, the curve z(-) is admissible. To evaluate i(r), observe that, given 
T € S!, the rate of change of the angle ¢(t) = arg(z.(t)) is given, with the 
notation of Lemma 2, by $(t) = Ma(t)/mp?(t). Hence, from (4) one obtains 


; (m|z(r)| - AFT)R _ m|z(7)) - FT 
é(t) > T ED 2 Am ’ 


so that 
m|z(7)| - FT 


mR 
Consequently, since S is bounded and 7 arbitrary, one can find two constants 
a,b > 0 such that the inequality 


i(z) 2 allz|hi — b (6) 


i(z) > (T/2n) 


holds for any forced oscillation z of (2) corresponding to some A < 1, provided 
that ||z||, > M. 

Let us now go back to our branch X. Denote by C the closure of X in the 
space Y = [0,1] x C}(S) and set 


Yo = (0,2) € Y :|lzll: € MJ. 


Ascoli's theorem shows that any element (A,x) € C is still a solution pair and 
any bounded subset of C is relatively compact in Y. Moreover, the intersection 
CNYp is nonempty, since, by Theorem 2, C meets the subset S of Yo. Therefore 
Lemma 3 applies to get an unbounded connected subset Č of CA Ys. It is clear, 
by the definition of Yo, that any forced oscillation z in the projection I' of C 
onto C}(S) is such that |{z||, > M and, consquently, admissible. Now, since I" 
is connected, the index, which is a continuous integer valued function, must be 
constant on I’. Therefore, from the inequality (6), one obtains that I' cannot 
be unbounded. This contradiction shows that there exists zo € C}(S) such that 
(1,29) € X, as claimed. B 
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Abstract 


We extend study of regularity properties of elliptic operators (c.f. [2]) to second 
order operators on domains bounded by finite numbers of hyperplanes. Previous 
results for Euclidean space and the symmetry of the domains are exploited to 
obtain resolvent bounds. Corollaries include semigroup generation, essential self- 
adjointness, and regularity of eigenfunction expansions for such operators. The 
present work provides basic results aimed at extending regularity information for 
partial differential operators (especially with singular coefficients) to a general 
class of operators in domains with boundary. In one dimension these results 
encompass a body of work in Sturm-Liouville theory on the half-line. 


Introduction 


In this note we study regularity properties of second order elliptic operators on 
certain domains of R”. This work is part of a program directed at ascertaining 
behavior of elliptic operators (with possibly singular coefficients) on domains, 
through study of resolvent kernels and other functions of such operators. In [2] 
and [3] regularity properties are derived by bounding resolvent kernels with L! 
convolution kernels. 

Here we consider analogous results for Schrödinger operators A = —A + b(z) 
on domains I’ C R^ of the form I’ = (R*)* x R?-*, i.e. regions bounded by 
a finite number of hyperplanes z; = 0 (j = 1,..., k). We study the resolvent 
kernel (Green function) (( — A)! for operators A under Dirichlet and Neumann 
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boundary conditions. A consequence is a variety of results concerning A, includ- 
ing L?-spectral bounds, closedness, semigroup generation, and summability. 

Our results (in particular their consequences for eigenfunction expansions) 
specialize in one dimension to results in Sturm-Liouville theory (see for instance 
[5], [4]). In particular, a body of work in spectral theory and summability for 
Sturm-Liouville operators on the half line is subsumed in the summability, self- 
adjointness, and semigroup results here (note that a half line is an example of 
the domains under consideration). 

Results similar to ours have been previously obtained in various situations 
without boundary, e.g., for Schrödinger operators on R”, elliptic operators on 
compact manifolds, and perturbations of elliptic operators on R” (([2],[3]) to list 
some. Little has been previously known (in the direction of the present results) 
regarding operators arising from boundary value problems. The limitations of 
what might be called standard approaches correspond to difficulties in construc- 
tion of the resolvent kernel even for the unperturbed operator Ag = —A. We 
circumvent this by exploiting symmetries which allow explicit construction of 
the free resolvent kernel (C + A)7!, and then the full kernel as a perturbation 
of the free resolvent. Indications are that our results extend qualitatively to the 
general situation involving an elliptic operator in a (not necessarily compact) 
domain with boundary. 


1 The unperturbed resolvent kernel 


Let Ao denote (—A) on T, with boundary condition 
aju + B;O,u — 0 (M) 


on the hyperplane z; = 0, j = 1,2,...,k. Here (oj, 8;) = (0,1) or (1,0) for 
each j, and ôn denotes the normal derivative on OF’. Clearly, (M) includes both 
Dirichlet (ular = 0), and Neumann (nular = 0) boundary conditions, which 
may differ on different parts of the boundary. 

We denote by G? = Gee, y) the resolvent kernel of Ap and by R = R((z,y) 
that of —A on all of R^. The kernel Rç is well known, being for each complex 
€, Reç <0 a convolution kernel R¢(|z — y|), with 


meh = [eS (ant Bat, (1) 


a radial function. It is shown, e.g., in [3] that, uniformly for | argC| > ĉo (for any 
given ĝo > 0), R¢ can be written as an L!-dilation 


Re(l2|) = 0*7 Re(yplzl, p= KI (2a) 


of the radial function Rg (0 = arg¢), which is estimated for n > 2 by 
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c (EI. (G-lgilifn=3; lfs] 


| sin £| en visin £st ? 
I F 
zr 


; de 1 
(2b) 
with s > atl t= Bl +s >n, any y < 1, and a constant C = C(y,s). For 
our purposes it is significant that hg is in L!, and is radial and monotonically 
decreasing. 

To express the resolvent kernel G°? for the domain I in terms of R we can 
use standard reflection principle arguments. For convenience we use the following 
notation: let € = (e1,...,€x) be a k-tuple with entries +1; sgn € = IE ej. Each 
vector z € I” will be written as a pair (z^, z^) with z' € (R.*)*, z” € R"-*, and 
«(z) will denote the point (e12,,...,€xz4; z") c R^. 

We introduce b; = f; — aj, (j = 1,..., k) and denote by {c,}, the coefficients 
in the formal expansion of the product 


[Re (|zD)] € he(Iz]) = 


k 
IIte5685e*)25 7 ac*;. 02 (n, 22 
j=l € 


the summation is over all e, and € - x denotes a dot product. Then standard 
reflection principle arguments yield the representation 


G2(2,y) = Y eR - ely). (3) 


Indeed, it is easy to check that G?(z,y) solves the Green function equation, 
and satisfies the boundary condition (M). Thus G? is a linear combination of 
*convolution-type" kernels. 


2 Resolvent of the perturbed operator 


We now construct the resolvent G = G((z,y) of the operator A = —A + b(z), 
with the perturbation series identity (cf. [5], [2]) 


G-G? Y (60%). (4) 


k=0 


Above, b denotes the operator consisting of multiplication by b(z). 

The k'^ term of (4) is a composition of convolution-type kernels G^ and 
multiplications with b(z). The problem of analyzing (4) reduces to the Euclidean 
case R”, by the following extension procedure. We extend each function f on T 
to all of R” by setting 


fz)-ef(z) Ye, zer. 


Obviously, the subsets {e(l}}e disjointly partition R”. Hence Ilion ~ 
lfllzeqry and by (3) 
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G*(f) 2 R* f. 
with convolution on all of R” , where above R = Re. Now we proceed to establish 


the following: 


Theorem 1 Let b(z) € L + L? on R” or on the quotient T/L, where L is a 
subspace of R^, dimR^/L =m. Let 2 < 2. Then 


I) For Ç outside 1 = = pe'® : dip. < 15, a parabolic domain 
p 


[sin £|^7^ 
about R+, the operator b(¢ — Ao)! is bounded in all LP(D), 1 € p € r, and its 
norm is estimated by 


bG2(F)Ilp < ane ll 


where d= Œ <1, and s > PH, ( = pe. 


(II) The geometric series (4) converges absolutely for all in the complement 
of 22 = $ ( = pe? : NUT La « j and defines an integral kernel G((z, y) 


| sin £m 
which admits the bound 


IGc(z,y)| € C(p,0)p3~* he(/plz — yl); 
with hg given by (2a) and 
BÉ-UX- 
C(p,¢) = -2 (i-e p oS 
|sin 5|* |sing|* 


(IID) If C € Ra, then for all L?-spaces, 1 < p < r, G; is the resolvent of 
A=-A+0(z) in P. 





Proof. We first prove II by considering the perturbation series (4). By writing 
out the kernels of the terms in (4) we conclude that the j*^ term L; = G°(BG®) 
has kernel 


Le.) = Yoo f... f Re- o GO GORG ~ e(z) 


.b(z;) R(zj — ejqi(y))dzi ...dz;. 


The summation above is over all tuples of reflections € = (€1,...,€m41) (that is, 

NE : 1 

it is a sum over the variables &4,€5,...,€m41), Cz = IL c,,, and z,y,z; ET. 
We now assume that b € L” on I’; the same argument will hold in the case 

b € L”, and thus more generally in the case b € L" + L™. Applying a multiple 

Hólder inequality to (5), we have 


IL;(z; v)! < IIb D leelliR(z — (2:1) -RC = Gales (6) 


(5) 
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with r' = =-=, where the subscript r^, r^, ..., r'; denotes an L'' norm with respect 
to all of the variables z,, 29,...,2;. We remark that the norm ||b||- is taken in 
the quotient space R"/L, as Holder’s inequality is applied here to the integration 
only with respect to the variables on which b depends (b does not depend on the 
variables complementary to L). In the case where L is nontrivial, the last term 
in (6) involves a mixed L'' norm; see the discussion after (9). 

We now define a modification of the standard convolution, which we denote 
as the p, € convolution. For two functions f, g on R?, this is defined by 





(f #p,¢9)(2) = ( I lf(z - PA]. (7) 


If we define g*(z) = g(c-!(z)), (T) becomes the "I" part” of a p-convolution on 
all of R^: 


(f 5, 9) (2) = (f e-voa] 


< br. |f(z — y) 'Q)I? 2i = (f *p g^)z), 


where the last equality is the definition of the p-convolution *p. It is immediate 
from the definition of the *,.-convolution that the last term of (6) can be written 


R *p e R*r' e... žr e R 


We then bound each kernel R = R¢ using the radial function (2a) with the 
help of the following Lemma, proved in [3]: 


Lemma Let 
lz (1-log|lzls lz] <1 
hs ty(lzl) = (s<n<t, y>0); 
Iz te; Jz] > 1 
then there is a constant C (which may depend on s, tj, and y) such that 
Fay tay *p,e Bsa,taiy S CAs,t,73 (8) 
with s = min{s,, 82}, t = min(ti,ts). 
By induction (8) extends to an arbitrary number of (p, €)-convolutions. 


Considering the dilating factor /p (p = |¢|), we estimate the term L; by 
observing that the +p convolution has the following scaling property: 


f(Vpz) *p o( pr) = Vp " "(f «y g)( pz). 


Combining this with the Lemma and the bounds (2), we have 
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Ij.) C (Z led) 37 (LY cni -i (9 


[sin $| 


with he given by (2), where d = =. Note that the exponent of p is # — 1, 
where m = dim R” /L. If m £ n (i.e., if L is nontrivial), then the convolutions 
in (7) as they are used to bound the last term in (6) must be slightly modified, 
whence the modified scaling in this situation yields the power $% — 1 for m £n. 
Summing up a geometric series of bounds (9), (IT) follows. 

To prove (J) is straightforward now, since to estimate ]bG eI, we need only 
replace Ge by its convolution kernel upper bound above, and then apply first 
Young's inequality, followed by Hólder's inequality. Similarly, (ZIT) now follows, 
since it is clear that the kernel defined by the series (4) must define the L?- 
resolvent of the full operator A if it converges in LP”. The constraint 1€ p € r 
is necessary because even though the series (4) defines a right inverse of ( — A 
for all p, it is clear that if the potential b € L?, then the operator ¢ — A may 
not even have a dense domain (e.g., if 6 has a dense set of singularities). This 
completes the proof of the theorem. o 


Remark. The above argument shows that the main contribution to the kernel 
G(z,y) comes, as in the Euclidean case, from the sum of “true convolution” 
terms, in (5), ie. € = ... = €m41 = I. The influence of the remaining (re- 
flected) terms (e; Z I) decays as ( — oo; this can be observed from (9), when 
one studies the behavior of the integral in reflected domains e(I), (€ # I). It is 
expected that the corresponding observation for an analogous reflection proce- 
dure involving higher order operators (on more general domains) will imply the 
same conclusions for resolvent kernels (and thus for related analytic properties 
of operators, see, e.g., below). 


Theorem 1 has a number of functional analytic applications. 


Corollary 1 The operator A is closeable in all LP, 1 € p € r and its spectrum 
is included in 9. 


This follows immediately from the theorem, since (( — A)~! is bounded for 


C € M. 


Corollary 2 The domain of A in LP (1 € p < r) is equal to the domain of 
Ao = —A, the latter being the Sobolev space C5(T). 


This corollary follows from the bounds on the resolvents of Ag and A, which 
in turn immediately lead to a priori inequalities between Ap and A. The standard 
(Kato-Rellich) perturbation theorems then apply to show that Ap and A have 
the same domain. The following corollary also follows from the standard theory: 


Corollary 3 [fr > 2 and b(z) is real, then A is semibounded from below, and 
hence essentially self-adjoint on Cg? (D). 
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We also have 
Theorem 2 (resolvent summability) 


For each f € LP (1 € p < oo) or C?, the operator 
€Gc(f) > F(z), (10) 


as Ç — oo, uniformly in each sector 29 = {Ç| |arg¢| > 0 > 0), in L?-norm and 
pointwise on the Lebesgue set of f € L?. 


Proof. The convolution bounds on Gç established in the Theorem reduce the 
problem to showing that a scaled convolution kernel behaves as an approximate 
identity, which reduces the problem to elementary harmonic analysis (see [2, 
Theorem 1]). Oo 

Summability theory for eigenfunction expansions has been studied exten- 
sively in certain contexts. Previous classes of results, however, have been re- 
stricted to one dimensional domains, compact manifolds (with or without bound- 
ary), or general domains without boundary. 

Note the theorem implies that the convergence in (10) holds a.e. 

We briefly indicate some other consequences. With Theorem 2 one can study 
other multipliers $(A) and analytic summation families, {¢5(A)}5, using the 
Dunford functional calculus, i.e. Cauchy integration along a suitable contour y 
in C, i 

44 = gr | SOG. (1) 


Using ¢(¢) = e^'* gives the semigroup. Specifically, it is easy to show (using the 
convolution bounds on the integrand obtained from Theorem 1) that in this case 
(11) represents a holomorhpic semigroup. Corresponding bounds on the kernel 
of (11), obtained by substituting the bounds of Theorem 1 into (11), then show 
in the same way as we did in Theorem 2 for ( — oo that the behavior of the 
semigroup as t — 0 is correct. Indeed, the statements are equivalent, since t — 0 
corresponds by a change of variables in (11) to the limit Ç — oo in the integrand. 
Thus we have: 


Theorem 3 The operator A is the generator of a holomorphic semigroup Ti = 
e~4t in the right half plane Ret > 0, in all L” -spaces (1 < p € r). The semigroup 


is continuous at (0), i.e. 
Ti f(z) — fe) 
in LP and pointwise on the Lebesgue set of f, uniformly in any sector 2) = 


(Jargt] <8 < $}. 


Remark. The above analysis applies to higher order constant-coefficient operators 
with boundary conditions analogous to (M), and a general class of lower order 
perturbations of these, (see [2]). 
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1 Introduction 


In this paper we study the Neumann boundary value problem (BVP) 


vOv -e an 


where p(t) is a positive function, p > 0, v > 0, u*(t) = max(u(t),0) and 
u^ (t) = maz(—u(t),0). 

Our main motivation goes back to the theory of suspension bridges. If one 
looks for solutions of the form 


u(t) sin(rz/L) 
(see [5]) it can be shown that u must satisfy a BVP 


v + ut — yu” :5 (t), 
u(0) = s u(2), v()- doy (1.2) 


If further we assume the forcing satisfies the symmetry condition 
p(t +t) = p(r—t),0<t<z, 


one obtains solutions of (1.2) from solutions of (1.1). 

The periodic problem (1.2) has been investigated by A. C. Lazer and P. J. 
McKenna [5], [6]. Some results on the Neumann problem (1.1) can be found in 
D. C. Hart, A. C. Lazer and P. J. McKenna [4]. In all these papers, the forcing 
is a small perturbation of a positive constant. 

In the present work, we investigate some general positive forcing p for some 
regions of the (p, v) plane. 

In case 0 < u < 1/4, we prove (1.1) has a unique positive solution. In the 
region Ri 


zz 
1l/A«u«l,v»0,-— z;21 


* On leave from Faculdade de Ciências de Lisboa with a scholarship from I.N.I.C. 
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we give necessary and sufficient condition for existence of a positive solution, of a 
solution u with a simple zero such that u(0) > 0 and of a solution u with a simple 
zero such that u(0) « 0. Putting these results together we obtain existence and 
uniqueness of solutions in this region and the positive cone of forcings can be 
divided into three cones, each of them corresponding to solutions of a given type. 
Such necessary and sufficient conditions were obtained for Dirichlet problem and 
in a very specific case by L. Aguinaldo and K. Schmitt [1]. We also obtain a 
similar description of solutions in the region Rə 


1 1 
1/4<p<i,v>Q0, on OE 


2/n 2v 
where three solutions may exist simultaneously. For nonlinear problems such as 


v" + put — vu^ = p(t, u) 
v'(0) = u(r) 20 


similar results can be obtained and will be published elsewhere. 





Fig. 1. 


2 Auxiliary Lemmas 


In this section, we collect some elementary results which we use in the sequel. 
We denote by C[a, b] the space of continuous functions u : [a,b] — R and write 


C for C[0, 7]. 
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Lemma 2.1 Let p € C[a,b] be such that p(t) > 0, let y > 0 and u(t) be a 
solution of 


te nnd 0. (24) 


Then 

(a) u(t) > 0 in (a, b) implies b — a > «/2./y ; 

(b) u(t) < 0 in [a,b) if and only if b — a < v/2./y. 

If further y £ (2n + 1)?x?/4(b — a, n EN one has: 


(c) u’(b) = IOIEN] f p(t) cos(,/7(t — a)) dt. 


Lemma 2.2 Let p € C[a,] be such that p(t) > 0, let y > 0 and u(t) be a 
solution of 


v" + yu = p(t 
s ir 0. (a) 


Then 


(a) u(t) > 0 in (a, b) implies b—a > 7/2./y ; 
(b) u(t) < 0 in (a,b) if and only ifb— a < 4/2,/7. 


If further y £ (2n + 1)?2?/4(b — a)?, n EN one has : 
(c) u'(a) = sala Ja Plt) cos( (6 — t)) dt. 


Lemma 2.3 Let p € C[a,b] be such that p(t) > 0, y > 0 and let u(t) be a 
solution of 


idi Pe (2.3) 


Then 


(a) u(t) « 0 in (a,b) if and only if b-a<a/ V7; 
(b) u(t) < 0 in (a, b) implies u'(a) < 0 and u'(b) > 0. 


Lemma 2.3 is contained in Theorem 1.14 and Propositions 1.15 and 1.16 in 
D. De Figueiredo [2]. The other lemmas can be proved in a similar way. 


3 Positive solutions 


Our first result is a necessary and sufficient condition for existence of positive 
solution u, i.e. such that Vt € [0, 7], u(t) > 0, in case 4 € (0, 1). 
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Proposition 3.1. Let 0< u< l, v ER and p € C be such that p(t) > 0. Then 
the BVP 

u" + pug — vu. = p(t) 

u'(0) = v'(r) = (31) 


has a positive solution if and only if 


A:= [o cos(/us) ds > 0 


and (3.2) 


B := J p(s) cos(/u(x — s))ds > 0 
0 
Proof. If u is a positive solution of (3.1), one computes 


u(t) — T G(t, s)p(s)ds (3.3) 
where 


G(t, s) = cos(/ns) cos(./n(v — t))/ /usin( VET), if s <t, 
G(t, s) = cos( ypt) cos(./u(a — s))/ /nsin( gm), if s > t. 


Hence one has 


A = u(t) /nsin( um) > 0 and B = u(0)/usin( vpr) > 0. 


Reciprocally, let u be defined by (3.3). The conditions (3.2) imply u(0) > 0 
and u(r} > 0. Let to € (0,7) be such that u(to) is negative. One deduces then 
from Lemmas 2.1 and 2.2 


T= to +(4—to) > E. 2s 
=to + (7 — to) 2 a 
which is a contradiction. Hence u(t) is positive. ü 
Remark 3.1. The conditions A > 0, B > 0 can be replaced by u(0) > 0 and 
u(t) > 0. Also, we proved that the positive solution is such that u(t) > 0 on 
(0, v). 

The next result proves the uniqueness of the positive solution in one region 
of the p, v plane. 


Proposition 3.2. Let 0 « p <1 and v > 0 be such that 


: Sk 


2/8 3yv 


Then, if u is a positive solution of (3.1), it is the only solution of (3.1). 
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Proof. Let v be a solution of (3.1) and assume w = u — v # 0. The function w is 
such that 
v" + Mv = (M — a(t))w 


w'(0) = w'(m) =0, (3.4) 


where m = min(jt,v) € a(t) € max(p,v) < M. 
If w has constant sign, direct integration of (3.4) gives 


0- f o(t)w(t) dt = f o(t) | w(t) | dt 


and since a(t) > m > 0, one deduces w(t) = 0, which is a contradiction. 

If w changes sign at t = b, by uniqueness of solutions of (3.4), one has w'(b) # 
0. Hence, we can find 0 < a < b < c € r such that w’(a) = w(b) = w'(c) = 0 
and either 


w(t) > 0 on [a, 6) and w(t) < 0 on (5, c] 
Or 
w(t) < 0 on [a, b) and w(t) > 0 on (b, c]. 


In the first case, Lemma 2.1 implies b — a > */2V/ M, and since c— b = y one 
has 


P20 Ot 2 m Dm 


We can choose M small enough so that utm > 7 , which is a contradiction. 
A similar argument holds in the second case. o 


Corollary 3.1. Let 0 < u < 1/4, v > 0 and p € C be such that p(t) > 0. Then 
the BVP (3.1) has exactly one solution which is positive. 


Proof. If p € 1/4, one has A > 0 and B > 0. mj 
In case u = 1, we can stil give a necessary and sufficient condition for 
existence of positive solution but in that case there exist a continuum of solutions. 


Proposition 3.3. Let u = 1, v € R and p € C be such that p(t) > 0. Then the 
BVP (3.1) has a positive solution if and only if 


4 p(s) cos sds = 0. (3.5) 


Further, all positive solutions are 
t 
u(t) = up cost + J p(s)sin(t — s) ds, (3.6) 
0 


where uo € [0, V] and V := fj p(s)sin sds > 0. 
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Proof. 'To prove (3.5) is necessary, multiply the equation by cost and integrate. 
Notice that all possible positive solutions u of (3.1) are given by (3.6). Further 
we must have 


u(0) = ug > 0 and u(x) = —uo «f p(s)sin s ds > 0, 
0 


ie. up € [0, V]. 

At last, if (3.5) is satisfied and uo € [0, V], the function u defined by (3.6) is 
a positive function. Indeed, one has u(0) > 0 and u(r) > 0. Let then to be such 
that u(to) € 0. One has from Lemmas 2.1 and 2.2 that 


T T 
to > = and 7 — tọ > —, 
025 025 


i.e. to = 7/2, and one computes 


u(to) =u (z) e x p(s)sin (z - s) ds > 0. 


o 
If p > 1, necessary and sufficient conditions for existence of positive solutions 
do not seem to exist. However one can write sufficient conditions. 


Proposition 3.4. Let 1 < u < 4 and p € C be such that p(t) > 0. Then the 
BVP (3.1) has a positive solution if 


A= f p(s) cos(/us) ds < 0, B= I p(s) cos(yA(r — s))ds < 0 
and 


7/2 T 
f p(s) cos( yus) ds > 0, X p(s) cos(,/ji(m — s)) ds > 0. (3.7) 


Proof. Let u be defined by (3.3). As in Proposition 3.1 we prove u(0) > 0, 
u(r) > 0. Let then to € (0, 7) be a minimum of u. Multiply the equation 


v + pu = pit) 
by cos(,/zs) or cos(,/i(a — s)) and integrate to obtain 


1 " 
u(to) = m nni p(s) cos /us ds 


or 


u(to) = 


1 T 
wor UN p(s) cos Sur — s) ds. 


From (3.7), one can see that u(to) > 0. Hence, u is a positive solution of (3.1). 
a 


Jumping Nonlinearity for 2nd Order ODE 197 
4 A uniqueness result 


In this section, we prove the uniqueness of solutions of (3.1) in case (p, y) € 
Ro U R, i.e., 
1 1 
1 — +; =>1 
0<p<1, v>0and 2y8 Ry 
We shall need the following lemmas, the proof of which are consequences of 
Lemmas 2.1 and 2.2. 


Lemma 4.1. Let 0 < p< l,v » 0, p EC be such that p(t) > 0 and let v be 
any solution of (3.1). Then v has at most one zero. 


Proof. If u(0) > 0 and u(x) > 0 we know from Remark 3.1 that u(t) > 0 on 
(0,7). Hence, we can assume u(0) < 0 or u(r) € 0. In case u(0) € 0, let a > 0 


be the first zero of u. We know from Lemma 2.3 that u > 0 on (a, a+ +) and 
we are done. The same argument holds true if u(r) < 0. 


Lemma 4.2. Let 0 < p< 1, v » 0 be such that 


EE NN 
2/8 ^ 2v 
and let p € € be such that p(t) > 0. Let u(t) be the solution of 


u” + uu = p(t 
v0) c vr) a (41) 


and v(t) be any solution of (3.1). Then 
sign u(0) = sign v(0). 


Proof. By direct integration of the equations (3.1) or (4.1), it is easy to see 
that u and v take positive values. If u or v is positive, then by proposition 3.2, 
u(t) = v(t). If u and v are not positive, we know from Lemma 4.1 that these 
functions have exactly one zero and 


u(0)u(z) « 0, v(0)v(v) < 0. (4.2) 


Let us assume first 
u(0) > 0 > v(0). (4.3) 


From Lemmas 2.1 and 2.2, one has 


u(t) » 0 on lose): v(t) > 0 on (r-z): 


Further on |x — zm 7| . 


w(t) := u(t) — v(t) = (u(x) — v(x)) cos /n(z — t). 
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From (4.2) and (4.3) we have v(m) > 0 > u(r) so that 


w («- zz)- (u(r) — v(1)) Ja < 0. 


Define 
=sup{t < *— —— | w'(t) = TE A 
a —sup(t« v jg v0 0)«7 E 
On |a, t-z) we have w(t) > 0 and 
v" - Mv - (M —a(t)w > 0 
T 
w'(a) = w | t- — ) = 
e w(*- 77) 
where M > max(t,v) > a(t). From Lemma 2.1 
T i a 
Tt- — -a>— 
2/H | —2/M 
and we can choose M such that 
T 
T2T7T—a02—— >T 
M 2n 


which is a contradiction. 
A similar argument proves u(0) « 0 < v(0) is impossible and the lemma in 


proved. Oo 
Proposition 4.1. Let 0 < p « l,v > 0 be such that 
1 $ 1 E 
2/n 2v 


and let p € C be such that p(t) > 0. Then the BVP (3.1) has at most one 
solution. 


Proof. Let u and v be two solutions of (3.1). From Lemma 4.2 we know 
sign u(0) = sign v(0). Assume u(0) > v(0) > 0. We deduce then from Lemma 
2.1 that Vt € [0,7/2 /F), u(t) > 0, v(t) > 0 and 


w(t) := v(t) — u(t) = (v(0) — u(0)) cos fut. 
Hence 
w'(1/2./p) = Ju(u(0) — v(0)) > 0. 
If we define 
b = inf(t > »/2./pn : w'(t) = 0) > v/2 n 
we have w(t) > 0 on (1/2,/p, b] and 


v" -- Mw - (M —a(t))w>0 
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v(v/2 pu) = w'(b) = 0, 


where a(t) € max(p, v) < M. Next we deduce from Lemma 2.2 that b—7/2./p > 
T/2V M and we can choose M such that 


"T r 
r > b> — + — = >T, 
2023/8 WM 
which is a contradiction. 
If u(0) > v(0) = 0, Lemma 2.3 implies v is positive and uniqueness follows 


from Proposition 3.2. 
A similar conclusion holds if u(0) < v(0) < 0. Hence u(0) = v(0) and u = v. 
o 


5 One zero solutions below the first 
Fučik curve 


We have seen (Corollary 3.1) that if p < 1/4, there exists a unique solution of 
(3.1) which is positive. If p > 0, v > 0 and 


1 1 
am ay! 


it is easy to show using degree argument (see e.g. [3]) that there exists at least one 
solution and from section 4, if p < 1, this solution is unique. In this section we 
shall characterize this solution from the forcing p. Let A be the set of functions 
u € C![0, m] such that there exists a € (0,7) with the property that u(t) > 0 if 
t € [0,a), u(t) < 0 if t € (a, v] and a is a simple zero of u. Let also B = —A. 


Proposition 5.1. Let 1 < p < 1, v > 0 be such that 


Eoi 
Qi | Xv 


let p € C be such that p(t) > 0. Then 


>i, 


(a) the BVP (3.1) has a solution u € A if and only if 
A= f p(s) cos(/us)ds < 0, 
0 
(b) the BVP (3.1) has a solution u € B if and only if 


B= J p(s) cos(/n(v — s))ds < 0. 
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Proof. Assume first A « 0 and let a be such that 


T 
———«acz. 


2/u 
According to Lemma 2.1, the BVP 


x ais 0 (1) 


has a unique solution v such that 


1 a 
v'(a Uus] t) cos(,/pt) dt. 
( ) cos(,/jia) 0 p(t) (vut) 
ÁsT—a«mTm— 3 < zz we deduce from Lemma 2.2 that the BVP 


inus sa 


has a unique negative solution w such that 


oye cb ec [t os(/v(v — 3 
(a) = gero |, (ert - 0)dt <0 


Let us now choose a such that 


F(a) := cos(,/pa) [ p(t) cos(./v(m — t)) dt + 
+ cos(/v(s — a)) f p(t) cos(/ut)dt = 0. 
0 


Such an a is easy to obtain from the intermediate value theorem since 


F (=a) = cos (ve (s = sa) [^w cos( git) dt > 0 


F(t) = 4 p(t) cos( pt) dt < 0. 


For such an a, one has v'(a) = w'(a) < 0 and since a < m < n/p, it follows 
from Lemma 2.3 that v(t) > 0 on [0,a). The solution u of (3.1) can now be 
obtained placing side by side v and v. 

If B « 0, a similar argument proves there exists a solution u c B. 

At last, we notice that A -- B » 0 so that only three cases are possible : 

(i) A20, B>0; (ii) A«0, B>0; (iii) A-0, B«0. 

In each of them we proved existence of a solution of a specific type. As 
these solutions are unique, we also have that these conditions are necessary for 
existence of a solution of the given type. o 
Remark 5.1. If existence is already proved, Proposition 5.1 can be deduced 
from Lemma 4.2, Proposition 4.1 and Remark 3.1. 


and 


Sufficient conditions for existence of solutions u € A or u € B can be given 
if p > 1. For example one has the following proposition. 
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Proposition 5.2. Let p > 1, v > 0 be such that 
TARR 
2/n 2v 

and let p € C be such that p(t) > 0. Then : 

(a) The BVP (3.1) has a solution u € .A if 


ide (ve (s : =)) f E p(t) cos( /git) dt 


Vii 
-f p(t) cos(/v(x — t)) dt < 0; 
al Je 
(b) The BVP (3.1) has a solution u € B if 


cos ( V (s S +) J nP p(t) cos( alr — t) dt 


eux 
-f p(t) cos( /vt) dt < 0. 


6 One zero-solutions above the first 

Fučik curve 

In this section, we study the existence of solutions of (3.1) in the region Rz, i.e. 
1 1 

Zi + 2/9 «1 (6.1) 


Proposition 6.1. Let p, v be such that (6.1) holds and p € C such that p(t) > 0. 
Then 


(a) if 


1 
v>0,-<p<1and 


"T 
A= n p(s) cos(/ ns) ds > 0 
0 
the BVP (3.1) has exactly one solution u € A ; 


(b) if 
A<0 


the BVP (3.1) has at most two solutions u € A. 


Proof. Let u € A be a solution of (3.1) and a be its unique zero. From Lemma 
2.2, we have 


do ad > 1 : 
7"T—a 2/v 6. 827 2/7] 


Further, if we proceed as in Proposition 5.1, we have 
F(a)= cos( fia) | p(t) cos( /v(x — t)) dt 
a 
+ cos( / v(s — a) f p(t) cos( ygt) dt = 0. 
0 
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Reciprocally, if a € (= (1 — ziz) ,T) is a zero of F, we can build a solution 
u € A placing side by side the solutions v and w of (5.1) and (5.2). Hence 
solutions u € A correspond to the zeros of F in (x (1 — zi) n). 

One computes 


HC) -= (#25) 


d p(s) cos(V/v(v — s)) ds < 0, 


r-i 


F(z) = J ensi 
F'(a) = — /pusin( ypa) T p(s) cos(V/v(x — s)) ds 
t-/vsin(V/v(v — a)) A p(s) cos(./pis) ds 


P'(a) = -pcost ia) f" p(s) cos(Vo(n — s) ds 


—v cos( /v(v — a)) ri p(s) cos(,/ps) ds 
+ [Vnsin( ga) cos(/v(x — a)) 
+ Vvsin(V/v(z — a)) cos(/pia)] p(a). 
Therefore, if F(a) = 0, one has 
F'(a) = [VE tg (VBa) + VV tg (vn — a)]. 
cos(yv(r — a) f p(s) cos( ps) ds 
and if F(a) = F'(a) 2 0 : 


F"(a) = (p — v) cos Voir —a)) | pls) costs) ds- 
0 
If A > 0, we deduce from the intermediate value theorem, there exists a zero 
of F. Further this zero is unique since : 
F(a) = 0,a < ag implies F'(a) > 0; 
F(a) = 0,a > ao implies F'(a) < 0; 
F(a) = 0 , a = ao implies F'(ag) = 0 and F"(ag) < 0. 
Here, ao is the only zero in (= (1 = sig] T) of 
VE tg (ypa) + Vv tg (V(r — a)). 
If A < 0, the same type of argument proves there exist at most two zeros of 


F. o 
Using the same type of argument, one proves 
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Proposition 6.2. Let u,v be such that (6.1) holds and p € C such that p(t) > 0. 
Then 


(a) if " 
B= i p(s) cos( /n(v — s)) ds > 0 


the BVP (3.1) has exactly one solution u € B, 
(b) if 
B<0 


the BVP (3.1) has at most two solutions u € B. 


Remark 6.1. From proposition 3.1, 6.1 and 6.2 we can give a global description 
of solutions in the region (6.1) : 


(a) if A> 0, B > 0, there is exactly one positive solution, one solution in A and 
one in B ; 

(b) if A « 0, B » 0, there is no positive solution, at most two in A and exactly 
one in B ; 

(c) if A » 0, B « 0, there is no positive solution, exactly one in A and at most 
two in B. 


Remark 6.2. In case A < 0, one can find forcings p such that there is exactly 
0, 1 or 2 solutions in A. 
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Abstract 


For a linear Volterra equation of scalar type in a Banach space, sufficient condi- 
tions are given for three related resolvent kernels to be integrable with respect 
to certain weights on the positive half-line. The problem arises in the study of 
energy decay in viscoelastic solids, and the results lead to integral estimates for 
the rate of this decay. 


1 Introduction 


Let X be a Banach space and L a closed, densely defined, linear operator in X. 
Assume that 


L generates a strongly continuous cosine family 


: (1.1) 
C(t) in X with ||C(£)]| < Meet! (te IR) 


(see [3, 11]. || - || denotes both the norm in X and the operator norm in £(X), 
the space of bounded linear operators on X). 
Set wo(L = inf {wo | (1.1) holds ). Let 


Xı = {x € X : C(t) x eC'(R*,x)) 
(IR* = [0,00)) with norm 
IIxi|: = [|x| + sup ||C(t)xl] - 
0<t<1 
Thus in the important special case where 


X is a Hilbert space and L is a negative definite selfadjoint operator, (1.2) 
wo(L) = 0 and X, is the domain of M = (—L)'?. 
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We consider the problem 
u(t) = ELu(t)4- rh a(t — r)Lu(r) dr + f(t), 
u(0) = uo, u(0) = uy, 


(P) 


where E > 0 
ug€ Xi, ug€X, feL(IR*,X). (1.3) 
The kernel a(t) satisfies either 
a € C(0,oo) n L! (0,1) n AC2,(0, oo) with a positive, 
non — increasing and log — convex on (0,00) and (14a) 
0 = a(oo) < a(0*) < oo, or 
a € ACE,(IR*) with a(0) >0, à(0) < 0 and a(t) — 0 as t — oo. — (1.40) 
Solutions of (1.3) can be studied by means of resolvent formulas such as 


u(t) = U(t)uo + W (tu; + n “W(t — »f(7) dr, 
? (1.5) 
a(t) = V(t)uo + U(t)u; + f U(t — rf (r) dr, 


where the resolvent kernels can be defined formally either via the homogeneous 
version of (1.5) or via the Laplace transform formulas 


U(s) = (s—A(s)L)"",  V(s)- A(s)LU(s), 
sA(s)LW(s) = V(s), 
where A(s) = G(s) + Es-!. Note that 


U(t) =I+ f '"v(nds W(t) = I ‘ U(r) dr. (1.7) 


J. Prüss [9, 10] has obtained detailed results on the existence, norm continuity 
and integrability of U(t) and V(t) under assumptions (1.1) and (1.4a) and with 
E > 0. Here we use Prüss's methods in the special situation where E > 0 (ap- 
propriate to the equations of motion for a viscoelastic solid) to deduce estimates 
on the integrability of these resolvents with respect to a weight function. As a 
consequence, in the case (1.2), we obtain integrability conditions on the energy 
of solutions of (P), defined by 


(1.6) 


E(D = 5AOIIMM(OIP EZIO- f at- IMG) u(r) IP dr. (19) 


À more detailed presentation of some of these results, together with a dis- 
cussion of an example in viscoelasticity, will be found in [5]. In particular, it is 
shown that boundary feedback mechanisms are ineffective in improving energy 
decay rates when viscoelastic creep dominates the asymptotic behavior. These 
applications were suggested by recent work of J. Lagnese [7] and G. Leugering 


[8]. 
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2 Integrability of resolvents 


A function p(t) is called a (regular) weight on IR* if p is positive, continu- 
ous and nondecreasing on R+, p(0) = 1, p(t +s) < p(t)p(s) (t, s € IR*) and 
limt» £7! log p(t) = 0. We have in mind such weights as 

Pt) = (+y, 720, 

pxt) = (1 + log(1-t))p(t), 720, 

pa(t) = exp(t*)po(t), 0 € o « 1. 


Theorem 2.1 Let A(t) = E + a(t) where E > 0 and (1.4a) holds and à(0*) = 
—oo. Let L satisfy (1.1) and the stability conditions 


L has a bounded inverse, (2.1) 
s/A(s) € R = resolvent set of L (Re s > 0, s #0). (2.2) 
Let p(t) be a regular weight, and assume that 


[wo + |ta(t)| + lt alt) olt) dt < oo. (2.3) 


The transform relations (1.6) determine strongly continuous functions U(t) : 
IR* — £(X) and V(t), LW(t) : IR* — CL(K,,X), and (1 + t)U(t) € L'(IR*, 
L(X);p) while both (1+ t)? V(t) and LW (t) belong to L' (IR*, £(X1, X); p). 


As shown in [9], U(t) is a resolvent in the sense of [2], and one can justify (1.5). 
When y = / A(0*) < œ and k = —A(0*)/2y are both finite, the resolvents 
cannot be measurable in the norm [9] and so cannot belong to the L! spaces of 
Theorem 2.1. The appropriate conclusion in this case is that the resolvents are 
p-integrable: 


{there exists o € L'(IR*; p) such that 


(Q HAOI O 070 V (Heo x» + IIEW lle 0) € e(t) 24) 
a.e. on IR*. 


Theorem 2.2 Let A(t) = E + a(t) with E > 0, and suppose (1.1) and (2.1) 
hold and that p+ & < œ with wo(L) < K/p?. 

(i) If (14a), (2.2) and (2.3) hold, then the conclusions of Theorem 2.1 hold 
with the L inclusions replaced by (2.4). 

(ii) If (1.4b), (2.2), (2.3) and 


q(s) = 14+ K%A(s) #0, Res >0, sz 0, (2.5) 


hold, then the relations (1.6) determine strongly measurable functions U(t) : 
IR* — £(X) and V(t), LW(t) : R+ > £(Xi, X) and (2.4) holds. 
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Remarks 


(See [5] for further details.) In (1) above, the resolvents are again strongly con- 
tinuous as in Theorem 2.1, and (1.5) holds. The same can be said in (ii) in the 
special case (1.2), provided 


a(t) is positive, decreasing and convex. (2.6) 


In addition, (2.6) implies (2.5) and, if wo(L) = 0 and a € ACh., then (2.6) 
implies (2.2). If tp(t) € Mp(t) (t > 1), and if (2.6) holds and —à is convex, then 
(2.3) follows from 


J * V&(Olp(t) dt « oo; (2.7) 


this would include the kernels generally used for viscoelastic models with, say, 
P= P1- 

The following sketch of the proof of Theorem 2.2 (ii) for U will indicate the 
perturbation technique that is involved. We write 


Ui (t) = C(t) exp(—Kt/p) 


and 
Up = U - Uj. 


Then U(t) decays exponentially and so is p-integrable with respect to any 
regular weight. Rearranging terms (as in [9, Theorem 11]) and working with 
Laplace transforms one obtains a Volterra equation 


Ue(t) = R(t) + Ro * Uo(t) (2.8) 


for Uo, where R;(s) (j = 1,2) is a sum of terms that are either scalar or scalars 
multiplied by Uy (s). Using local analyticity [6], one establishes that the scalar 
factors are transforms of functions in L! (IR*; p,), where p, (t) = (1+1)p(t); the 
scalar factors involved are A(s)/q(s), a(s)/q(s) and a(s)/q(s). As a consequence, 
and by means of Gripenberg’s version of the Paley-Wiener lemma [4], (2.8) can 
be solved for Uo in the Banach algebra L'(IR*, £(X);p4), and the proof is 
complete. a 

"Theorem 2.2 (i) is proved in much the same manner. For Theorem 2.1, Prüss's 
representation [9] 


U(t) = l w(t, r)C(r) dr, 


where w solves a certain Rayleigh problem, plays the central role, and there are 
additional technical complications. Once again the model is [9, Theorem 11]. 
The proofs for V(t) are analogous (cf [10]), and they quickly yield the results 
for W(t), via (1.6). 
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3 Energy decay 


In this section we assume (1.2), (1.3), f € L' (IR*, X; p) and the hypotheses of 
Theorem 1.2 with a(0*) « co, or of Theorem 2.2 (either part) with (2.6) in case 
(ii). Then by (1.5) and the conclusions of Theorem 2.1 or 2.2 we get. 


[asta + lae) De) dt < K(||Muol| + fill llf) — (8-1) 


with ||-||, =the norm in L1(IR*,X;p) and K depending only on the L! bounds 
of the various resolvents. 

The energy computation of [1, Theorem 3.1] (together with an approximation 
argument) yields boundedness of ||Mu(t)||+ |a(¢)|| on IR*. Combining this with 
(3.1), we obtain the following. 


Theorem 3.1 Under the assumptions of this section, the solution u of (P) 
satisfies 


| " (IM (Of? + aM?) dt < oo. 


As a consequence, we deduce that £(t) is integrable with respect to p; the 
estimate for the viscoelastic stored energy term of (1.8) is 


foe fact iments ~ ut - rof drat 
0 0 
<2 f WU f. OMON + Mut — IP) dear 
«2 [ car [Imola a 
aj lot f p(t +.7)||Mu(t)||? dtar 
< 2a(0) | (Mutola dt 
+2 [ locare [^ MuR dt < o. 
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1 Introduction. 


A fundametal result of N. Levinson [2] describes the asymptotic behavior of 
solutions of a linear differential system 
dz 
— = A(t)z 1 
= = A(t) (1) 
as t — +00, where z is an n-dimensional vector and A(t) is an n x n matrix. 
According to this theorem, if 


A(t) = Ao + V(t) + R(t), 


where Ao is an n x n constant matrix, V(t) is an n x n matrix such that |V(t)'| is 
integrable over the interval [0, --oo) and R(t) is an n x n matrix such that |R(t)| 
is integrable over the interval [0, --oo), and if eigenvalues A4(t)(k = 1,...,n) of 
the matrix Áo + V(t) satisfy some additional requirements, then system (1) can 
be reduced to 

dy ; 

u” A(t)y, A(t) = diag[A(t),..., An(t)] (2) 


by a linear transformation 
r= P(t)y (3) 


with an n x n matrix P(t) such that lim; , 4o; P(t) exits and is nonsingular. 
'The basic idea of the proof of this result is 
(i) regarding Ao + V(t) as a constant matrix, diagonalize Ag + V(t), i.e. 


A(t) = Q(t)^ (Ao + V(]Q(), 
(ii) change system (1) to 


Asymptotic Behaviors of Solutions 211 


E = (AW) - QA) + AHRQ} (4) 


by 
z= Q(t)u, 
(iii) show that |Q(t)~1Q’(t)| is integrable over an interval [to, 4-00), 
(iv) remove —Q(t)-! Q'(t) + Q(t)-! R(t)Q(t) from the right-hand side of (4) by 
another linear transformation. 
Step (iv) is now known as “Levinson’s theorem" and has been shown (cf. Harris- 
Lutz [1]) to be the basis for many asymptotic integration results. 
The method indicated in steps (i) and (iii) does not apply directly to the 
scalar equation 
d? 
dt? 
io 


. . 1 1 . 1 : : 
when A(t) is a small function such as 1, Tolan sin(t?), because derivatives 


+ {1+ h(t) sin(at)}n = 0, (5) 


of h(t) sin(at) do not become small enought, i.e. integrable. In this paper we will 
use Floquet theory with parameters to recast this type of problem so that the 
procedure outlined above can be applied directly. 

Given an n x n matrix A(t,c) whose entries are periodic of period 1 in a 
real variable t and smooth in (t, €), where € is a vector-valued parameter, let us 


consider a system: 

dz 

& = AG), (6) 
where z is an n-dimensional vector, and h(t) is a vector-valued function of t. To 
study the asymptotic behaviors of solutions of system (6) as t — +00, we first 


look at the system: 


d 
S = A(t,e)u. (7) 
Utilizing the Floquent theorem, we change system (7) to 
d 
E = B(s)v (8) 
by a linear transformation 
u = Q(t,e)v, (9) 


where Q is periodic of period 1 in t and smooth in (t,£) (cf. Y. Sibuya [3]). Note 
that 


B=Q7'AQ- qi. 
Next, we change system (6) to 
d 
T= [B0 - MAG HO? 22 t0) w, (10) 


by the linear transformation 


z = Q(t, h(t))w. (11) 
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Then under the assumption that |A'(t)| is integrable over a t-interval [t5, +00), 

we can apply the theorem of Levinson given above to system (10). Note that 

B(h(t)) depends only on A(t), i.e. the periodic part is completely eliminated. 
We may also condsider repeated applcations of this procedure when succes- 


sive derivatives of h are smaller, e.g. h(t) — sing) 


2 An equation with periodic coefficients. 


Let A(t,¢) be an n x n matrix whose entries are continuous in (t,£) € R x A(r) 
and holomorphic in € € A(r) for each fixed t € R, where 


R= (t; -oo < t < too], 
€ = (£1,...,6E&) € R”, 
le| = mazicj<mle;|, 
A(r) = (ele < r} 
and r is a positive number. The following result was obtained by Y. Sibuya [4]. 
Theorem 2.1 If A is periodic in t of period À, i.e. 
A(t+A,e)=A(t,e) for (t,e) e Rx A(r), (12) 


where À is a positive number, there exist n x n matrices P(t,e) and H(e) such 

that 

(i) the entries of P(t,€) are continuous in (t,£) € R x A(f) and holomorphic 
in € € A(f) for each fired t € R, where 7 is a suitable positive number, 

(ii) P(t-- Ae) = P(t,e) for (t,£) € Rx A(f), 

(iii) P(t,&) is invertible for every (t,£) € Rx A(f), 

(iv) the entries of H(e) are holomorphic in € € A(f), 

(v) any two distinct eigenvalues of H(0) do not differ by integral multiples of 


2i 
A 


(vi) 2 p(t,e) exists for (t,£) € Rx A(F) and given by 
= Plt) = A(t, e) P(t,e) — P(t,e)H(e) (13) 


for (t,£) € R x A(f). 


Let Bo(e) be an n x n matrix whose entries are holomorphic in € € A(r), 
and let Bi(t,¢, u) be an n x n matrix whose entries are continuous in (t, €, 1i) € 
R x D(r) and holomorphic in (e, u) € D(r) for each fixed t € R, where 
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€=(€1,...,€m) € R”, H= (m... up) € RP, 
le] = maxisjem ejl; — |#| = maxi<ngp ual; 


D(r) = {(e, 4); lel + lel < r} 


and r is a positive number. Our first fundamental result is the theorem below. 


Theorem 2.2 Assume that 
Bi(t--A,e,u) = Bi(t,e,u) for (t,e,n) € Rx D(r), (14) 
where À is a positive number, and that 
Bi(t,e,0)=0 for (tc) E Rx A(r). (15) 


Assume also that any two distinct eigenvalues of Bo(0) do not differ by integral 


multiples o zn, Then there exist n x n matrices P,(t,€,) and Hi(e, p) such 


that 
(i) the entries of P,(t,€, p) are continuous in (t,€, p) € Rx D(f) and holomorphic 
in (e, u) € D(F) for each fired t € R, where f is a suitable positive number, 
(ii) Pi(t + A, 6, p) = Pi(t,e, p) for (t,6, p) € Rx D(f), 
(ii) P,(t,€,0) = 0 for (t,£) € Rx A(), 
(iv) the entries of Hi(e, p) are holomorphic in (e, p) € D(F) and Hi(e,0) = 0 
for e € A(f), 
(v) & Pi(t,e, p) exists for (t,e, p) € Rx D(F) and is given by 
ð 
gE eH) = (Bole) + Bite u) HI + A656, )) 
— {1+ Pi (t,e, u) Bole) + Hes) X (16) 


for (t,e,p) € Rx D(F), where I is the n x n identity matriz. 


Remark 2.3 Equation (16) can be simplified as 
ð 
a: P (66 H) = Bole) (5e, #) - Pi(t,€, n) Bo(e) + {Bilt,e, n) (t, €, p) 
— Py(t,e,n)Ai(e, p) + Bi(t,e, u)) — Hı (e, p). (17) 


Proof of Theorem 2.2. Given m = (m,,..., Mp), where the m; are non-negative 
integers, let us denote 5^, <j<p [m;| and py"... p” by |m] and p™ respectively. 


Set 
Pi(t,e, p) = >> p” P, m(t,€); 
Imi21 
Bi(t,e,u)— 2; K” Bim (t, €), 
|m|>1 


Hi(e,u) 55 uw" Hie). 


Im|21 
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Then equation (17) is equivalent to 


AC = Bo(c) Pi, — Pi, Bo() + Q1,m(t,€) — Hym (6), (9) 
where 
Qim(tey= > (Bis Pie — Pies) + Bile). — (19) 
htk=m,({Al,]k2>1) 
Hence 


1 
0 


P, m(t, €) = expli Bye Cle) + f expl-s Bole) (ainle) 


- His (sse) exp[s Bae)ias} exp[-t Bo(e)], (20) 
where C(e) and Hi, (c) are n x n matrices to be determined by the condition 
that Pj, (t,£) is periodic in t of period À, i.e. 


exp[A Bo(e))C(e) — C(e) exp[A Bo(e)] 


A 
— exp[A Bate) f exp[-s Bo(e)]Hi,m(E)exp[s Bo(e)]ds 


A 
= exp[A Bote) f exp[-s Bo(€)]Qi,m(s,€) exp[s Bo(e)]ds. (21) 


It is not difficult to see that condition (21) determines the matrices C{e) 
and Hi,« (e). Then the matrix Pi, m(t,£) is determined by (20). Convergence of 
power series P, and Hı can be shown by utilizing suitable majorant series. O 


For further details as well as questions relating to the sufficiency of condition 
(21) see Sibuya [3]. 


Remark 2.4 If Bo(0) has v distinct eigenvalues, we can assume without any 
loss of generality that Bo(¢) has a block-diagonal form: 


Bo,1(€) 0 0 ... 0 0 
0 Bo.»(&) 0 ... 0 0 
Bo(£) = : : Sty : , (22) 
0 0 0 ... 0 Bo (e) 


such that each block Bo,;(c) corresponds to an eigenvalue of Bo(0). Then, we 
can determine C(e) and Hi,4(c) so that Hi,m(e) has the same block-form as 
Bo(e), le. 


Ay male) 0 0 ... 0 0 
Him,»(£) 0 ... 0 


Ai m(é) = (23) 


0 0 0 ... 0 Hime) 
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Applications of theorems 2.1 and 2.2 Let A(t,c), P(t,c) and H(e) be the 
same as in theorem 2.1. Consider a differential equation 


2 — Ae, hy, (24) 


where y is and unknown vector in R” and A(t) = (hi(t),..., 4m(t)) is an R™- 
valued differentiable function in t on the interval [0, +00). 


Case I. Let us first prove the theorem below. 


Theorem 3.1 The transformation 
y = P(t, h(t))u (25) 
changes differential equation (24) to 


i = faao- Pth Y n2 zu Jg . — (26) 


1<j<m 


Proof. In fact 


di = PUM OY {Ate ho) P AC) - PS 0) v 


= Ld au B Pb h(t)) 


- E MOST MO) js (27) 
1<j<m 
Since H (s) is given by (13), we can derive (26) from (27). n 


Remark 3.2 

(i) H(h(t)) does not contain any periodic terms, 

(ii) any two distinct eigenvalues of H(0) do not differ by integral multiples of 
Hr 


As 
(iii) if we assume that 


| «7 [hl (t)|dt < +00, 
(28) 
limi 400 A(t) = 0, 
then 
J ic P(t,h(t))! M7 Or zu h(t))| dt < +00. (29) 
9 1j m 
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Case II. If we set 
Bo(e) = H(ce),p- m, 


Bi(t,e, n) = —P(t,e)7} a 122 (9), (30) 


we can apply theorem 2.2 to the two matrices Bale) and B,(t,¢,). Note that 
Bo(0) = H(0). Furthermore differential equation (26) can be written as 


d$ = {Bo(h(t)) + Bit, ht), (0))u. 


In the same way as the proof of theorem 3.1, we can prove the theorem below. 


Theorem 3.3 The transformation 
u = {I+ Py(t, h(t), '(t)))v (31) 
changes differential equation (26) to 


Sr = LIO) 1600,80) 


- [r+ t0.) > Bors 1 (t, h(t), h'(t)) 
1€j m 
+ HOSEA I) be (32) 


where P,(t,€,u) and Hi(e, p) are the two matrices given in Theorem 2.2. 


Remark 3.4 

(i) H(h(t)) + Hi(h(t), h'(t)) does not contain any periodic terms, 
(ii) H(0) + H1(0,0) = H(0), 

(iii) if we assume that 


v IAM(t)|dt<+o0, fo |h} (Oh, (0)]dt < +00, 
(33) 
limi.400 h; (t) = 0, lim: +400 h; (t) = 0, 


then 


[aeaoe] D eee no iro» 
` 1gjgm 


+ hj (t) — OP, 


Z(t A.) lat < +00, (38 


(iv) condition (33) is in general weaker than condition (28), 
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(v) since P,(t,¢,0) = 0, we can write 


4 =l 1 OP, 4 n" OP, / 
= [7 + P(t, ht), (y 2, | $3, COO + OG (t, h(t), h «| 
= Y. AAT (th(0,h (0) Y. KOGE, hlt), h (0), (35) 
1<j<m 1<j<m 


where the matrices 7; x(t,€, p) and 7;(t,¢, p) satisfy the conditions below: 

(a) the entries of 7; ,(t,€, 4) and 7;(t, €, 4) are continuous in (t, £, 4) € Rx D(p) 
and holomorphic in (e, u) € D(p) for each fixed t € R if p > 0 is sufficiently 
small, 

(b) 7j, (t + A,€, 4) = Tj (t, e, p) and T(t + A,€,4) = T; (t; e, p) for 
(te, n) € Rx D(p). 
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1 Introduction 


This paper is motivated by the following example given by W.V. Petryshyn in 
[11]: 
(Pi) { y" = h(t) + y? + (y')? + ksin(y"), te [0,1], 
y(0) = y(1) 20 

Petryshyn proved (with the use of A-proper mapping theory) that (P1) has 
a solution y € C?([0,1]) provided 0 < k < 1. We will show here, by entirely 
different methods, that (P,) has solutions y € WẸ? ([0, 1]) for any real constant 
k, and it has C? solutions if |k| < 1. 

In general, we study the solvability of two-point boundary value problems 
for implicit differential equations 


F(t,y, y y") 20, t€([0,1] (1) 


Ideally, we would like to solve the equation F(t,y,p,z) = 0 for z in order to 
reduce (1) to 


y'—f(twy) tel[0,1], (2) 


where a variety of existence results based on the Leray-Schauder theory is avail- 
able. Let us remark that in the case of an initial value problem ((1) subject to 
y(to) = yo, y(to) = po} the local solvability of F(t,y,p,z) = 0 in z about a 
point (to, Yo, po, zo) is entirely sufficient. In the case of a boundary value prob- 
lem, however, we need a global continuous solution z = f(t, y, p) defined for all 
(t,y,p) € [0,1] x R?, and that is very rarely available. The situation changes 
if we set the problem in the space W? of functions y € C!, with absolutely 
continuous derivative. New results of Bielawski and Gorniewicz [1] are helpfull 
in reducing (1) to a differential inclusion 


y” € v(t,y, y), t € [0,1], (3) 


where 4% is a lower semicontinuous selection of the multifunction 
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e(t,y,p) (ze RJ F(t,y,p,z) = 0). (4) 


Then the Fryszkowski selection theorem on mappings with decomposable values 
in L! (improved by Bressan and Colombo [2] in the completion with [10]) and a 
priori estimate techniques of Frigon [7] and Granas, Guennoun [9], are used to 
acomplish proofs of existence. 

For the simplicity of the presentation, we restricted the study to equations 
involving functions y : [0,1] — R and to the homogeneous Dirichlet boundary 
value problem. Our results, however, have straightforward extensions to systems 
of equations (i.e. y(t) € R”) and to various classes of boundary conditions. We 
will briefly discuss those extensions at the end of this note. 


2 Solvability of differential inclusions 


We first study the homogeneous Dirichlet boundary value problem for 


y" € v(t; y, y^), ae. t € [0,1], (5) 


where v : [0,1] x R? — 2F is a multifunction with closed values satisfying the 
following conditions: 


(a) V is CQB measurable (Lebesgue on [0, 1], Borel on R?) and y(t, -,-) is lower 
semicontinuous for a.e. t; 

(b) v(t y, p) C [filt,y,p), fo(t v. p)] for all y, p and ae. t, where fı and fz 
are two Carathéodory functions satisfving the growth conditions (H1) and 
(H2) stated below. 


We recall from [9] that f(t, y, p) is a Carathéodory function if it is measurable 
in t, continuous in (y, p) and, for (y, p) in a bounded B C R?, dominated by an 
integrable funciton gp(t). We also restate the following conditions from [9]: 


(Hı) There is a constant M > 0 such that yf(t, y, 0) > 0 for all y with |y| > M 
and a.e. t; 
(H2) |f(t, y. »)] € o(Ipl), for all y with |y] € M, p € R, and ae. t, where a isa 


positive locally bounded function with f," ats)? > 2M. 


It is easily verified that (H2) holds for any f satisfying the classical Bernstein 
growth restriction: 


(H3) There are constants A, B > 0 such that |f(t, y, p)| < A+ Bp’, for all y with 
ly| € M, p € R and aee. t. 


Theorem 1 If v satisfies (a) and (b) then the inclusion (5) has a solution 
u € We? such that |lullo € M (i.e. |u(t)| < M for a.e. t). 


Proof. Let fı and fz be as in (b), M a constant from (H1) common to fı and 
f2, a; a function defined for f; as in (H5), i = 1,2, and let Mi > 0 be defined 
by 
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Mi 
ls ——ds»2M, i=1,2. 
0 x) 


Next, let g € L'([0,1]) be a positive function with |f;(t, y, p)| < g(t) for all 
ly| € M, |p| € Mi and ae. t € [0,1], = 1,2. We define 


1 
Ms = lh = f tol 
and let 
U={yews” | llylo « M +1, |ly'llo < Mi +1, lly”ih < M2 +1}. 


Consider the diagram 


C(([0,1,R)  —» C((0,1], R?) 
j y* 


W;"(,1,R) > L'(p,1), R) 


where the operators are defined as follows: Ly = y”, j is the inclusion mapping, 
i is the imbedding defined by i(y) = (y, y), and y* is the multivalued mapping 
defined for y by 


y(u z(t) = (veL'| u(t) E Y(t, ylt), z(t) ae. t). 


The inclusion (5) subject to y(0) = y(1) = 0 is equivalent to Ly € 
(v*ij)(y), v € Wwe and, next, to y € (L1 *ij)(y), since L is bijective. Corol- 
lary 3.3 in [8] shows that the restrictions of * to compact subsets of C([0, 1], R?) 
have continuous single-valued selections. Since j is completely continuous, the 
mapping L-!*ij restricted to U has a continuous selection F : U- We 
Clearly, any fixed point of F also is a solution of (5) satisfying the boundary 
conditions. In order to complete the proof, we must show that all possible solu- 
tions of the parametrised family of equations 


y=AF(y), 0«A«1, (6) 


belong to U. If so, then the condition follows from the Theorem 5.1, Ch. II, 84 
of [3]. Let us note that (6) and (b) imply 


Afi(t y, y) < y" < Afa(t, y, y), a.e. t, (T) 


where the functions on both sides satisfy the growth conditions (H1) and (H2). 
Proving that |y(t)| € M and |y'(t)| € Mı for a.e. t is based on the same 
arguments as those in the proof of the assertion (ii), Lemma 3.1 in [9]. Next, 
lly"]l: < M2 by the definition of M5 and by (7). This shows that y € U. 
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3 Reduction of implicit equations to differential 
inclusions 


We may now study the homogeneous Dirichlet problem for the differential 
equation (1). Let F be a continuous function from [0,1] x R? to R and let 
e : [0,1] x R? — 2F be the multifunction corresponding to F, defined by (4). 
The following assumptions are posed: 


(i) For any (t, y, p) € [0,1] x R? there is an open U C R such that p(t, y, p) n 
QU = 0 and deg(F(t,y, p, -),U) # 0 (by deg we mean the Leray-Schauder 
degree). 

(ii) For any (t, y, p) € [0, 1] x R?, the covering dimension of y(t, y, p) is zero (cf. 
4 


(iii) y(t, y, p) satisfies the condition (b) of the previous section. 


Note that v is an u.s.c. mapping but not necessarily a l.s.c. mapping. The 
multivalued mapping ¢* : C([0,1], R?) — cl L'([0,1], R), corresponding to ¢, 
is not ls.c. in general, so Theorem 1 cannot be directly applied. However, our 
assumptions and Theorem 2.5 in [1] imply that p has a lower semicontinous 
selection V(t,y,p) C e(t, y, p) with nonempty closed values. Geometrically, i 
is obtained from y by deleting from the graph of F(t,y,p,x) = 0 all points at 
which that equation is not locally solvable for x. That and Theorem 1 imply the 
following: 


Theorem 2 If F satisfies the conditions (i), (ii), and (iii) then the equation (1) 
has at least one solution y € We". 


Since the formulation of Theorem 2 is very general and the assumptions 
might seem not easily verified, we now give two more explicit examples. First let 
us consider the problem mentioned in the introduction: 


qu [fre MOS aD aen. n. Ce RA e ciin, 
Y ly) = y(1) =0 


Corollary 1 The problem (Pi) has solutions u € Wj" for all real constants k. 
Moreover a C? solution ezists if |k| < 1. 


Proof. Define e1(z) = {z € R| z = z + ksinz). It is clear that the mapping 
rz — z+ ksinz—z has a nonzero degree on sufficiently large intervals (— M;, Mz) 
for all z € R, in particular, y;(z) is nonempty. The set ¢1(z) is finite so, in 
particular, its covering dimension is zero. Consequently, the multifunction 


p(t yp) = pi (h(t) +y? p^) 
satisfies the conditions (i) and (ii). Let us observe that yi(z) C z + [-k, k], so 
that (iii) is verified with 
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filtyp) = AQ) - y? +p? + (-1)' A], i-12. 
It is easily proved that fi and f» satisfy (H1) and (H2), and we may now refer 
to the Theorem 1. Finally, if |k] < 1 then the equation z = z + ksinz has a 
unique solution z = q1(z) for all z, and y; is a continuous function of z. Hence 
(1) is reduced to y" = yi(A(t) + 3? + (y')?) with the continuous right-hand side 
and the second conclusion follows. 
'The second example is 


(n) (Psi ms ae ten) 


where P5444 is a polynomial of odd degree 2n +1 with constant coefficients. 


Corollary 2 Suppose that f : (0, 1] x R? > R is a continuous function satisfying 
(Hı) and the following conditions: 


(Hi) There exists € > 0 such that 


liminfy !f(t,y,0) >€ fora.e.t, 
ly| ^ co 


(Hy) For any M > 0, there are constants A,B > 0 such that, for all y with 
lull € M,p € R, and a.e. t, |f(t,y,p)| € A+ Bp*Pt?, 


Then (P5) has at least one solution y € wè e 


Proof. We define e1(z) = {x| Pen41(x) = z} and repeat the arguments of the 
previous proof. For verifying that (iii) holds, let us note that the roots of the 
equation P»,41(z) = z can be estimated by the roots of z?^*! = z so that 


ei(z) C biz PH. + [—kp, ko] 
for some constants kı, k2 > 0. We define 
fit, y, p) = ki + (f, y, p) t 4 (-1/ ks. 


The conditions (H;") and (H5") on f imply that fı and f; satisfy (H1) and 
(H5), and the conclusion follows. 


4 Remarks on possible generalisations 


1) Our results have extensions to non-homogeneous Dirichlet, periodic, Neu- 
man, or Sturm-Liouville boundary value problems considered in [9], with 
the analogue modification of the growth condition (H5) in the case of the 
Sturm-Liouville boundary conditions. 

2) Theorems 1 and 2 can be extended to systems of equations (or inclusions). 
That will be fullfilled upon replacing our growth conditions (H1) and (H3) 
by the growth conditions (H1, H2, H3) of [5]. 
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3) It seems that the continuity of F(t,y,p,z) in t is not essential if we seek 


solutions in W?, although it simplifies the arguments. 


4) The assumption (ii) in section 3 is essential. However, if we go to another 


extreme and assume that y(t, y, p) is convex, then the results of [6] based 
on the theory of convex-valued u.s.c. mappings can be used instead. As an 
example, consider the equation analogous to (Pi): 


y" = h(t) + y? + (y)? + S(y"), 


where the sinusoide in (P) is replaced by the ” piece-wise linear sinusoide” 
of slopes +1 defined by 


z if zc[-1,1] 
S(r42-z if zc(13] 
S(r—4n) if 2 € [4n—1,4n+3), n=+1,+42,... 


Then the multifunction e(z) = {z| z = z+ S(zx)} is u.s.c. with nonempty 


compact convex values and the results of [6] apply. 


Acknowledgment 


This research was supported by the NSERC grant No. OGIPN 016. 


References 


10. 


Bielawski, R., Górniewicz, L.: A fixed point index approach to some differential 
equations. To appear in Proc. of Conf. on Fixed Point Theory, ed. A. Dold, Lecture 
Notes in Math., Springer Verlag, Berlin-Heidelberg-New York 


. Bressan, A., Colombo, G. (1988): Extensions and selections of maps with decom- 


posable values. Studia Mathematica 90, 69-86 


. Dugundji, J., Granas, A. (1982): Fixed Point Theory. Vol. I, PWN, Warszawa 
. Engelking, E. (1979): Dimension Theory. PWN, Warszawa 
. Erbe, L.H., Krawcewicz, W.: Nonlinear boundary value problems for differential 


inclusion y" € F(t, y, y). To appear in Annales Polonici Mat. 


. Erbe, L.H., Krawcewicz, W., Kaczynski, T.: Solvability of two-point boundary 


value problems for systems of nonlinear differential equations of the form y" — 
g(t, y, y', y"). To appear in Rocky Mt. J. of Math. 


. Frigon, M. (1983): Applications de la transversalité topologique à des problémes 


nonlinéaires pour certaines classes d'équations différentielles ordinaires. To appear 
in Dissentationes Mathematicae 

Fryszkowski, A. (1983): Continuous selections for a class of non-convex multivalued 
maps. Studia Mathematica 76, 163-174 

Granas, A., Guennoun, Z. (1988): Quelques résultats dans la théorie de Bernstein- 
Carathéodory de l'équation y" = f(t, y, y'). C.R. Acad. Sci. Paris, Série I, L 306, 
703-706 

Ornelas, A.: Approximation of relaxed solutions for lower semicontinuous differen- 
tial inclusions. SISSA, preprint 


224 Tomasz Kaczynski 


11. Petryshyn, W.V. (1986): Solvability of various boundary value problems for the 
equation z” = f(t,z,z', z") — y. Pacific J. of Math., 122, No. 1, 169-195 


A Stability Analysis for a Class of Differential- 
Delay Equations Having Time-Varying Delay 


James Louisell 


Department of Mathematics, University of Southern Colorado, Pueblo, CO 81001 


1 Introduction 


The subject of this paper is differential-delay equations having time-varying 
delays. Time-varying differential-delay equations have a long history, and the 
literature on systems defined by such equations is vast. Within this area, the 
special case of systems in which the delay is itself a function of time has a much 
smaller literature, and results are more rare ([1]), ([2]), ([3]), ([5]), ([8]). 

The specific topic of interest in this paper will be the differential-delay equa- 
tion (t) z(t) = Aoz(t) - Aiz(t — h(t)), where Ao, A; are fixed members of IR"*", 
and A(t) is a bounded function having domain [0,oo) and range contained in 
[0, oo). If h > 0 is any fixed constant for which all zeros of the characteristic 
function fa(s) = |sI — Ao — e^*^ A| are contained in the open left half-plane 
(Re(s) « 0}, we say that h lies in the stability set, which we denote by Hs. 
Thus H, = {h € [0, 00) : f(s) = |s1 — Ao —e~*" A1 | is nonzero for each complex 
s having Re(s) > 0}. We will assume that h(t) takes its values in the set H,, 
and investigate the following question: Which hypotheses on the function h(-) 
guarantee that the solutions of the above differential-delay equation (f) decay 
as t — 00? 

In order to clarify the discussion we now fix the notations used throughout 
this paper, and recall those aspects of the autonomous system (*) z(t) = Aoz(t)4- 
Ai1a(t — h) which will be useful as a point of reference in our investigation. To 
begin, we let H = [0,00), and for each h € H, we let o; denote the delay 
operator having duration h. A simple and useful way to form the characteristic 
function fa(s) for the system (+) is to first write p(s, øn) = |sI — Ao — A1co4| = 
s” a4 .1(04)57 71 +- - -+ao(0n), where for k = 0,---,n—1, each a(o) € Roy], 
the ring of real polynomials in the operator øp. We then have fi (s) = p(s, e~*"). 
The utility of this formula is clearly seen in the following lemma. 


Lemma 1.1 Let Ao, A; € IR"*". Then there exists wo > 0 such that for all 
h € H, the characteristic function fa(s) = |sI — Ao — e ^*^ A| has no zeros in 
{|s| > wo, Re(s) > 0}. 
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Proof. For z € €, write p(s, z) = |sI — Ao— A1z| = s" +an-1(2)s"71 4------ ao(2). 
Then p(s,z) = s"[1- (an_1(z)/s) + ... + (ao(z)/s")], and thus p(s, z)/s* — 1 
uniformly for |z| € 1 as |s| — oo. Since |e7?^| < 1 for Re(s) > 0,h > 0, we thus 
see that fa(s)/s” — 1 uniformly for (s, h) € (Re(s) > 0) x H as |s| — oo, and 
the lemma is now apparent. ü 


The following lemma can be proven with the aid of Lemma 1.1 by apply- 
ing the principle of the argument to the function f;,(s) over any curve c(-) 
parametrizing the set {iw : |w| < wo} U (|s| = wo, Re(s) > 0). 


Lemma 1.2 Let ho € H, and suppose fu, (s) has no zeros in {Re(s) > 0). Then 
there is an open set U = HN {|h — ho| < rj, having the property that if h EU, 
then f(s) has no zeros in (Re(s) > 0). 


2 A Lyapunov functional 


The purpose of this section is to present the basic facts found necessary in the 
construction and use of the Lyapunov functional employed in Section 3. 

We begin by taking any two matrices Ao, Ai € IR"*". We set H = [0, 00), 
and for each h € H, we define the matrix functions Th (s) = sI — Ag — A,e~*", 
Mx (s) = Th(s)^!, and the scalar function f;,(s) = |T}(s)|. It will frequently be 
useful to denote T,(s) by T(h, s), and to denote M;(s) by M(h, s). Finally, we 
remind the reader that here H, is defined by H, = {h € H : f,(s) is nonzero for 
each complex s having Re(s) > 0}. 

The simple formula T},(s) = s(I — 1Ao — +e~*" Aj), valid for s € C — {0}, 
immediately yields M,(s) = s^!(I — 1Ao — 1e7?^A,)7!, valid throughout 
(s # 0, fa(s) # 0). Setting F(h,iw) = (I — ;bAo — per A1), we im- 
mediately see that F(h, iw) — I uniformly for h € H as |w| — oo. Writing 
My (iw) = ibF(h,iw), we have (Mp)*(iw)Mp(iw) = d; F*(h,iw)F(h, iw), and 
thus we see that if f, (iw) is nonzero for each w € IR, then each of the entries of 
the matrix (Mj)" (i2) M; (iv) will be absolutely integrable over the unbounded 
interval (—o0,o0). For each h € H,, we now form the matrix Q(h, o), defined 
for every a € IR as 


Q(h, a) = = T j (Ma )" (iw)Mnr(iw)e7 du. 


There are several basic formulas which simplify the analysis of the matrix 
function Q(h,a). First among these is the formula for fa(s) given in Section 1. 
Recall that we there wrote f,(s) = p(s,e~*"), where p(s,o,) = [sI — A(o,)| = 
s” +an_1(o,,)s"~!+-++-+a9(on), and o is the delay operator of duration h, with 
A(on) = Ao+ A10. We used this formula to deduce the fact that there is wo > 0 
having the property that for each h € H, f,(s) is nonzero for every complex s 
having Re(s) > 0, |s| > wo. From this formula it is also easily seen that if K 
is any compact subset of C, and ho is any member of H,, then f;(s) — fn,(s) 
uniformly for s € K as h — ho. 
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Another formula useful for analyzing the matrix Q(h,o) is the formula 
for wi in terms of the matrix adjugate to T4(s), ie. Ma(s) = Th(s)7! = 


(zi jh (s a) (adj T},(s)) for each complex s having f,(s) Æ 0. From this formula 


it is seen that, given any ho € H, if f4,(s) is nonzero for every complex s ly- 
ing in some compact subset K of C, then M)(s) is defined throughout K for 
each h lying in some relatively open set U = H N {|k — ho| < r}, and in fact 
M;(s) — Mz, (s) uniformly for s € K as h — ho. With these comments as back- 
ground, we can now present the first of several lemmas dealing with the matrix 
Q(h, a) found useful in Section 3. 


Lemma 2.1 Let ho € H,. Then there is a neighborhood U = HN{|h—ho| < r}, 
contained in H,, for which Q(h, a) is defined and continuous throughout U x IR. 
Furthermore, Q(h, a) —^ Q(ho, o) uniformly throughout IR. as h — ho. 


Proof. Existence: For any ho € H, , we know from Lemma 1.2 that there is a 
neighborhood U = H N {jh — ho| < r} with H, D U. For any h € U, since 
h € H,, we know that Q(h, o) is defined for each a € IR. 

Continuity: Let U be as immediately above, and for each h € U,set R(h,w) = 

+ (Mx )* (iu) Ms (iv), and R(h,w) = R(h,w) — R(ho,w). For any fixed ui > 0, 
We write 


Q(h, a) — Q(ho, a) = J 


|w|<wi 


R(h, wje i" dw «f R(h,w)e~% dw. 
|w]>wi 
Since ho € Hs, we know from the comments preceding this lemma that for 
any wi > 0, R(h,w) — 0 uniformly for |w| € w; as h — ho. Thus, for any w; > 0, 
we have 


J ||R(h,w)||dw — 0 as h—> ho. 
lese: 


Again referring to the comments preceding this lemma, we write 2 R(h, w) = 
a5 [F* (h, iw)F(h, iw) — F* (ho, iw)F(ho, iw)] and recall that F(h,iw) — I uni- 
formly for h € H as |w| — oo. We thus see that 


f ||R(h,w)||dw — 0 uniformly for h € H as wı > oo. 
lul2w: 


Now writing 


llQ(h, a) — Q(ho,)|| < f 


w|€wi 


I|®(h,w)]|deo + l || Qs, w)ļldw, 


w Pw, 


and recalling that for any wı > 0, J ||R(h,w)||dw — 0 as h — ho, we 


w|€wi1 
conclude that !|Q(h, a) — Q(ho, a)|| — 0 uniformly for a € IR as h — ho. 
If we now set S(h,w,a) = R(h,w)e^"*, and if for fixed ag € IR we set 
S(h,w,a) = S(h,w,a) — S(ho,w, ag), then by applying an argument similar 
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to the above, using the functions S(h,w,a) and S(h,w,q), one will find that 
IIQ(^, a) — Q(ho, ao)]] — 0 as (h, o) — (ho, ao) . Since the original choice of 
ho € H, was arbitrary, the proof is complete. a 


'The next lemma, which is actually a basic fact of real analysis, is included 
for use in the two lemmas which immediately follow this lemma. The proof is 
derived from standard real analysis techniques, and is not given here. 


Lemma 2.2 Let U, be any real interval, and let Uz be either of (—00, oo), [T, 00), 
where T is any member of IR. Let f : Uy x Uz — C"*" , where both f and Dif 
are continuous throughout U, x Uz . For any y > 0, sei J(y) = U2N{|z2| > y), 
and now suppose that there exist yo > 0 and a real function 9 : J(yo) — [0, oo) 
having the properties a), b) written below: 


a) [m $(z2)dz, < oo 


b) for each (41,22) € U1 x U2 having |r| > yo, both ||f(z1, 22)|| € (z2) and 
[Di f(z1, 22)| € $(22). 


Then for F(zi) — | f(z1,z2)dzs, we know that F(z,) is defined and fi- 
U. 
nite for all zı € Ui, and in fact the derivative F'(z1) exists and is continuous 
throughout Ui, with F'(z,) = Dif (zi, z2)dz3. 
U2 


In the next lemma, we again examine the behavior of the function R(h,w) = 
zz M*(h, iw)M (h, iw). Here we employ two formulas for $2 (h,w) to prove exis- 
tence and continuity of 22 (h, a). To obtain the first of these formulas we recall 
that M(h,iw) = T1(h,iw), where T(h,iw) = iwI — Ao — e^*^^ Aj. Setting 
Ni(h,w) = a E (h, iw)M (h, iw)A,M(h, iw), we can give the first of the 
two formulas for 2R SR (h,w): 


2r (hw) = (Sti) M (h, iw) + M*(h, iw) (s (h, io) 
= (—M(h, iw) AM (h, iw)iwe")* M (h, iw) 
+ M*(h,iw)(—M(h, iw) AM (h, iw)iwe-™") 
= 27[N1 (h w) + Ni(h,w)], 


ie. $E (hw) = Nf (h,w) + Ni(h,w) for any (h,w) Raving IT(h, w)| z 0. 

We now return to the formula R(h,w) = 545 F*(h,iw)F(h,iw), where 
F(h, iw) = (I — Ao — er Ai). Setting No(h,w) = —be~* F*(h, iw) 
F(h,iw)A1F(h, iw), we can give the second of the formulas for $E (h, w): 
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20R 


rw 


FAG w) = (Freie) F(h, iw) + F*(h, iw) (Zi) 
= (—F (h, iw) A; F(h, iv)e *"^)* F (h, iw) 
+ F* (h, iw)(—F(h, iw) AF (h, iw)e7**) 
= 2n[N3(h,w) + No(h,u)], 


ie. SR (hu) = S; [N2 (h, w) + No(h,w)] for (h,w) having w £ 0, |T(h, iw)| £ 0. 


Lemma 2.3 Let ho € Hs. uen there is a neighborhood U = HM (|h — ho| < r}, 
contained in H,, for which $ 22 (h, a) is defined and continuous thronghnut U xR, 
with 28 (h, a) = [525,28 Reh «)e-*"^ du. Furthermore, 29 (h, a) — 29 (ho, a) 
uniformly throughout IR as h — ho. 


Proof. Let ho € H,, and let U be the neighborhood of Lemma 2.1, ie, U = HN 
{|h — ho| < r}, with H, D U, and with Q(h, a) defined and continuous through- 
out U xR. Noting the formulas 2r R(h,w) = M* (h, iw)M (h, iw), and 8È (h, w) = 
Ni(h,w)-F Ni(h,w), both valid throughout U x IR, with 2n Ni (h, w) = 
we"? M* (h, iu) M (h, iu) Ai M (h, iw), we see that both R(h,w), 22(h,w) are 
continuous throughout U x IR. 

Now note the formulas 27R(h,w) = 3, F*(h,iw)F(h, iw), and $2 (hw) = 
wa lN3 (h,w) + No(h,w)], both valid for he U,w # 0, where onNo( hw) = 

eth F* (h. iw) F(h, iw)A1F(h, iw). Recall that F(h, iw) — I uniformly for h € 


H as |w| co, and set K = max {1+ d, 14 Mall}. Then there is some yo > 0 


ds that for w| > yo and h € H, both ||R(h,w)|| € Kw™?, and ||$2(h,w)|| < 
w?. Writing Q(h, o) = f^, R(h,w)e"%dw, we can apply bsinma 2.2 with 
ae = U,02 = Geet oo), and. $(w) = Kw? for w| > yo, and conclude that 
i each a c IR, 2g (h,a) exists and is continuous in A throughout U, with 
29 (h, a)- | 2k (h, ve ds 
Finally, noting the formulas 32(h,w) = Nj(h,w)+Mi(h,w), and $2 (h, w) = 
i L[N3(h,w) + No(h,w)], one can employ a technique comparable to that used 
in Lemma 2.1 in proving that Q(h, a) = Q(ho, a) uniformly throughout IR as 
h — ho, and likewise prove that 22 lh, a) > 92 (ho, o) uniformly throughout IR 
as h — ho. Similarly, using a technique comparable to that mentioned in Lemma 
2.1 for proving that QU» o) — Q(ho, ao) as (h,a) — (ho, ao), Eu noting 
the above formulas for 28 (h, v), one can prove that $2(h, a) — $(ho, ao) as 
o a) > (ho, ao). Since the choice of hg € H, was arbitrary, we conclude that 
ar 99 (h, a) is continuous throughout U x IR. H 
Before introducing a formula for use in dealing with Q(h,o) throughout 
this paper, we first recall some basic facts from Fourier transform theory 
([9]). Consider any matrix function f(t) having domain (—oo,oo) and range 
in C^*"^, If f € L?(—oo,oo), the Fourier transform f of f is defined as 
f(w) = Te fr, f(t)e tdt. The function f will lie in L?(—oo, oo), and in fact 


fÐ = Fz So f(w)ei"*dt. We let F denote the operator F : L?(—00,00) > 


230 James Louisell 


L?(—oo,oo) defined by F(f) = f, and we let 77! denote the inverse op- 
erator. Defining the convolution of any two members f,g of L?(—o0,00) by 
(f*g)(t) = f°, f(u)g(t — u)du , we recall that Z(f*g) = (V2x)(f)(g) provided 
f,g € L!(—oo,oo). Finally, we shall use the formula ju f? (u)g(u — t)du = 
SJEA lilo) dw, valid for f,g € (L! n L?)(—oo,oo) and t € IR if 
f,g have range in IR?*^. This formula is readily derived by noting first that 
(f)* = fo, where fo(t) = TE —t), by next writing Fr So fo(w)g(w)e-**tdw = 
(F-1{(fo)(9)})(-t) = Tk ax (fo * g)(—t), and by then using the variable substitu- 
tion 6 = —u in the expression (fo * g)(—t) = f^., f" (—u)g(-t — uu . 

The next formula, which proves extremely useful as a characterization of 
the matrix Q(h, a), arises from the link between M;(s) and its inverse Laplace 
transform. To explore this further, for any h € H,, we denote the inverse Laplace 
transform of Mp(s) by Xa(t), or, when h is fixed and understood from the 
context, merely by X(t). Then X(-) is the solution to the differential-delay 
equation X(t) = X(t)Ao + X(t — h)Ai having initial data X(u) = (u) for 
—h € u < 0, where (u) = 0 for —h € u < 0, and (0) = I. Noting that 
X(t) = 0 for t < 0, we write Mi (s) = fy. X(t)e-*'dt = f° X(t)e-*'dt. Since 
h € H,, we know that there exist C > 1,8 > 0 such that ||X(t)]| € Ce~* 
for all t > 0. Thus X() € (L!n Liy(—co, oo), and with X = F{X}, we 
have X(w) = Zz Mi (iw). If we now set f = g = X in the previously given 
formula f°, fT(u)g(u — a)du = f% (fy ee we obtain the im- 
portant formulā J XT(u)X(u—o)du = 4 L [^ (Mn)"(iw)Mn(iw)e 7" du, i.e. 
Q(h, a) = fr^ X (t)X(t — a)dt for each a € IR. 

From this formula it is obvious that Q(h,a) € IR?*" for h € H,,o € IR. 
Noting the definition Q(h,a) = A SS (Mn) (iw) Ma (iw)e- * du, one easily 
sees that Q*(h,o) = Q(h, —a). Thus for h € H,, o € IR, we have QT (h, a) = 
Q(h, —a). Based also on the formula for Q(h,a) just derived, one may now 
refer to Infante and Castelan ([6]), or to Datko ([4]), and deduce the formulas 
for 29 (h, a) given in the following lemma. Alternatively, after some elementary 
analysis, one may use the formula derived for Q(h, a) to directly apply Lemma 
2.2, and differentiate the integral for Q(h, a) with respect to a. 


Lemma 2.4 Let ho € Hs. Then. ra is a neighborhood U = H N {|h — ho| < 
r), contained in H,, for which 2 29 (h, a) is defined and continuous throughout 


U x (IR — (0)). In fact, the following formulas hold for 22 22 (h, a): 
a) P9 (ha) = —-Q(h,a)Ao — Q(h,a+h)A, for (h, a) € U x (—œ,0) 


b) Z9 h,a) = A3 Q7 (h, —a) + AT Q" (h,—a + h) for (h,a) € U x (0,00). 


Corollary 2.5 Let V; be any compact subset of H,, and let V2 be any bounded 
subset of IR — {0}. Then ||$8 (h, o)|| is bounded over V x Vo. 
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Proof. Choose 04,03 € IR* such that [-0,,0) U (0,a2] 2 Vz. Set Pi(h, a) = 
—Q(h,o)Ao — Q(h,a + h)A;, and note that for h € H,,a < 0, we have 
29 (h, a) = P,(h, a). Noting continuity of Pj (h, o) and compactness of Vi, we see 
that || P; (h, «)|| is bounded over V; x [71,0], and hence ||22 (^, a)|| is bounded 
over V; x [—a1, 0). Setting Po(h,a) = AZ Q7 (h, —a)-- AT QT (h, —a+h), and not- 
ing that £2 (h, o) = P,(h, a) for h € H,,o > 0, we similarly find that [29 (^, all 
is bounded over V, x (0, a2]. We now conclude that ||$2(h, a)|| is bounded over 
VW x Va. D 
It is worth noting that for any h € H,, the matrix function Q(h, -) is differ- 
entiable from the right at a = 0, with right derivative given by the formula 


($2.4, a)laz0+) =—I — Q(h,a)Ao — Q(h, h) Ai. 


In fact, the matrix function Q(h, -) is also differentiable from the left at a = 0, 
with left derivative given by 


(20. a)le=0- ) = —Q(h,0)Ao — Q(h, h) A1. 


Since these formulas will not be used in any of the lemmas or theorems in this 
paper, the proofs of these formulas will not be given here. The interested reader 
will find several more formulas for 29 (h, a) in a paper of Datko on autonomous 
differential-delay equations in Hilbert space ([4]). 


3 Stability 


In this section we consider the system (})z(t) = Aoz(t) + A1z(t — h(t)), having 
time-varying delay A(t). Recalling that H, is that subset of members h of H 
for which the characteristic function f;,(s) = |sI — Ao — A1e^*^| has no zeros 
in (Re(s) > 0}, we examine the stability of the system (f) for certain functions 
h(t) taking values in H;. Thus we relate the stability of the system (f) to the 
stability of the system (*)z(t) = Aoz(t) + Aia(t — h). 

As is frequently the case in stability theory, we approach the system ([) 
with the aid of a Lyapunov functional. This functional is a generalization for 
time-varying systems of a Lyapunov functional first used to analyze autonomous 
systems by Infante ([7]) and Datko([4]). In order to construct this functional 
and identify its salient properties, we now fix the notation which will be used 
throughout the remainder of this section. 

We begin, as throughout this paper, by taking any fixed matrices Ao, A, € 
IR^*^, We then consider the differential-delay equations (*)z(t) = Aoz(t) + 
Aiz(t — h), and (f)z(t) = Aoz(t) + Aiz(t — h(t)). As in Section 1, we write 
A(on) = Ao + Aion, obtaining the differential-delay equations (*)z(t) = 
A(o,)z(t), and (f)z(t) = Along )e(t). We now let C[—A,0] denote the space 
of continuous functions $ mapping the interval [—h, 0] into IR". As in Infante 
([7]), for each h € Hy, we use the matrix function Q(h, o) to define the following 
functional V, , taking members ® of C[—-5,0] into IR: 
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0 
Va(®) = $7 (0)Q(h, 0)G(0) + 2070) | Q(h,u + h) Aió(u)du 
-h 


ü f. J, 9^ (u)(41)"Q(h, v= u)A19(v)dvdu. 


If we let z(.) be any trajectory of the system (x)z(t) = A(o,)2x(t), with 
corresponding sections z, € C[—h, 0] defined by z,(u) = z(t+u) for -h < u < 0, 
we may write the functional V, as below: 


V. (zi) = 27(t)Q(h, 0)2(t) + 227 (1) f , QU ue D) Aie (t udu 


0 0 
5 A —u T v u. 
«f f (t+ u)(A1)’ Q(h, v — u)Aiz(t + v)dvd 


Finally, making use of the elementary variable transformation v/ = t+u,v' = 
t+ v, we obtain the form for V, given below, which is often convenient for 
calculating the time derivative of Vp (zi): 


Va (zi) = 27 (t)Q(h, 0)x(t) + 227 (t) [m Q(h, v' +h — t) Ayz(u')dv' 


t t 
T (,,¢ T A" P hg 
+f [= (uA Y Q(h,v' — v) Auz(v)dv'dv'. 


Now for any  € C[-h, 0], let (vw) = 2(,w) denote F{x(t)}, where z(t) = 
z(,t) is the solution, defined for 0 € t < œœ , to the differential-delay equation 
(*) a(t) 2 A(o,)z(t) having initial data 6 on [—h, 0]. It is a routine, though some- 
what lengthy exercise ([7]) to prove the formula V,(@) = f° (@)*(w)#(w)dw. If 
one now applies Parseval’s equality to this formula V,($) = f° (2)*(w)#(w)dw, 
one will immediately see that V,(®) = fy 27 (r)z(r)dr. Expressed in terms of 
the sections z, of the solution 2(-), this becomes V,(z;) = JE zT (r)z(7)dr. 
From this we see that Vi(z,) = S) = —aT(t)z(t). As in Infante ([7]), 
it is now seen that if z(-) is any solution to the differential-delay equation 


(*)2(t) = Aoz(t) + Aiz(t — h), then for t > 0, we have dV. (no) = ~—z" (t)a(t), 


dt 
i.e. V. (9) = —97 (0)6(0). 

Naturally, the motivation for the definition of V; was the expression for V; (9) 
as the energy of the trajectory z(,t), along with the important corresponding 
expression V, (9) = —67(0)6(0). The reason for the form of the original choice 
for the definition of V,(®) was to emphasize the fact that, via the formula for 
V; (9) as an integral functional in 9, one may obtain explicit information on the 
behavior of V, (9) as h varies throughout H,. 

Before showing how to modify the functional V, for use in time-varying sys- 
tems, we give the following lemma. This lemma is included for use in a technical 
detail occurring in Lemma 3.2 and in Lemma 3.3 . Since the following lemma is 
a basic fact of real analysis, the proof will not be given here. However, it should 
not be assumed that the proof is routine. 
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Lemma 3.1 Let f : (a,b) x [c—6,d] + IR"*” be continuous, where 6 is a positive 
real number. Set V = (a,b) x (c — 6 € z € d,z3 £ c), and suppose first that 
Dif (1,23) is defined and continuous on V, and also that there is a constant M 
such that ||D, f(z1,22)|| € M for (z1, 22) € V. Now, for each x; € (a,b), define 
F(z1) = J? f(x1,22)dz2. Then the derivative F'(z1) exists for each x; € (a,b), 
and in fact F'(zi) = TS Dif (z1, 22)d23. 


We are now equipped to modify the functional V,(®) for use in the case 
where the delay is a function of t. To begin, we let S be the class of all functions 
h(t) with domain [0, oo) and range in H, having the following properties: 


i) h(-) is bounded and continuous 
ii) There is a compact subset D of H, and a real number v > 0 such that 
h(t) € D for t > v 
iii) h(-) is differentiable at t for t > v. 


Now, for any A(t) € S, set h = sup{h(t) : t > 0), and define the time-varying 
functional G(t,®) for t > v and 6 € C[-h, 0], as G(t, ®) = Vha (9). 

As is the case with Vp(®), it will be useful to have the functional G(t, ®) 
written out explicitly for the case that ® = z,. Letting z(-) be any trajectory 
of the system (t) z(t) = A(cqz))2z(t), with corresponding sections z; € [-À, 0] 
defined as usual by z;(u) = z(t + u), and again setting u’ = t + u,v’ = t + v, we 
write the functional G(t, z;) as below: 


G(t, z1) = z^ (t)Q(A(t), 0) x(t) 


t 
+ 2a (t) | Q(h(t), u' + h(t) — t) Ayz(u')dv' 
t-h(t) 


t t 
+ i J zT (u')(A1)7 Q(A(t), v — u)Aiz(v)dv'dv'. 
t—h(t) Jt-h(t) 


The next lemmas provide formulas for Vha, along trajectories of the system 
(x) a(t) = A(o,)z(t), and for G along trajectories of the system (f)z(t) = 
A(onct))2(t). The relationship between these two quantities will be clearly dis- 
played in these formulas, and this relationship will be the basis of the analysis 
relating the stability of the system (1) to the stability of (*). 


Lemma 3.2 Let h be any member of H,, and let E,(h,-), Eo(h,-), Es(h,-) be 
the functionals taking members ® of C[—h,0] into IR as given in the formulas 
below: 
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Ei (h, 9) = 2(8" (0)( A9)" + 97 (—h)(41)7]Q(^, 0)8(0) 
0 
E2(h,&) = 2 a (0)(Ao)? + 97 (-h)(A1)7] n : Q(h,u + h) Aió(u)du 
+ €^ (0)Q(^, h) A,9(0) — 97 (0)Q(h, 0) A: 9(—h) 
— ao f (Seals) Axo (udu 
E3(h,®) = 97 (0) J : (A1)? Q(h, u) Ai (u)du 
-h 
0 
— 6" (—h) | (An QU. u+h)A,®(u)du 
0 
T T 
+ nc (u)(A1) Q(h, -u)A1du] (0) 
- | f P (XA) Qu, -u- hdd $(—h). 
Now consider V, (2,), the time derivative of Va (zi) along solutions of (*) z(t) 
= A(cn)z(t), the differential equation with constant delay h. We have: 


(a) V. (zi) = Dopey Eilh, z) 
(b) —27 (t)2(t) = Yo, Eilh, 21). 


Proof. The formula in b) follows from the formula in a) and the fact that 
Vi (zi) = —z' (t)z(t). 

To prove the formula in a) for V; (z+) = Mites) consider the third of the 
formulas given in the definition of V,, displayed for convenience immediately 


below: 
Va (z:) = 27 (t)Q(h, 0) x(t) + 227 (1) L, Q(h,u' + h — t) Aiz(u')dv' 


t t 
a I |. z7 (u')(A1)7 Q(h, v' — u’) Auz(v")dv'dv'. 


Noting Lemma 2.1, one can make direct use of the chain rule and the product 
rule to calculate the time derivative of the first and third terms in the above 
expression for Vp (z+). One thus arrives at the functionals E;(h,-) and Es(h,-) 
in the expression for Vi (z.). 

The technical detail mentioned prior to Lemma 3.1 occurs in finding the time 
derivative of the second term in the above expression for V; (x+). Here one begins 
by setting J(01,03,03) = LE Q(h, u' +h — o3) A1z(u')dv', and noting that the 
term being examined is equal to 2zT (t)J(t — h,t,t). After noting Lemma 24, 


Corollary 2.5, and Lemma 3.1, one can calculate aaa h,t, a3)|a,<t- One then 
a3 
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makes routine use of the chain rule to find the derivative with respect to time 
of J(t — h,t,t). The differentiation is completed by applying the product rule to 


the expression 227 (t)J (t — h,t,t), and thus one arrives at the functional E5(h, -) 
in the expression for Vi (2). Oo 


Corollary 3.3 For any ® € C[—h, 0], we have -ÐT (0)6(0) = 15 , Ei(h,®). 
Proof. This follows immediately if we let be the initial data on [—A, 0] for the 
differential-delay equation (*) z(t) = Aoz(t) + Aiz(t — A), and then apply the 


second part of the above lemma with t — 0+. o 


Lemma 3.4 For each h € H, , let F,(h,-), Fa(h,-), Fa(h,-) be the functionals 
taking members © of C[—h, 0] into IR as given in the formulas below: 


F,(h,%) = 97 (0)22 (4, 0)0(0) 


F(h,®) = 2 leto. Ae) 
0 
4-97 (0) J : (Po + loea) A19 (u)du 
0 
+ 97 (0) ni . (SQ. accus) Ard(u)du 
0 
Fa(h,) = 67 (-h) f AFRA, u + h)Aid(u)du 
+ | J i 97 (u)(A1)TQ(h, —u — h)Ardul o(—h) 
=h "i 


, FÉ ri 97 (u)NG@(v)dvdu, 
where N 2 (Af (ewe - 2) Ai. 


Now let h(t) be any member of the class S, with h(t) € H, for t > v. Consider 
the functional G(t,9) = Vagy(®), and let G(z:) = daten be the derivative 
of G(t, x+) along solutions of (t)z(t) = Aoz(t) + Aiz(t — h(t)), the differential 
equation with time-varying delay h(t). Fort > v, we have: 


(a) Gla) = Day Eh), 21) + W) [Ei 009,20] 
(0) lzi) = "(0s (0 + [TE Fuh), 20)] 
Proof. The formula in b) is obtained by first noting the formula in a), by then 


noting the relation —67(0)6(0) = Y22., E;(h,G), true for any h € H, and 
® € C[—-h,0], and finally, by setting h = h(t) and @ = z; in this relation. 
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To prove the formula in a) for G(z:), we use the formula given in the definition 
of G, displayed for convenience immediately below: 


G(t, 24) = 27 (t)Q(A(t), 0)2(t) 
+ 22 (1) f Q(A(t), u' + A(t) — t) Aiz(u')dv' 
t-A(t) 


t t 
+f J zT (u’)(A1)? Q(A(t), v — u') Auz(v')dv'dv'. 
t-n(t) Jt-h(t) 


Note that this formula is merely Vi(j(zi), where the formula used for V, is 
the one displayed in the preceding lemma. Now noting Lemma 2.1, Lemma 2.3, 
Lemma 2.4, Corollary 2.5, and Lemma 3.1, the formula in a) is obtained by a 
technique similar to the one used in the preceding lemma. o 


It will simplify the proof of the following theorem to first present the useful 
lemma below. 


Lemma 3.5 Let h(t) € S, with v > 0 and compact D contained in H, both as 
in the definition of members of S, and recall that h = sup{h(t) : t > 0}. Then 
each of the quantities defined below is finite: 


He supll $Z 4 €D); 
is = illl, € DN: 
ba = alupo): 7 € D,0 < a <Ñ); 


b23 = WArlisup IS Qr, a :yED,0<a <h}; 


= 2(b5 + bazh + bosh); 
bs1 = |Ail|’sup{||Q(7, o)]| : y € D,0 € o <h}; 
bs; = |All sup (IQQ, a)l: y € D, -h € a < 0}; 


à E as 
bas = lal sup (IS rs ope Dh ea ej. 


b3 = (bar + b33 + bash); 
B= bi + b2 + 3. 


Proof. From Lemma 2.1, Lemma 2.3, and Lemma 2.4, we know that Q(y, o), 
52 (7, a) are both defined and continuous on D x IR, and 39 (7, n is defined and 


continuous on D x (IR — mon Noting continuity of Q(y, a) and $ 29 (y, a), we see 
that both ||Q(y, o)]], 122 2 (y, a)]| are bounded over D x [-5, h]. Likewise. noting 


Corollary 2.5, we know that I|22 (y, @)|| is bounded over D x ([-h, 0) u (0, À]), 
and the lemma is proven. o 
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Now introducing the notation |E| to denote the Lebesgue measure of any 
Lebesgue measurable subset E of IR, we give a theorem providing a bound on 
the quantity |z(&)|? + ?|(v € t < tı, |z(t)| > €)| in terms of the behavior of 
|^ (t)| over the interval [v, t1). 


Theorem 3.1 Let h(t) € S, with v as in the definition of S and B as in Lemma 
3.5, and consider the differential-delay system (1)2(t) = Aoz(t) + Aia(t — A(t)). 
If z(-) is any bounded trajectory of the system (f), with |z(t)| € n for all t > 0, 
then for any € > 0, the following inequalities hold for all t4 > v: 


(a) G(ti, 24) + elu < t< tr, e(t) 2 e} 


ti 
« G(v, a.) + Br? J |(t)]dt 


U 


Q) let)? + eH <t < ti lel > I 


ty 
< G(v, z,) + Br? J in’ (t)|dt. 


Proof. The formula in (b) follows from the formula in (a) and the fact that 
|6(0)|? < G(t,). To prove the formula in (a), we let z(-) be a bounded solution 
of the system (f), with |z(t)| € 7 for t > 0. Noting the quantities defined in 
Lemma 3.5, we apply the Cauchy-Schwartz inequality to obtain the inequalities 
below for the functions F; (h(t), z+), Fo(A(t), 21), and F3(h(t), 21) occuring in the 
expression for G(z;) in Lemma 3.4: 


IF (ht), x) < b1n?; 
|Fo(h(t), z1)] € 2(b21 + b22h + bogh)n’; i.e. |Fo(h(t),z1)] < bon’; 
|F3(h(t), x+)| € h(bsi + b32 + bash)’; ie. |Fs(h(t), z:)| € bam". 


For t > v, we thus see that | ~2_, Fi(h(t), z;)| € Bn?, with B = b; + b2 + bs. 
Now take any € > 0, and for each t, > v, define the set E, ;, as E, = 
Ey, (€) = (v < t < tı, |z(t)| > €). We examine the quantity G(t;,2:,): 


G(h, 24) - G(v,z,) = f  G(zo)dt 
ti ti 3 
= -f Talde f h'(t) » rh, 20| dt 


F. " I 
gs | 2? (t)z(t)dt + f AO 


vti 


dt 





Y RO. 2) 





ti 
< -e lEvn l+ Ba? f Wit 
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ie. G(t1, 24) — G(v, zu) € -e° |Ev t, (e) + Br? [a |^'(t)|dt, and the theorem is 
proven. n 


One may desire to use this theorem to find hypotheses on A(-) which imply 
for any given e > 0 that sup (ti : |z(t1)| < €} = oo, or which yield assigned 
asymptotic bounds for the quantity (|Ev (c)])/(t1 — v) as tà — co. For the 
remainder of this paper, however, we investigate the consequences of the special 
hypothesis that A'(-) € L'[0, oo). 


Theorem 3.2 Again let h(t) € S, with v as in the definition of S, and consider 
the differential-delay system (t)z(t) = Aoz(t) + Aiz(t — h(t)). If [> |h'(t)|dt < 
oo, then for any bounded trajectory z(-) of the system (t), and for any € > 0, we 
have |(t > t;,|z(t)| > e}| — 0 as t4 — oo. 


Proof. Take any € > 0, and for each t; > v, define the sets Ey, and Ej, 
as Eyi, = Ewu(c) = (v € t < ti|z(t)) > €), and Ey, co = Eque) = 
(t > tı, |z(t)| > €). Now note that if we had |Ev œ| = oo, then by the Mono- 
tone Convergence Theorem, we would have |E,;,| — oo as ho — oo. Noting 
that f^" |h (Olde < oo, there would thus be some t, making Bn? f" |h'(t)|dt + 
G(v, £y) < |Ev, (6), ie. -°l Eo, |+ Bn? f Ik (0)]dt + G(v, zu) < 0. Noting 
the above theorem, this would immediately yield G(t1,z;,) < 0. Put concisely, if 
we had |Ev œ] = oo, then there would be some t; > v with G(t,,21,) < 0. Since 
G(t,®) = Vig(9) > 0 for i > 0,9 € C[-h, 0], we conclude that |Eyoo| < oo. 
Now, since |E, œ| < oo, we can again apply the Monotone Convergence Theo- 


rem to see that |Ev œ| — |Ev | | 0 as tı 1 oo, ie. |Ev, œ — Ev] | 0 as tı f oo. 
Since Ey oo — Evi, = E», we have shown that |E: œl | 0 as ti T oo, i.e. 
(t2 6,lz(t) > e)] | 0 as ty f oo. a 


Theorem 3.3 Again consider the differential-delay system (1)2(t) = Aoz(t) + 
Aiz(t—h(t)), with h(t) € S and with v as in the definition of S. If f° |h'(t)|dt < 
oo, then for any bounded trajectory z(-) of the system (f), we have x(t) — 0 as 
t — oo. 


Proof. Let z(-) be a bounded solution of the system (1), with |z(t)| € n for t > 0. 
Recall the definition h = sup{h(t) : t > 0), and for v < tj, ti + h <h <h < 
tı + 2h, examine the vector z(65) — z(61): 


so) n Ddi 


[4 
C2 C2 
= ^ f z(t)dt -- Ai f z(t — h(t))dt. 
[6 e 
Setting ô = 6(t1, €) = |Er,, os (c)|, and setting L = |[Ao]] + [| A:]|, this yields 


z(62) = 2(&)1 < [Aalli — Cre + ên] + Aio — Cre + ên] 
< (IlAoll + lA: (he + ôn), 
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ie. for v < titi +h € Gi < (2 € ti 4 2h, we have lz(62) — z(&)1 < L(he t 
(ti, €)n). 

If we note from Theorem 3.2 that 6(t,,€) — 0 as tı — oo, we see that there is 
T = T(¢) > v with 5(t:,€) < À for each t > r. We thus know that for any tı > 7, 
there is Ço € (ty LÀ +2) with Ço € Ei, c; (c), and hence with |z(Co)| < e. For 
TStyt+h<t< tı + 2h, we now obtain: |z(t)| < lz(t) — z(¢o)| + Iz(¢o)| < 
L(he+6n)+e = = (14+ Lh)e+Lén.. It is now seen that for r(e)+h <t,t-h<t «t, 
one has |z(t)| € (1 + Lh)e + Lgé(t, c). 

Using the above inequality, the conclusion of the theorem follows easily. In 
fact, since 6(t1,€) — 0 as t4 — oo, we immediately see that lim supo |z(t)| € 
(1+ Lh)e. Since the initial choice of € > 0 was arbitrary, we conclude that 
lim sup, ,,, |z(t)| = 0, i.e. z(t) —^ 0 as t 00. o 


It is instructive to note the effect of adding terms to Vp to construct a strictly 
positive functional. For this purpose, we first take any real vector k = (k1, ko, ka) 
having kj > 0 for each i = 1,2,3. For h € H, and 9 € C[-A,0], we then define 
the functional W, as 


0 
Wi (P) = k197 (0)0(0) + kz J $7 (u)ó(u)du + kV; (9). 

-=h 
If one now introduces the functional n(h, 9), defined for h > 0 and 6 € C[—h, 0] 
by n(h,)? = $7(0)S(0) + f $T(u)Ó(u)du , it is readily seen that for 
c; = min(k;, k2), one has ein(h,9)? < W,(6) for all h € H,. This inequal- 
ity will prove quite useful when we modify the functional Wp for use in systems 
having time-varying delays. Finally, to complete our introductory comments on 
the functional Wp, we note that after applying Lemma 3.2 to the functional 
Vi, a direct calculation will then yield the following formula for W, along the 
trajectories of the system (*)z(t) = Aoz(t) + Aiz(t — h): 


dWi(zi) _ 


di —azT (t)[k4I — 2k, AT — 2ks I]z(t) — [x7 (t) 


-ar-a ir "A uno - 27 - rr. 

As before, a simple modification of the functional W, can be used to examine 
the system (f)z(t) = A(es(1))z(t). Here we define the time-varying functional 
Y (t,9), for any h(t) in the class S and $ € C[-À,0], as Y (5,9) = Wiay(9). 
After applying Lemma 3.4, a straightforward calculation then yields the fol- 
lowing formula for Y (z;) = Y (e) , the time derivative of the functional Y 
along solutions of the differential-delay equation (1): Y (zi) = D(h(t), h'(t), zi) + 
h'(t)k3 F(h(t), x1) , where F(h(t), 21) = yam Fi(h(t), z1) as in Lemma 3.4, and 


D(h, h', 9) = — PT (0)[k4I — 2k, AT — 2ks1]ó(0) 
- [87 (0) — 9" (a) M[o7(0) - 97 (=h), 
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where 


M= ( kol (ki + h'kaQ(h, pe 
= (AT (ky + h'ksQT (h, 0) (14h kel 


If we again write F(h(t), z,) = ym Fi(h(t), zi) with the F;(h(t), zi) as in 
Lemma 3.4, then for h € H,, we can define the functional Fo(h,9) by 
0 
Fo(h,&) = 267 (0)Q(h,0) A,G(—h) + 9T (-h) f ATQ(h,u+ h) Auó(u)du 
-h 


+ | J ; ET (u) AT Q(h, —u — hArd $(—h). 


Setting P = F — Fy, and noting the quantities bj, b;; defined in Lemma 3.5, we 
can set Bo = 2551 + b31 + b32, and Bo = bı + 2(b22 + b23) + b33. Recalling that 
n(h,®)? = 67(0)6(0) + [2,97 (u)ó(u)du, and applying the Cauchy-Schwarz 
inequality separately to the terms of Fy and Fo, one will obtain the following 
inequalities for Fy and Fo: 

[Fo(h, #)| < IT (—h)|Bon(h, 9); |Fo(h, ®)| < Bon(h, 8)’. 


Noting for cy = min(kı, k2) that cyn(h,®)? < W,(®), we immediately find 
that |Fo(h,4)| < (Bo/c1)Wn(®). If one now separately examines the cases a) 
|(—h)| < 12(0)], b) |&(0)| < |O(—-A)| € n(h,9), and c) n(^,9) < |8(—h)], 
then lengthy but relatively straightforward applications of the Cauchy-Schwarz 
inequality will show the following: 


There exist constants jj, #2 with —1 < pı < 0 < po, and constants (o, ki, ke, 
ka > 0, such that for uj < h' < p2 and 9 € C[—h, 0], one has 


D(h, h',9) + h'ka Fo(h, 8) < |h' |ksCon(h, 0)?. 


Here (o does not depend on the choice of h, h’ having h € [0, h], A! € (y, u2). 
From this one can immediately write 


D(h, h',) + hk; Fo(h, 9) < |h |ks(6o/c1) Wa (9) for pı < h’ < ps. 
Setting fj = oJ ei, Qd = (o/c1, we now have 


D(h, h’, 9) + h'k(Fo(h, Ð) + Folh, )) < |h'|ka(B5 + Cb) Wi (9), 


D(h, h',) + h'k3F(h, 8) < |h'|ka(8) + Ch) Wa(®) for pi < h' < pa. 


Finally, setting no = ka(f + Ço), we summarize this analysis in the following 
lemma: 


Lemma 3.6 Let Ao, Ai € IR"*". Then there exist constants p1, p2, with —1 < 
H1 < 0 < po, having the following property: If h(-) is any member of the class 
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S satisfying uy < h'(t) < po for all t > v, then there is a constant yo > 0 and 
a strictly positive time-varying functional Y (1,9) = Wy1)() having ats) < 
jh'(t)|noY (t, 24) for all t > v along each solution z(-) of the dilfereslial delay 
equation (1)z(t) = Aoz(t) + Aiz(t — A(t)). 


Noting this inequality Y(z,) < |A'(t)|noY (t, z1) for the function Y(t, z+), 
and recalling elementary analysis, one now obtains the following inequality for 
Y (t, z;), valid along the solutions of the differential-delay equation (t) if A'(-) 
satisfies pı < h'(t) < po for all t > v: Y(t, zi) < Y(0,z0)e"* for all t > 
v, where i(t) = f |h’(r)|dr. This inequality yields a simple proof of the final 
theorem for this paper. 


Theorem 3.4 Let Ao, Ai € IR?*^, Let p, u2 be as in Lemma 3.6, and let 
h(-) be any member of the class S satisfying pı < h'(t) < po for all t > v. If 
J |h'(t)|dt < co, then for each solution z(-) of the differential-delay equation 
(t)z(t) = Aoz(t) + Aiz(t — h(t)), we have x(t) > 0 ast — oo. 


Proof. Set I = f* |h/(t)|dt, and let i(t),m be as above. Then for each solu- 
tion z(.) of the differential-delay equation (f), one has |z(t)? < Y(t,z;) < 
Y (0, zo)e"™*) < Y (0, xo)e"*! for all t > v. Thus all trajectories z(- -) of the sys- 
tem (f) are bounded, and now the theorem follows directly from Theorem 3.3. 
o 
In a paper now in preparation, we examine a Lyapunov functional for the case 
where the characteristic function has no zeros in (Re(s) > y}, where y is any real 
number ([6]). By modifying this functional to apply to differential equations of 
the form (f)z(t) = Aoz(t) + Aiz(t — h(t)), we will find insights having particular 
significance when y < 0. In fact, we will be able to replace the hypothesis 
that h(-) is differentiable with À'(-) € L'[v,oo), by the hypothesis that A(-) is 
absolutely continuous with h’(-) satisfying p, < h’(t) < p for all t > v, where 
I1, H2 are determined by the matrices Ao, A41. Our theorems i then come as 
inequalities of the form |z(t)|? < Coe'CvtC:0), where a(t) = 1 f |h’(r)|dr is 
the average value of the magnitude of h'(r) over the interval [0, t]. For y < 0 and 
Cilimsup,.,,, a(t) < 2|y|, we will then have exponential asymptotic stability 
for the system (t). 
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On an Interval Map Associated with a Delay 
Logistic Equation with Discontinuous Delays 


George Seifert 


Iowa State University, Ames, Iowa 50011 


We consider a delay logistic equation of the form 
N'(t) = N(t)(b — N([(t])), t> 0, N(0) » 0. (1) 


where b is a positive constant, and [t] denotes the greatest integer in t. Such 
an equation could model a feedback control problem where the feedback term 
N([t]) depends only on the discrete values N(k), k = 0, 1, 2,.... By a solution 
of (1), we mean a function N(t) continuous for t > 0, and satisfying (1) in each 
interval (k, k -- 1), k = 0, 1, 2,...., with N(0) given. Clearly, these solutions 
N (t) are to a great extent determined by the values N(k), k — 0, 1, 2,..., and it 
is this set of values we propose to investigate. It is easy to see that these values 
satisfy 
N(k+1) Z aN(k)ezp( —N(k)), k 2 0, 1, 2,.... 


where a = e? > 1. Hence, we study the function F,(z) = are~*, and in particu- 
lar, the semi-dynamical system generated by the iterates of Fa. 

Although interval maps of a large class of functions, including quadratic 
functions of the form az(1 — x), have been studied in detail (cf. for example 
[1], [2]), the specific details in proving our results for F, do not seem to be in 
the standard literature. While many of these results can be derived from more 
general results appearing in this literature, it is felt that the non-specialist might 
appreciate seeing sufficiently detailed proofs of our results, even though in many 
cases, shorter arguments are possible; cf., for example, the remark appearing 
after the proof of Prop. 2. 

Eq.(1) as well as the associated interval function F(z) are discussed to some 
extent in [5]. Some estimates are given there for values of the parameter a for 
which certain periodic orbits of this semi-dynamical system appear but no details 
are given. We note that the function Fy has also been considered in a model for 
certain types of population variations [3]. 

We make the following definitions for any map F of an interval J into itself; 
for x in J: 

(i) F"(2) = F(F"-!(z), n=1,2,...; F(x) = z; 
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(ii) If F(z) — z, z is called a fixed point, or a 1-periodic point, of F. 

(ii) If n > 1 and F"(z) = z, F"(z) Z z for m = 1, 2,.., n— 1, z is called a 
n-periodic point of F. 

(iv) The fixed point z is globally attracting if F” (y) —> z as n — oo for any y 
in J. 

(v) The n-periodic point z is stable (locally attracting) if there exists a 6 > 0 
such that for any y in J with | y — x |< 6, F^"(y) -— z as m — oo. 
We shall use the following stability theorem for n-periodic points, cf. [1]. 


Theorem. Let F be continuously differentiable on J, and x be an n-periodic 
point of F. Then x is stable if | F^'(z) |< 1 and unstable if | F"'(z) |> 1; here 
F^'(z) = d(F^(z))/dz. 


We establish the following properties of Fa : (0,00) — (0,00) which show 
that as a increases from 1, F, becomes in a sense increasingly chaotic. We always 
assume a > 1 and z > 0. 


Proposition 1. F,(z) < a/e, and F,(z) = x if and only if z = loga. 
This follows easily; we omit the proof. 


Proposition 2. If a < e?, Fy has no n-periodic points for n > 1, and fired 
point loga is globally attracting. 


Proof. To show that for a < e?, loga is a global attractor for Fa (£) we can use an 
argument in Devaney [1]: pp. 71-72, which applies to an arbitrary continuous map 
F(z) with a locally stable fixed point p; if W (p) denotes the maximal connected 
component containing p of points attracted to p, W(p) is open and invariant 
under F. Thus its end points, if finite, are fixed points of F or of F?. But by the 
first part of our proof, F2(z) = x only if z = loga, and since also F;(z) = x 
only if z = loga, W(p) in our case must be (0, oo). We get the stability of log a 
for a < e?, from the fact that | F'(loga) |< 1, and for a = e?, from the fact that 
log a = 2 is an inflection point for the graph of y = F;(z); we omit the details. 


Proposition 3. Ifa > e?, there exist zi(a), x2(a) such that 0 < 21(a) < loga < 
x(a) < 2loga, and 


Fa(zi(a)) = z2(a), Fa(z2(a)) = z1(a). 


Also z1(a) — 0 and x2(a) — œ as a — co, and zi(a) — loga and z2(a) ^ 
loga asa > e?. 
Finally, the fized point loga is unstable. 


Proof. From (2) we find that F2(z) = z is equivalent to 


ze ^ = (2loga — z)/a. (2) 
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Since (ze^)' ;-igga = (1 — loga)/a < —1/a, it follows easily that z;(a) and 
(z2(a) exist and have the asserted properties; cf. fig. 1. Note that x2(a)—loga = 
log a — zı (a). 

The instability of log a follows from the fact that 


Fi(log a) = 1 — loga < —1, 


and the stability theorem mentioned earlier. 





x(a) Ina x Xa) 2Ina T 
Fig. 1. 


Proposition 4. There ezists an a, > e? such that if e? < a < ao, the 2- 
periodic points zi(a) and x(a) are stable, while for a > a, they are unstable. 
Also a, < e!*V3, 


Proof. Let a, be the unique solution of a/e = 21oga — 1 such that a4 > e°; note 
that 2log e? — 1 > e?/e, while 21oga — 1 < a/e for a > e? and sufficiently large, 
and since 2logz — 1 has decreasing derivative, the existence and uniqueness 
of such a a, follows. Then zi(a1) = 1, and z;(a) < 1 for a > a,. By direct 
calculations, we get 


F2'(z) = (1— z)(1— aze^*) 
for z = z(a), z = z5(a), and z = loga. 


Using (2) in (3) we see that 


(3) 


F?'(z) = (1— z)(1 + z — 2log a). (4) 


for z = zı (a), x = z2(a), and z = loga. Using this with z = z; (a), we get 
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F2 (2i(2)) = (1 — 21(a)) (1 + z1(a) — 2log a) 


and since 0 < z;(a) < 1 for a > aj, and zi(a) < 2log a; we have F2’(zi(a)) < 1 
for e? <a < a. 
Now from (4), with z = z(a) we obtain 


A F?'(i(a)) = 224 (a)(loga — z1(a)) — 2/a 
and since z{ (a) < 0 and zi(a) < loga for a > e?, it follows that 


A F2 (n(2)) « 0 fora» e?. 
Since from (4) we also have F2'(zi(a)) — -—oo, there exists a unique a, such 
that F2'(z;(a;)) = —1. 

Clearly also ag > a, since F2,'(z;(a1)) = 0. Summarizing, we see that 
F2'(zi(a) < 1 for e? < a < aj, F2Z'(zi(a)) = 0 when a = aj, -1 < 
F2'(zi(a)) < 0 for a < a < ao, and F2'(zi(a)) < —1 for a > ao. Using our 
stability theorem we conclude that x,(a) has the asserted stability properties 
with respect to a,. 

To show that x2(a) has the same stability properties as z1(a) has, we note 
that if | z — z2(a) | is sufficiently small, since F;(zi(a)) = z2(a), there exists a 
Fz (x) such that F4(F;!(z)) = z, F7}(x2(a)) = zi(a), and 


F7 '(z)— zi(a)as z > z2(a). 


In fact, if z;(a) Z 1; ie., a # ay, we have Fl(z;(a)) # 0 and so F; !(z) is 
unique for | z — 2;(a) | sufficiently small. If z;(a) = 1, i.e., a = a1, we choose 
F;(z)to be the unique number greater than 1 which satisfies Fa(F7 !(z)) = z. 
By the stability of xı (a), we find that for such z, 


F2^(Frl(z))— 21(a) as n — oo; so 
F(FP (F1 (2)) > Fa(21(a)) aë n — oo; ie. 


F?” (x) — z2(a) as n ^ oo 


The fact that loga is unstable for a > e? follows easily from (4) with z = loga; 
i.e., from F2'(z) = (1 — log a)? > 1. 
To show that a, < e!*V3, we note that a, satisfies 
Fao (#1(ao)) = 1. 
Using (4) and the fact that 21(a,) < log ao, we have 
zi1(as) = logas — y (logas — 1)? +1 
If we put v = J/(loga, — 1)? + 1, we find that log ao = 1 + Vv? — 1, and so 


zi(a,) 2 1-- Vv?—1— v. 
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Since z1(a,) satisfies (2) with a = a,, we have eventually 


(1+ V9?—-1—- v)" = v+1+ Vv? - 1. 


This last equation can be written as 
v v 
tanhz = ——————— 
2 1-/?-1 
But tanh} < Yi, while tanh 2 > 155 which show that VŽ < v < 2; i.e., 


2 < loga, < 1+ V3. This shows a, < eltV3 and completes the proof of Prop. 4. 
Much smaller upper bounds in a, can be obtained by using more detailed 
computations; however, our aim here is not toward that purpose. 


Proposition 5. Let az > 3e and satisfy a3e-??/* = e. Then if a > as, Fa has 
a 3-periodic point and so by Sarkovskii's theorem [1], or the result due to Li and 
Yorke [4], Fa has a n-periodic points for each integer n > 1. Also if a > a», the 
2-periodic points are unstable. 


Proof. Let x; be unique solution of aze^? = 1, such that x; < 1; since a > 3e 
such an 2, exists. So 
F2(z:i) = F.(azie7*9 = F,(1) = afe, 


and so 


F3(2) = Fa(a/e) = a?e~*!*/e. 


But since a > az, we have 


(a?/e)e7*/* < Ifa = ze" < mi; 


i.e., F3(x1) < z1. 

Next, let z> be the unique solution of aze^* = log a such that z3 < 1; such an 
z2 exists since a > e, and z2 > 21. So Fy(x2) = log a, and F3(r2) = loga > 22; 
i.e., FÌ(z2) > z2. 

By the intermediate value theorem, the existence of an 2 such that F3(z) = 2, 
where zı < č < z2 follows. 


If Fa(ž) = ž, then ž = loga > 1, a contradiction since Z < z < 1. If 
F?(ž) = ž, by (2) we have 


aie * = 2loga- &. 
But aze^* < az5e^*? = loga, and since also 


2loga — z > loga, 


we have a contradiction. So Z is a 3-periodic point. 
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To show z(a) and z2(a) unstable, we use Prop. 4. Since it is easy to verify 
that 8e < a3 < 9e, and since a, < e!*V3, it follows that az > e!* V3 > a,, and 
so z1(a) and z2(a) are unstable for a > a5, and our proof is complete. 


Proposition 6. If a » e, then for any x > 0 there exists a N(x) » 0 such that 


(a?/e)e^ * < F?(z) € afe for n> N(z). 


Proof. Note that (a?/e)e-*/* = F,(a/e) < a/e from Prop.1. 
We also have (a?/e)e-*/* < loga since it easy to show that a/e > loga for 
a » e. For any z;, Fa(a/e) € zi € loga, we have 


Fy(a/e) € zı € Fo(2i1) € afe, since F,(z) > z for 0 < z < loga (5) 


If xı satisfies loga < zı < a/e, we have 


Fa(af/e) € Fa(zı) € a/e, since F;(z) € z for xz > loga. (6) 


From (5) and (6) we see that the interval F;(a/e) € £ < a/e is mapped into 
itself by Fa. 

Suppose now 0 < 2; < F,(a/e). If F?(z1) € 1 for all n > 0, then using a 
previous argument, we find that F7?(z1) — loga as n — oo, a contradiction since 
loga > 1. So there exists a n; > 0 such that yy = F?!(zj) > 1; ie., 1 < yı < 
a/e. But since F,(z) is decreasing for z > 1, we have Fy(y:) > Fa(a/e); i.e., 
F,(a/e) € Fa(y1) € a/e. So from the previous case, F?1*^(z1) € [Fa(a/e), a/e] 
for all n » 1. 

Finally if 2; > a/e > 1, we have F4(zi) < Fo(a/e) and by the preceding 
argument F?(r1) € [Fa(a/e), a/e], for n sufficiently large. This completes the 
proof. 


Proposition 7. Ifa > a», az as in Prop. 5, F, has at most one stable periodic 
orbit. 


Proof. A simple computation shows that the Schwarzian derivative 


"t "u 2 
Fy (2) _3 / F, (a) 
Fa(z) 2 \ Fala) 
of Fa(z) is negative for a > az. Since the fixed point loga of F;(z) is unstable, 
it follows immediately from Corollary 11.4.2, on p. 52 in [2] that F, has at most 
one stable periodic orbit. 
The following questions for Fa with a > az seem to be open and nontrivial. 
If I, = [Fa(a/e), a/e], 
(i) Is the set of periodic points dense in I4? 
(ii) Does there exists x in J, such that F? (z):n — 0, 1, 2,... is dense in Ig? 
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(iii) Does there exist a ô > 0 such that for each z in I, there exists a sequence 
Zn — z as n — oo such that for each integer n > 1, there exists an integer 
m such that [F7 (zn) — FP (x) |» 6? 
If these questions all have affirmative answers, then F, is chaotic in J, in the 
sense of, for example, Devaney [1]. 
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